CHAPTER 1

Module theory

By a ring we always mean a ring with 1, and by a module we always mean an unitary left-module.

1.1. Homomorphisms; Projective and injective modules

Let R and S be rings.

For additive abelian groups A, B, we denote by Hom(A, B) the group of all homomorphisms A — B,
equipped with pointwise addition and zero homomorphism 0: A — B, and by End(A) = Hom(A4, A) the
endomorphism ring of A, with multiplication (f,g)+— fog. 0= {0} denotes the trivial additive abelian
group and also the zero ring.

Let M be an abelian group.

Let 0: RxM — M, (r,m) — rm, be a (left) R-module structure on M. For r € R, define
o*(r): M — M by o*(r)(m) = rm. Then ¢*(r) € End(M), and the map ¢*: R — End(M) is a ring
homomorphism. Conversely, if §: R — End(M) is a ring homomorphism, then 6,: RxM — M, defined
by 6.(r,m) = 0(r)(m), is a (left) R-module structure on M, and (0,)* =6. If c: RxM — M is any
(left) R-module structure on M, then (¢*), = o.

Next, let 0: M xR — M, (m,r) — mr, be a right R-module structure on M. Let R°P be the
opposite ring of R, having the same addition law as R and the multiplication law x-opy = yx. For r € R,
the map o*(r): M — M, defined by o*(r)(m) = mr, is again an endomorphism of M, but for r, s € R,
we have o*(rs) = 0*(s)oo™*(r), and therefore o*: R°® — End(M) is a ring homomorphism. Conversely,
if §: R°" — End(M) is a ring homomorphism, then 6.: M x R — M, defined by 6.(m,r) = 0(r)(m), is
a right R-module structure on M, and (0,)* =60. If 0: M xR — M is any right R-module structure on
M, then (%), =o.

A (left) R-module is an abelian group M, together with an R-module structure, defined either by
a scalar product Rx M — M or by a homomorphism R — End(M). We write gM to indicate that
M is an R-module. For R-modules M, N, we denote by Hompg (M, N) the set of all R-homomorphisms
M — N, and we denote by R-Mod the category of all R-modules.

A right R-module ist an abelian group M, together with a right R-module structure, defined either by
a scalar product M xR — M or by a homomorphism R°P — End(M). Consequently, a right R-module
is the same as an R°P-module. However, we shall usually avoid the notion R°® and write M = Mg to
indicate that M is right R-module. For right R-modules M, N, we denote again by Hompg(M, N) the
set of all R-homomorphisms M — N, and we denote by Mod-R = R°P-Mod the category of all right
R-modules.

In any case, Homp(M, N), equipped with pointwise addition, is a subgroup of Hom(M, N). Note
that in general Hompg (M, N) does not have the structure of an R-module.

If R is commutative, then R = R°P, and R-Mod = Mod-R. In particular, Z-Mod = Ab is the
category of abelian groups. For A, B € Ab, we have Homgz(A, B) = Hom(A, B). We denote by 0 the
zero group. It has a unique R-module structure.

Let M be an abelian group, let Ry, Ry be rings, and for ¢ € {1,2}, let 6;: R; — End(M) be an
R;-module structure on M. Then M is called an (R1, Ry)-bimodule if 6(r1)o0(ry) = 0(r3)00(r1) for all
r1 € Ry and r9 € Re. More generally, if kK € N, Ry,..., Ry are rings and M is an abelian group carrying
an R;-module structure for each i € [1,k], then M is called an (Ry,..., Rg)-multimodule if M is an
(R;, Rj)-bimodule for all ¢, j € [1,k] such that ¢ # j. If M, N are (Ry,...,Ry)-multimodules, then a
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2 1. MODULE THEORY

map M — N is called an (Ry,..., R;)-homomorphism if it is an R;-homomorphism for each i € [1, k],
and we denote by Hompg, . g, (M,N) the abelian group of all (R1,...,R;)-homomorphisms M — N.

If k,1eN, Ry,...,Rg, S1,...,5) are rings, then an (Ry,..., Rk)-left and (S1,...,S))-right multi-
module M isan (Ry,..., Ry, S, ..., S;")-multimodule, and we write M = g, . g, Ms,, s toindicate
that M carries this multimodue structure. We denote by (R, ..., Rx)-Mod-(S1,...,S;) the category of
(Ry, ..., Rg)-left and (Si,...,5;)-right multimodules.

