THE TAME DEGREE AND RELATED INVARIANTS OF
NON-UNIQUE FACTORIZATIONS

FRANZ HALTER-KOCH

ABSTRACT. Local tameness and the finiteness of the catenary degree are two
crucial finiteness conditions in the theory of non-unique factorizations in mono-
ids and integral domains. In this note, we refine the notion of local tameness
and relate the resulting invariants with the usual tame degree and the w-
invariant. Finally we present a simple monoid which fails to be locally tame
and yet has nice factorization properties.

1. INTRODUCTION AND NOTATIONS

Our notation and terminology will be consistent with [3]. We briefly recall the
key notions and fix the terminology. We denote by N the set of positive integers,
and we set Ng = NU{0}. For m,n € Z, we set [m,n]={zx €Z|m < x <n},
and we define sup® = 0.

By a monoid we always mean a commutative cancellative semigroup possessing
a neutral element. Apart from Section 5 we use multiplicative notation and denote
the unit element by 1 € H. A monoid F' is called free with basis P if every a € F
has a unique representation

a= H p"?  with n, € Ny and n, =0 for almost all pe P.
peP

Let F' be a free monoid with basis P.

If z=wuy-...-u, € F, where n € Ny and uy,...,u, € P, then we call |z| =n
the length of z. For any z, 2’ € F,let zg = gcd(z, 2’) be its greatest common
divisor, and call d(z,z’) = max{|z "2, |25 '#'|} the distance between z and 2.

Let H be a monoid.

We denote by H* the group of invertible elements, by Hy,.q = H/H* the
associated reduced monoid, and we call H reduced if H* = {1} (in this case we
have H = Hycq). We denote by A(H) the set of atoms (or irreducible elements) of
H, and we call H atomic if H is generated (as a monoid) by H* U A(H). We
denote by Z(H) the free monoid with basis A(Hyed) and by wg: Z(H) — Hyeq
the unique homomorphism satisfying 7wy | A(Hyeqa) = id. We call Z(H) the
factorization monoid and wy the factorization homomorphism of H. For
a € H, we denote by Z(a) = m;' (aH*) the set of factorizations of a and by
L(a) = {|z| | z € Z(a)} the set of lengths of a. If z,2' € Z(a) and z # 2/,
then d(z,z") > 2. By definition, we have L(a) = {0} if and only if « € H* and
L(a) = {1} if and only if a € A(H). If H is atomic, then mgy is surjective,
Z(a) #0 foralla € H, and minL(a) >2 forall a € H\ (A(H)UH*). We call
H a BF-monoid if H is atomic and L(a) is finite for all a € H.
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H is called factorial if |Z(a)] =1 forall a € H. If H is not factorial, then there
exist elements a € H for which Z(a) becomes arbitrarily large, and it is the goal of
the theory of non-unique factorizations to describe and classify the phenomena of
non-unique factorizations. This is usually done for atomic monoids, the interesting
structures for which the results apply are however integral domains and submonoids
of arithmetical interest. The interesting reader should consult the survey articles
[4] and [7] for these applications.

Unless otherwise specified, let in the sequel H be an atomic monoid.

All factorization properties P studied in this note have the following property:

If P holds for elements aq,...,a, € H, then P also holds for the elements
arH*,...,an,H* € Hyeq.
Hence whenever it will be convenient, we shall assume that H is reduced.

2. INVARIANTS OF NON-UNIQUE FACTORIZATIONS

In this section we briefly recall the definition of the invariants to be considered
in this paper.

Definition 2.1. For b € H*, we set p(b) =1, for b ¢ H* we set
sup L(b

o) = 2220
min L(b)

For k € N we define py(H) = sup{sup L(b) | minL(b) < k}.

and we call p(H) =sup{p(b) | b€ H} the elasticity of H.