Three types of bimodules will be of interest in the sequel: g M (called one-sided left (R,.S)-
bimodules), rMgs (called two-sided (R, S)-bimodules), Mg s (called one-sided right (R, S)-bimodules).

Examples.

1. Every R-module is a one-sided and a two-sided (R,Z)-bimodule: rM = pzM = rMyz and
Mg = zMpr = Mz R.

2. If R is commutative, then every R-module is a one-sided and a two-sided (R, R)-bimodule:
rM = rrM = rMg.

3. Let M be an R-module. Then Endg(M) = Hompg(M, M) C End(M) = Endz(M) is a subring,
and M is an Endgr(M)-module by means of ¢m = ¢(m). Moreover, M = gnq,m),rM is a
one-sided Endgr(M), R)-bimodule (indeed, prm = rom for all ¢ € Endg(M), r € R and
me M).

4. Ris a two-sided (R, R)-bimodule, R = pRp. For any set I, component-wise scalar multiplication
makes both R and on RY) = {(2;)ic; € R' | x; = 0 for almost all i € I} into two-sided
(R, R)-bimodules.

5. Let f: R — S be a ring homomorphism. Then every S-module N = gN is an R-module by
means of rn = f(r)n for all € R and n € N, and (similarly) every right S-module N = Ng
is a right R-module. In particular, sSg is a two-sided (S, R)-bimodule (and also a two-sided
(R, S)-bimodule). If N, N’ are S-modules, then it follows that Homg (N, N’) C Hompg (N, N’),
and equality holds if f is surjective.

6. Let R be commutative. By an R-algebra we mean a ring S, together with an R-module structure
RxS — S, (r,s) — rs such that r(ss’) = (rs)s’ = s(rs’) for all r € R and s, s’ € S. Then the
map f: R — S, defined by f(r) = rlg, is a ring homomorphism satisfying f(R) C center(.S)
[indeed, if 7, " € R, then f(rr’) = (rr')1lg = r(r'ls) = r[ls(r'ls)] = (rls)(r'1s) = f(r)f (),
and if s € S, then f(r)s = (rlg)s =r(lgs) =r(sls) = s(rls) = sf(r)]. The homomorphism f
is called the structural homomorphism of the R-algebra S . Conversely, if f: R — S is a ring
homomorphism such that f(R) C center(S), then S is an R-module by means of rs = f(r)s for
all € Rand s € S, and with this R-module structure the ring S is an R-algebra with structural
homomorphism f. Therefore also the homomorphism f: R — S itself is called an R-algebra.
Every ring R is a Z-algebra in a unique way [indeed, there is a unique homomorphism e: Z — R,
given by e(g) = glg for all g € Z].

If f: R— S is an R-algebra, then every S-module N is an (R, S)-bimodule, ¢gN = p gN.

Examples of algebras:

Every homomorphism f: R — S of commutative rings is an R-algebra. Let S be a ring and
R C center(S) a subring. then S is an R-algebra. If R is commutative and n € N, then the
matrix ring M,,(R) is an R-algebra. If R is commutative and M is an R-module, then Endgr (M)
is an R-algebra.

Theorem and Definition 1.1.1. Let M, N be R-modules.

1. Assume that M = rMg. For s € S and f € Homp(M,N) let sf: M — N be defined by
(sf)(m) = f(ms) for alls € S and m € M. Then sf is an R-homomorphism, and (s, f) — sf
is an S-module structure on Hompg(M,N):

sHomg(rMg, rN); in the same way: Hompg(rsM, rN)s.
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2. Assume that N = gpgN. For s € S and f € Homg(M,N) let sf: M — N be defined by
(sf)(m) = sf(m). Then sf is an R-homomorphism, and (s, f) — sf is an S-module structure
on Homp(M,N) :

sHomp(rM, rsN); in the same way: Hompg(rM, rNs)s

3. Let R be commutative. Then Hompg(M,N) is an R-module by means of (rf)(m) = f(rm) for
all f € Homg(M,N), r € R and m € M.