The elasticity is among the best investigated arithmetical invariants of non-
unique factorizations, see [1], [3, Ch. 1.4 and Ch. 6.3], and [2] for some recent
results. In particular, if H # H*, then

H H
p(H) = sup{% ‘ ke N} = lim p(H)

k—oo k ’

and if H is finitely generated, then there is some a € H such that p(H) = p(a) € Q
(see [3, Proposition 1.4.2 and Theorem 3.1.4] ).

Definition 2.2. For b € H, we denote by w(b) the smallest N € NoU {oo} with
the following property :

For all n € N and ay,...,a, € H such that b|a;j - ... a,, there exists
some subset €2 C [1,n] such that |Q] <N and

b ’ H a; .
ieQ
We set w(H) = sup{w(u) | ue A(H)} € NgU {o0}.

For properties of the w-invariant and its relevance in factorization theory we refer
to [3, Ch. 2.8 and Ch. 7.1] and to [5]. The following Proposition 2.3 gathers the
results which will become relevant in the sequel.

Proposition 2.3. Let b, ce€ H.

1. w(b) is the the smallest N € NogU {oc} with the following property: For
all neN and wuq,...,u, € A(H) such that bluy ... uy,, there exists
some subset Q C [1,n] such that |Q <N and

b’ Huz

1€Q
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w(b) < w(be) <w(b) +w(c).
3. supL(b) < w(b), and equality holds if every atom dividing b is a prime. In
particular, w(b) = 0 if and only if b€ H*, w(b) =1 if and only if b is a
prime, and w(H) =0 if and only if H=H*.

4. If w(u) <oo forall uwe A(H), then w(a) < oo foralla € H, and H is
a BF-monoid.

5. If H is v-noetherian, then w(a) < oo for all a € H.
Proof. 1. Let wo(b) be the smallest N € Ny U {co} satisfying the given condition.
Then clearly wg(b) < w(b). Letn € Nand ay,...,a, € H besuchthat bla;-...-a,
For 7 € [1,7?,}, let a; = Eili 1t e et Uy, with ¢; € H*, l; € Ny and U5 € .A(H)
Then

n I
b | TTTT v

i=1j=1

and therefore

b u; i for some ) C 1,0;] with [Q] < wg(b).
J

(i,§)eQ i=1
If O ={iel,n]|(%7) € for some j € [1,};]}, then || <|Q| <wp(b) and
b ’ H Ui j ‘ H a;, whence w(b) <wp(d). O
(i,4)€Q e

2. [5, Lemma 3.3.1].

3. Let n € L(b) and b = uy - ...up, where u,...,u, € A(H). Then b divides
no proper subproduct of wuy - ... u, and thus w(b) > n. Hence w(b) > sup L(b).

If wq,...,u, are primes, then w(u;) =1 for all ¢ € [1,n] by definition, hence
w(b) <n by 2., and therefore w(b) = n.

If b is not a prime, then there exist u, v € H such that b|uv, b{u and b1 v.
Hence w(b) > 2.

4. holds by 2. and 3., and 5. is proved in [5, Theorem 4.2].

Definition 2.4. For a € H, the catenary degree c(a) denotes the smallest
N € NgU {oc} with the following property :

For any two factorizations z, 2/ € Z(a) there exists a finite sequence of
factorizations (zo, 21,...,2%) in Z(a) such that zp = z, 2z, = 2’ and
d(zi—1,2) < N for all i€ [1,k] (we say that z and 2’ can be concatenated
by an N-chain).

c(H) =sup{c(a) | a € H} is called the catenary degree of H.

By the very definition we have c(a) = 0 if and only if @ has unique factorization.
If c(a) >0, then c(a) > 2. If c(a) = 2, then |L(a)] =1, and if c(a) = 3, then
L(a) = [minL(a),maxL(a)] is an interval. The invariant c(a) measures the
disconnectedness of the set of factorizations of @ (see [3, Ch. 1.6 and Ch. 6.4] ).

Definition 2.5. For « € H and = € Z(H), let t(a,z) denote the smallest N €
No U {oo} with the following property :

If Z(a)NazZ(H) # 0 and z € Z(a), then there exists some 2’ € Z(a) NzZ(H)
such that d(z,z') < N.
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For subsets H' C H and X C Z(H), we define
t(H', X) = sup{t(a,x) |a € H', v € X},
and fora € H and x € Z(H), weset t(H',z) = t(H',{z}) and t(a, X) = t({a}, X).

We define t(H) = t(H, A(Hyed)). The monoid H is called tame if t(H) < oo,
and it is called locally tame if t(H,u) < oo for all u € A(Hyeq)-

Tameness is a very strong condition. Local tameness turned out to be crucial for
the proof of all finiteness results in the theory of non-unique factorization hitherto.
For details we refer to [3, Ch. 1.6, Ch. 4 and Ch. 6.5].

In [5], the authors introduced the following invariants and used them for a de-
tailed study of the behavior of the tame degree.
For k € N and b € H, define
7 (H,b) = sup{minL(b~'a) |a =wuy -...-u; € bH, where j € [0,k],

up,...,u; € A(H) and bfu;'a forall i€ [l,5]} €NoU{oco}.
i (H,b) = sup{7(H,b) | k € N} € NgU {0},
7(H,b) = sup{minL(b'a) | a € bH \ H*} € Ny U {o0}

and
minL(b~ta)

1) -

a€bH, minlL(a) <k} €RzoU{oo}.

In this paper we continue these studies. We proceed with a detailed investigation
of the 7*-invariants [which we now denote by 7(,(b) instead of 7, (H,b)] in
Section 3 und use it to describe the behavior of a refined variant of the tame degree
in Section 4. Finally, in Section 5 we present a simple monoid H which fails to be
locally tame and yet has catenary degree c(H) = 3.

3. THE T*-INVARIANT

Definition 3.1. For b € H and k € Ny, we define
75 (b) = sup{minL(b"'a) | a € bH, minL(a) < k} € No U {0},

and we set

* . . 1
)= dTew ) I wb) <o pminl(bTa) | e
75 (b) { o, w(b) = oo, 7*(b) sup{ i L(a) a €bH\ }
By definition, 7*(b) € R>g U {o0}, 75(b) = 0 and 75(b) < 75(b) < .... If

be H*, then 7%(b) =1, 7%,(b) =0, and if H contains a prime, then 7/ (b) = k for
allk € N. If m € N and b is a product of m primes, then 7;(b) = max{0,k—m}.
Lemma 3.2. If be H, k€N and k> w(b), then

Th(b) < 75(b) + k —w(b).
In particular, if w(b) <oo and 75 (b) =00 for some k € N, then 7% (b) = c0.
Proof. Letbe H, k> w(b) and a € bH such that minL(a) =1 <k. If | <w(b),
then minL(b~ta) < oy (0) < 75,(b) + k — w(b). Thus suppose that I > w(b),
and let a = uy - ... u;, where wuy,...,u; € A(H). Then (after renumbering if
necessary) we have b|c=uy-... uy@p), and minL(b~'c) < o) (b) = 75 (b). Since

b la= Uy(b)41 " - -+ ° wb~ e, it follows that

7 () < minL(b~'a) < minL(db te)+1—-wd) < 750)+k—-wb). O
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Theorem 3.3. Let b€ H. Then we have

T (b) = sup{T’:]ib) [ReN}, £(0) - 1< () Swb)r ),

and if 7 (b) < 00, then

lim sup 7i ()
k—oo k

In particular, T2%(b) < oo if and only if 7(b) < oo and w(b) < 0.
Proof. If a € bH \ H* and minl(a) =, then

minL(b~1a) < 77 (b) - sup{T;:(b) ‘kGN}

< 1.

minL(a) — 1 k
and therefore
minL(b~ta) 77 (b)
“(b) =sup{ "o [ a e b\ H*} < sup{ 52 | ke N}
7*(b) = sup min L(a) a€bH\ < supy—p eN
To prove the reverse inequality, let ;1 € R be such that
S(b
po< sup{Tkli ) ‘ ke N} , and then we show that 77(b) > p.