Proor. 1. We must prove:

e For all f € Homgr(M,N) and s € S, the map sf: M — N is an R-homomorphism, that is
— (sfim4+m') = (sf)(m) + (sf)(m’) for all m, m" € M;
— (sf)(rm) =r[(sf)(m)] for all m € M and r € R [here we use the bimodule structure].

e (s,f)— sf is an S-module structure on Hompg (M, N), that is, for all f, f' € Homg(M,N) and
all s, s’ € S, the following equalities hold pointwise for all m € M :

= (s(f+[)=sf+sf
— (s+8)f=sf+5f;
= (s8')f = s(s'f);
- lsf=1.
All this is easy.
2. The same things as in 1. must be checked.

3. By 2., since N =g grN. O
For R-modules M, N, P, the compositon map
HomR(NaP)XHomR(MvN) - HomR(MvN)a (g7f) = gof7

is Z-bilinear [that is, go(f+ f') = gof +gof’ and (g4 ¢')of = gof +g'of for all g, ¢ € Hompg(N, P)
and f, f' € Homg(M,N)].

Let f: M — M’ be an R-homomorphism and N an R-module. We define

f« =Hompg(N, f): Homp(N, M) — Homp(N,M') by fi(p) =Hom(N, f)(¢) = foyp

and

f*=Hompg(f, N): Homg(M’', N) — Homg(M,N) by f*(¢)=Hom(f, N)(p)=of.

Then f, and f* are group hOmOmOI‘phibmb satisfying (f + ¢)s = f« + g« and (f +¢g)* = f* 4+ ¢*
for all f, g € Homg(M,M'). If M Lo LM ave R- homomorphisms, then (f'of). = flof. and
(frof)r = frof~.

A (covariant or contravariant) functor T: R-Mod — Ab is called additive if, for all M, N € R-Mod,
the map T': Hompr(M, N) — Hom(T'M,TN) is a group homomorphism [expicitly, T(f+¢g) =T f+Tg
for all R-homomorphisms f, g: M — N of R-modules.] If T is an additive functor, then 770 = 0 [indeed,
if M is an R-module, then M = 0 if and only if idy; = 0, and then idpy = Tidy, =70 = 0].

For N € R-Mod, the map Hompg(N,—): R-Mod — Ab is a (covariant) additive functor, and the
map Hompg(—,N): R-Mod — Ab is a contravarlant additive functor.

Theorem 1.1.2. Let M be an R-module. Then the map
®=®y: M — Hompg(R,M), definedby mwr— (r—rm),

is an R-isomorphism which is functorial in M, and ®~1(f) = f(1) for all f € Homg(R, M).

PROOF. The R-module structure on Homp (R, M) = Homg(rRr, M) is given by (Af)(r) = f(rA)
for all f € Hompg(R, M) and A, r € R. We must prove:

1) For every m € M, the map ®(m) = (r — rm) is an R-homomorphism.

2) &: M — Hompg(R, M) is an R-homomorphism.

3) If ¥: Homp (R, M) — M is defined by W(f) = f(1), then Vod =idy and ®oW = idyom,(r,m)-
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4) Every homomorphism ¢: M — M’ of R-modules induces a commutative diagram

M —22, Homp(R, M)

% lHom(R,gp)

@

M’ —~— Hompg(R,M").

All this is easy. O

A sequence M’ Lo & M of R-(module)-homomorphisms is called ezact if Ker(g) = Im(f), and
an (eventually long) sequence ... — M;1q1 — M; — M;_1 — ... of R-homomorphisms is called ezact if
every 3-term subsequence is exact. Special cases:

0 — M’ L M is exact if and only if f is a monomorphism.
M % M” — 0 is exact if and only if ¢ is an epimorphism.

Every R-homomorphism f: M — N induces an exact sequence

0 — Ker(f) — M L N — Coker(f) = M/Im(f) — 0.