Indeed, there is some k € N satisfying 7;(b) > pk, and thus there is some a € bH
such that minlL(a) <k and minL(b~'a) > uk, which implies that

: ~1
() > mln'L(b a) _ pk
min L(a)

> E .
If b € H* or w(b) = oo, then obviously 7*(b) — 1 < 7% (b) < 7*(b)w(b). Thus
suppose that b€ H\ H* and w(b) < co. Then w(b) >0 and

If 72 (b) < o0, then w(b) < oo, and for k > w(b) Lemma 3.2 implies

Tkéb) STT(b)JrlgT;‘O(b)Jrl.

Thus we obtain
7*(b):Sup{TkT() ‘kGN}ST;O(b)+1 and 1iII€nsup Tk}i ) < 1. O

Proposition 3.4. If b,ce H and k €N, then
T (be) < 75 (0)1i(c) and T"(be) < TF(b)T"(c).
In particular, if 7"(u) < oo for all we A(H), then 7(b) < oo forall be H.

Proof. If 7/ (c) = oo, there is nothing to do. Thus assume that 7(c) =t € N. If
a € bcH and minL(a) <k, then a € cH, hence minL(c™ta) <t, and

minL((be) 'a) < sup{minL(b~'a’) | @’ € bH, minL(a’) <t} < 7;(b).

Therefore we obtain

*

=




6 FRANZ HALTER-KOCH

Proposition 3.5. If k€N, be H and m € L(b), then
F0) < () —m and () < p(H).

Proof. Let k€ N, be H, m € L(b) and a € bH be such that minl(a) < k
Then minl(b~'a) +m < maxL(a) < pg(H) and therefore 77 (b) < py(H) —m.
By Theorem 3.3, it follows that
. 7k (0) ‘ pr(H) ‘
= <'s = .
7*(b) sup{ A ke N} < sup{ ’ ke N} p(H) O

4. THE TAME DEGREES

Definition 4.1. For b € H and k € N, we denote by tz(b) the smallest
N € NgU {oo} with the following property:
For every a € bH, z € Z(a) with |z| <k and y € Z(b), there exists some
2l € Z(a)NyZ(H) such that d(z,2') < N.

We call t(b) = sup{tx(b) | K € N} the tame degree of b.

According to Definition 2.5 we have
t(b) = t(H,2(b)), t(H) = sup{t(u) |ue A(H)},
and H is locally tame if and only if t(u) < oo for all u € A(H).

By the very definition, it follows that 0 = t1(b) < t2(b) < ... < tg(b) for all
k€N, and if t;(b) >0 for some k €N, then t;(b) > 2.

Lemma 4.2. Let b€ H.
1. t(b) =0 if and only if every atom dividing b is a prime.
2. If w(b) < oo, then t(b) =ty (D).

Proof. 1. See [3, Lemma 1.6.5.2].

2. We may assume that H is reduced. By definition, we have t(b) > t,)(b).
To prove the reverse inequality, let « € bH, y € Z(b) and z=wuy ... u, € Z(a),
where n € Ny and wuq,...,u, € A(H). Since a = uy -... u, € bH, there
exists (after renumbering if necessary) some m € Ny such that m < min{n, w(b)},
C=Up ... Uy €DH and zg = uy ... Uy € Z(c). Therefore there exists
some 2y € Z(c) NyZ(H) such that d(zo,2p) < tn(b) < t,e)(b). Now we obtain
2= 2gUmy1 - - Uy € Z(@) NYZ(H) and d(z,2") = d(20, 2p) < tu)(b). O

Proposition 4.3. If b,c€ H and k € N, then

ti(be) < 2t(b) + ti(c),
In particular, it follows that t(bc) < 2t(b) + t(c) for all b,c € H, and if H is
locally tame, then t(a) < oo for alla € H.