An exact sequence 0 — M’ LM % M7 0 s called a short exact sequence. By definition,

0— M LM% M” =0 is a short exact sequence if and only if f is a monomorphism, g is an
epimorphism, gof = 0 and Ker(g) C Im(f). Then f: M’ = Ker(g) = Bi(f) is an isomorphism,
g induces an isomorphism g¢*: M/Im(f) = M/Ker(g) — M", and we obtain the commutative

diagram

o —— M —L .2 M’ — 0
fl J«idM Tg*
0 —— Im(f) M —"— M/Im(f) —— 0

where the vertical arrows are isomorphisms.

Let 0 — M’ — M — M" — 0 be a short exact sequence of R-modules. If both M’ and M" are
finitely generated, then M is finitely generated. Conversely, if M is finitely generated, then M"
is finitely generated, and if R is left noetherian, then M’ is also finitely generated.

An R-module M is called finitely presented if there is an exact sequence F/ — F — M — 0
with finitely generated free R-modules [equivalently, there is an epimorphism 7: F — M, where
F is a finitely generated free R-module and Ker() is finitely generated. Every finitely presented
R-module is finitely generated, and if R is left noetherian, then every finitely generated R-module
is finitely presented.

Let M’', M" be R-modules and M’ @& M" the (outer) direct sum. Let ¢': M’ — M’ @& M" and
e”: M" — M’ & M" be the canonical injections and p’: M’ & M" — M’, p": M'® — M" the
canonical projections, defined by

! "

e'(m') = (m',0), "(m")=(0,m"), p'(m',m")=m" and p"(m’,m") =m".
Then p'oe’ =idpy, p’oe” =idpyp, ploe” =0, p’oe’ =0, e'op’ +&"op” =idpp g, and there
are short exact sequences

’

0-MEMeM LM -0 and 0—M' S M e M 2 M -0,
If M', M" C M are submodules of an R-module M, the M is called (internal) direct sum of M’
and M" if one of the following equivalent conditions is satisfied :
- M=M +M" and M'N"nM" =0.
— The map M' & M" — M, (m',m"”)— m’+m”, is an isomorphism.

— Every m € M has a unique representation m = m’ + m/, where m’ € M’ and m" € M".
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If these conditions are fulfilled, then we write M = M’4+M" and denote by p': M — M’ and
p": M — M" the maps defined by p’'(m/+m”) =m' and p”"(m' +m”) =m" for all m’ € M’
and m” € M”. Then p’ and p” are R-homomorphisms, p’ | M’ = idyy and p” | M"” = idpp. We
call p’ and p” the projections of M onto M’ and M".

An R-submodule N C M is called a direct summand if M = N+N' for some R-submodule
N’ C M. In this case, we write N @M.

Theorem and Definition 1.1.3.
1. An R-submodule M’ C M is a direct summand of M if and only if there exists an R-homomor-
phism p: M — M’ such that p| M’ =idp .
9. Let 0 — M L M % M" — 0 be a short ezact sequence of R-modules. Then the following
assertions are equivalent:
(a) There exists an R-isomorphism ®: M’ & M" — M such that the following diagram is

commutative
0 M e M 2 M 0
id J lcp lid i
0 e M S M 0

(b) Im(f) = Ker(g) is a direct summand of M.

(¢) There exists some R-homomorphism w: M — M’ such that pof =idp.

(d) There exists some R-homomorphism : M" — M such that goy = idps.

Moreover, the following assertions hold:

(i) If ¢: M — M’ is any R-homomorphism such that @of =idyy, then M = Bi(f)+Ker(p).
(i) If ¢: M" — M is any R-homomorphisms such that goyp = idys, then M = Ker(g)+Bi(v)).
(iii) The homomorphisms ¢ and v in (c) and (d) above can be chosen so that fop+1og =idyy.
If these conditions are satisfied, we say that the short exact sequence 0 — M’ ERS VRS V(N
splits or is a split exact sequence. An R-monomorphism f: M’ — M is said to split if there
exists some R-homomorphism ¢: M — M’ such that pof = idy; [equivalently, Im(f) &M ].
An R-epimorphism g: M — M" issaid to split if there exists an R-homomorphism : M" — M
such that goy = idy» [equivalently, Ker(g) &M ].

3. Suppose that M’ LM S M and M5 M S M are homomorphisms of R-modules such
that pof =idyy, got =idpy and fop +og =idp. Then 0 — M’ LML M =0 and
0 M' L ME M -0 are split exact sequences.