Proof. Let a € bcH, y € Z(bc) and z € Z(a) with |z| < k. We must prove that
there exists some 2z’ € Z(a) NyZ(H) such that d(z,z") < 2t(b) + tr(c).

Let = € Z(b) be arbitrary. Since b|bc, there exists some y; € Z(be) NxZ(H)
such that d(y,y1) < t(b). Then z~'y; € Z(c), and since c|a, there exists some
21 € Z(a) Na~ Yy Z(H) such that d(z,2z1) < tg(c). Now we have b|c 'a and
zy; 2z € Z(¢ 'a), and therefore there exists some w € Z(c 'a) N xZ(H) such
that d(w,zy; *21) < t(b). With 2’ =y~ w € Z(a) we obtain

d(z,2') <d(z,21) + d(x_lyl(xyflzl),x_lylw) + d(m_lylw,x_lyw)
=d(z,21) +d(ay; Lz, w) + d(y, 1) < tele) +2t(b). O
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Theorem 4.4. If b € H and there is some atom dividing b which is not a prime,
then

2 < wb) < t(b) +minlL(h) —1.
In particular, if H is locally tame, then H is a BF-monoid.

Proof. We may assume that H is reduced.

By Proposition 2.3 we have w(b) > 2, and it suffices to prove that, for all n € N
and wuy,...,u, € A(H) with b|uj ... uy, there exists some 2 C [1,n] such that
|2 < t(b) + minL(b) — 1 and

i€Q
Let n € N and wq,...,u, € A(H) such that b|a = wu; - ... u,. Consider the
factorization z =wuj-...-u, € Z(a), and let y € Z(b) be such that |y| = minL(b).
Then there exists some 2z’ € Z(a) NyZ(H) such that d(z,z’) <t(b).

If z € yZ(H), then (after renumbering if necessary) we obtain y = uy - ... ug,
hence bluj ... -ug and d = minlL(b) < t(b) + minL(b) — 1, since t(b) > 1 by
Lemma 4.2.

If z¢ yZ(H), then (after renumbering if necessary) we may assume that
2 =yur .. UgUL . U,

where d € [0,n], s € Ny, vi,...,vs € A(H) and {ugi1,...,u,}N{v1,..., 05} =0.
It follows that

t(b) > d(z,2") >n—d—|gedz(my{y, vas1 - un}| >n—d—(Jy| —1).
Since a=0buy ... - UgVL ... Vg = UL " ... Up, it follows that b|ugyq ... u,, and
n—d<t()+ |yl —1=1t(b) + minL(b) — 1. O

Theorem 4.5. Forall be H and k €N we have
T (b) — k + minL(b) < tx(b) < t(b) < max{w(b), 75 (b) +supL(b)}
< w®)[77(b) + 1], and t(b) < oo if and only if T (b) < 0.
Proof. We may assume that H is reduced.

Letbe H, keN, a€bH, ye Z(b) and z € Z(a) such that |z| < k. Then there
exists some 2z’ € Z(a) NyZ(H) such that d(z,z') < tx(b), and we obtain

minL(b~ta) < |y~ 12| <|7/| — minL(b) < |z| + d(z, 2') — min L(b)
<k+tp(b) —minlL(b).
Therefore it follows that
77(b) = sup{minL(b"'a) | a € bH, minL(a) <k} < k+tx(b) — minL(d).
This proves the first inequality, and tx(b) < t(b) holds by definition.

To prove the third inequality, we asume that « € bH, z =wu; ... u, € Z(a)
and y=¢q1 ... g € Z(b) with n,r € Ny and wuy,...,upn,q1,...,q € A(H).
Let m € Ny be such that m < min{n,w(b)} and (after renumbering if necessary)
C=Up-... Uy €bH. If | =minL(b~!c), then there exist vy,...,v € A(H) such
that ¢c=g¢q1-...-qw1-... v, and we consider the factorization

2 =yure Uy Uy € Z(a) NYZ(H) .
Since
d(z,2") < max{m,l+7r} < max{w(b),minL(b"'c) +supL(b)}
< max{w(v), 7%0) + supL()},
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it follows that
t(b) < max{w(b), 75 (b) + supL(b)}.
It remains to prove the last inequality. By Theorem 3.3 and Proposition 2.3 it
follows that 7% (b) + sup L(b) < w(b)7*(b) + w(b) = w(b) [7*(b) + 1], and therefore

max{w(b), 72 (b) +sup L(b)} < w(b)[7*(b) +1].
If t(b) < oo, then Theorem 4.4 implies w(b) < oo, and we obtain
Too(0) = 7504 (b) < t(b) + w(b) — minL(b) < co.
Conversely, if 72 (b) < 0o, then supL(b) < w(b) < co and thus also t(b) < co. O

5. AN EXAMPLE

Usually, finiteness results in factorization theory are proved by showing local
tameness first. The following example however, already considered in [6, Example
6.11], indicates that even a monoid with catenary degree 3 may fail to be locally
tame.

Example 5.1. The additive monoid
H={(a,b,c) N} |a>0 or b=c} C N}
is v-noetherian and not locally tame, but yet it satisfies c(H) = 3.

Proof. We show first that H is v-noetherian. For this we consider the noetherian
domain R = Z[X?, X3], its multiplicative monoid R®* = R\ {0} and the monoid
H={X*(1+X)"1—X)|a,b,ceNg, a>0 or b=c} C R".

H x {#1} is a divisor-closed (hence saturated) submonoid of R®. Since R is
noetherian, the monoid R® is v-noetherian. Hence the monoids H x {*1} and
H = (H x{£1});ca are also v-noetherian, and the map

®: H— H, defined by ®(a,b,c)=X>(1+X)"(1- X)°,
is an isomorphism. Hence H is v-noetherian, too, and Proposition 2.3.5 implies
that w(x) < oo for all x € H.
For z,y € No, we set u, = (1,2,0), v, = (1,0,y) and w = (0,1,1) (observe
that ug = vg). Then A(H) = {u,, vy, w|z, y € No}.

The factorizations of an element x = (a,b,¢) € H with b < ¢ are as follows (we
write the factorization monoid Z(H) multiplicatively).

If b=c¢=0,then Z(x) = {ud}.

If a=0 (and consequently b= c), then Z(z) = {w"}.
If a=1,then Z(x)= {v._pw’}.

If a>2, then Z(x) consists of all products

T S
t
[Tue [Toy, w'
i=1 j=1

where 7, s, t, x1,..., %0, Y1,...,Ys € Ng, a=71r+s, b=z +... 4+ 2z + 1
c=1y1+...+ys +t and

T S
t
Twe [Toww
i=1 j=1

=r4+s+t=a+t.
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Hence it follows that L(z) C [a,a + b], and for every j € [0,0], there is the
factorization z; = ugfzub,jvc,jwj € Z(x) satisfying |z;| = a + j, showing that
L(x) = [a,a + b].

For z, 2/, y, y' € N the relations

Uz + Uy =Vo+Ugyy, Uyt Uy = Vo+ Uyty and Uy +Vy = Up—1+Vy—1+W

show that any two factorizations of an element € H can be concatenated by a
3-chain. Hence c(H) = 3.

For z € N, we consider the elements a, = (2, z, ) and b = (1,0,0). Then
a, €cb+ H,

Z(-b+ a;) = {uow”} and w,v, € Z(a,), whence 75(b)= 0.

Hence it follows 7*(b) = oo by Theorem 3.3, and 7% (b) = co by Lemma 3.2. In
particular, H is not locally tame by Proposition 4.3 and Theorem 4.5.

Acknowledgement. The author is indebted to an anonymous referee for pointing
out several inaccuracies in a previous version of the paper.
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