4. Let T: R-Mod — Ab be an additive functor and 0 — M’ — M — M" — 0 a split exact

sequence. Then 0 — TM' — TM — TM" — 0 is also a split exact sequence. In particular,
T(M' © M") = TM &TM".
PRrROOF. 1. If M’ C M is a direct summand and p: M — M’ is the projection of M onto M’, then
p | M/ = ldM/
Conversely, let p € Hompg(M, M’) be such that p| M’ = idy;. We assert that M = M’ + Ker(p).
If m € M, then p(m — p(m)) = p(m) — p(m) = 0, and m = p(m) + (m — p(m)) € M’ 4+ Ker(p). If
m € M' N Ker(p), then 0= p(m) =m, and thus M = M’ + Ker(p).
2. (a) = (b) Since M’ & M" = &'(M’')+£"(M"), it follows that ¢ (M’) is a direct summand of
M'@® M", and therefore Im(f) = f(M') = ®oe’(M’) is a direct summand of ®(M' @ M") = M.
(b) = (c) By 1., there exists some p € Homg(M,Im(f)) such that p|Im(f) = idym(s). Since
f: M’ = Im(f) is an isomorphism and pof = f, it follows that ¢ = f~'op € Hompg(M, M’), and
(pOf = f’lopof = fﬁlof = ldM'
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(i) Let ¢ € Homg(M, M’) be such that @of =idpy. If m € M, then

p(m — fop(m)) = ¢(m) —pofop(m) =0,
and m = fop(m)+[m — fop(m)] € Im(f) + Ker(p). If m € Im(f) NKer(yp), then m = f(m') for some
m’ € M, and 0 = ¢(m) = pof(m') =m'. Hence m =0, and M = Im(f) + Ker(y).
(¢) = (d) and (iii) If m” € M”, let m € M be such that m” = g(m), and define
(") = m — fop(m) € M.

This definition is independent of the choice of m. Indeed, suppose that m, m; € M are such that
m” = g(m) = g(mq). Then m —m; € Ker(g) = Im(f), say m —my = f(m') for some m’ € M’. Then
[m = fop(m)] — [m1 — fop(my)] = (m —ma) = (fop)(m —m1) = f(m') — fopof(m) =0.

Next we prove that ¢: M” — M is an R-homomorphism. Thus let m”, m{ € M"” and r € R. Let
m, my € M besuch that g(m) =m” and g(my) = m{. Then g(m-+m;) =m”+m{ and g(rm) =rm”.
Honce $(m” +mY) = (m+m1) — (fog)(m-+my) = [m— fop(m)]+ [ m1 — fop(ms)] = $(m") +(mi),
and (rm) = rm — fop(rm) = r(m — fog(m)) = riy(m").

If m” = g(m) for some m € M, then goy(m”) = g(m — fop(m)) = g(m) — gofop(m) =m”, and
therefore got = idpn.

If m € M, then ¢og(m) =m — fop(m), and therefore f o+ 1og=idys, which proves (iii).

(ii) Let ¢ € Hompr(M"”, M) be such that goy = idps». If m € M, then

g(m —og(m)) = g(m) — gopog(m) =0,
and m = (m —og(m)) +wog(m) € Ker(g) +Im()). If m € Ker(g) NIm(z)), then m = 1p(m’) for some
m” € M", and 0= g(m) = goy(m”) = m"”. Hence m = 0, and M = Ker(g) +Im(2)).

(d) = (d) As goyp =idpw, it follows that 4 is a monomorphism. Now we define &: M’ & M" — M
by ®(m/,m"”) = f(m') +¢(m”) for all (m',m"”) € M’'xM". Then ® is an R-homomorphism, and it is
surjective since M = Ker(g) + Im(¢) = Im(f) + Im(¢). If (m/,m”) € Ker(®), then f(m')+yp(m”) =
hence 0 = gof(m')+ goy(m”) =m”, f(m’) =0 and therefore also m’ = 0. Hence ® is an isomorphism.

If m' € M’, then ®oe’(m’) = &(m/,0) = f(m'), and thus Poc’ = f. If (m',m”) € M' @ M", then
go®(m’,m") = gof(m') + goy(m”) = m”, and therefore go® = p”.

3. Since pof =idyy and goy = idy», it follows that f and ¢ are monomorphisms and g is an
epimorphism. Now we obtain f = (fop+1og)of = f+1pogof, hence togof = 0, and therefore gof = 0. If
m € Ker(g), then m = (fop+1og)(m) = fop(m) € Im(f). Hence the sequence 0 — M’ L% Mo
is exact. The same arguments show that the sequence 0 — M" L MEM S0 s exact, and by
definition both sequences split.

4 Let 0> M LM %5 M” =0 bea split exact sequence. Then there exist R-homomorphisms
p: M — M’ and v: M" — M such that pof =idyy, got) =idpy and fop +pog = idps. Then it
follows that TwoT f = T (gof) = idppr, TgoT = idparr, and idppy = T(fop+pog) = T foTp+TyoTg.

Tg
By 3., 0 = TM' rMTM -0 s a split exact sequence. O

Theorem 1.1.4 (Snake Lemma). Let

Y ey
0 —— B 2B -2.p

be a commutative diagram of R-module homomorphisms with exact rows. Then there exists an R-
homomorphism w: Ker(u”) — Coker(u') such that there is a long exact sequenc

Ker(v/) %% Ker(u) 5 Ker(u”) < Coker(u') 7 Coker(u) g, Coker(u"),
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where ig = i| Ker(u'), fo=f|Ker(u), j* is induced by j, and g* is induced by g. If i is a monomor-
phism, then ig is a monomorphism, and if g is an epimorphism, then g* is an epimorphism. Moreover,
w and the long exact sequence are functorial in the original commutative diagram.

PROOF. 1. Since jou' = woi, we get i(Ker(u')) C Ker(u), and since gou = u”o f, we get
f(Ker(u)) C Ker(u”). Hence we obtain R-homomorphisms iy = i|Ker(uw'): Ker(u') — Ker(u) and

= f|Ker(u): Ker(u) — Ker(u”). If i is a monomorphism, then ig is also a monomorphism, and
fooip = foi|Ker(u') = 0. If a € Ker(fy) C Ker(u) C A, then f(a) = fo(a) = 0, and thus a = i(a’)
for some o’ € A’. Since jou/(a') = uwoi(a’) = u(a) = 0 and j is a monomorphism, we get u/(a’) = 0,
hence a’ € Ker(u'), and therefore a = i(a’) = igp(a’) € Im(ip). Hence there is an exact sequence
Ker(u') %% Ker(u) £ Ker(u").

2. Since jou' = woi and gou = u"of and g(Im(u)) C Im(w”). Thus j induces an R-homomorphism
j*: Coker(u') = B'/Im(v') — B/Im(u) = Coker(u), given by j*(b' + Im(v’)) = j(b') + Im(u) for all
b € B', and ¢ induces an R-homomorphism g¢*: Coker(u) = B/Im(u) — B”/Im(u") = Coker(u"),
given by ¢*(b + Im(u)) = g(b) + Im(v”) for all b € B. If g is an epimorphism, then ¢g* is also an
epimorphism, and if ¥’ € B’, then g*oj*(t/ + Im(u')) = goj(V') + Im(u”) = 0 € Coker(v”). If b € B
and b+ Im(u) € Ker(g*), then ¢(b) € Im(u"), and therefore there exists some a € A such that g(b) =
u”o f(a) = gou(a). Hence g(b —u(a)) =0, and b — u(a) € Ker(g) = Im(j). Let b’ € B’ be such that
b—wu(a) = j('). Then b+ Im(u) = j(¥') + Im(u) = 7*(b' + Im(v')) € Im(5*). Hence there is an exact

sequence Coker(u') 2 Coker(u) £ Coker(u).

3. Now we are going to define w. Let a” € Ker(u”) C A” and a € A such that o” = f(a). Then
0 = u”of(a) = gou(a), hence u(a) € Ker(g) = Im(j), and thus u(a) = j(b') for some &' € B'. We
set w(a”) = b 4+ Im(u') € Coker(u'), and we show that this definition does not depend on the made
choices. Indeed, let a; € A be another element such that a” = f(a1), and let b} € B’ be such that
uw(ay) = j(b}). Then a —a; € Ker(f) = Im(é), say a — a3 = i(a’), where o’ € A’, and therefore
J' = b)) = u(a — a1) = woi(a’) = jou'(a'). As j is injective, we obtain b —b] = v/(a ) € Im(u'), and
consequently b + Im(u') = b} + Im(u’).

To prove that w is an R-homomorphism, let a”, af € Ker(u”) and r € R. If a, a; € A are such
that f(a) = o” and f(a1) = af, then f(a + a1) = o’ + daf and f(ra) = ra”. Let V', b} € B’ be
such that u(a) = j(V') and u(a;) = j(b}). Then u(a + a1) = j( + b)) and u(ra) = j(rt’). Hence
we obtain w(a” + df) = (¥ + b)) + Im(v') = (b + Im(v”)) + (V) + Im(v')) = w(a”’) + w(af), and
w(ra”) =rb + Im(v') = r(0 + Im(u')).

Next we show that j*ow = 0. If a” = f(a) € A”, where a € A and u(a) = j(b') with ¥’ € B’, then
jfow(a"”) = 7*(t/ + Im(v”)) = j(b') + Im(u) = 0 € Coker(u).

Finally, we prove that Ker(w) C Im(fy). Thus let o’ € Ker(w), = f(a), where a € A, and
uw(a) = j(b'), where ¥ € B. Then ¥ + Im(u') = w(a”) = 0, hence b’ = wu(a’) for some o’ € A,
and therefore u(a) = jou'(a’) = woi(a’). Hence it follows that a — i(a’) € Ker(u), and therefore
fola—i(a’)) = f(a) = foi(a’) = f(a) = a” € Im(fy).

4. Tt remains to prove that the whole construction is functorial in the initial data. This is tedious
but easy and is left as an exercise. O

Corollary. Let 0 — K L P9 M =0 anezact sequence of R-modules. If M be a finitely presented
and F is finitely generated, then K is also finitely generated.

PRrOOF. As M is finitely presented, there exists an exact sequence Fj 2 Fy ELN Y. 0, where
Fy, Fy are finitely generated free R-modules. Let (u1,...,u,) be an R-basis of Fy. Then there exist
Z1,...,%y € F such that g(x;) = fi1(u;) for all i € [1,n], and there exists a unique ¢ € Hompg(F1, F)
such that ¢(u;) = z; for all i € [1,n]. Hence it follows that fi(u;) = goe(u;) for all i € [1,n], and
consequently f; = gop. Since goypofy = fiofs = 0, it follows that @o fo(Fs) C Ker(g) = Imf,
and therefore there exists some ¢ € Hompg(Fy, K) such that foy = @ofa. We obtain the following
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commutative diagram with exact rows:

j I AN (NN 0
A e
0 K1 . Fr 2. N

Lemma 1.1.4 yields an exact sequence 0 = Ker(idys) — Coker(¢) — Coker(yp) — Coker(idps) = 0, and
therefore K/Im(v) = Coker(¢)) = Coker(p) = F/Im(yp) is finitely generated. Since Im(v) = (Fy) is
also finitely generated, it follows that K is finitely generated. O

Theorem 1.1.5.
1. A sequence 0 — M’ ERY VNSV of R-homomomrphisms is exact if and only if, for every R-

module X, the sequence 0 — Hompg (X, M’) Iy Homp (X, M) % Hompg(X, M") is exact (where
fr =Hom(X, f) and g. = Hom(X,g)).

2. A sequence M’ LMs M o of R-homomomrphisms is exact if and only if, for every R-

module X, the sequence 0 — Homp(M", X) g, Homp(M, X) 5 Hompg(M', X) is exact (where
g* = Hom(g, X) and f* = Hom(f, X)).

PROOF. 1. Assume first that 0 — M’ & M % M” is exact, and let X be an R-module. If
(p: X = M') € Ker(f,), then 0= f.(¢) = fop, and as f is a monomorphism, we obtain ¢ = 0. Hence
f« is a monomorphism. g.of, = (gof). = 0. = 0, and it remains to prove that Ker(g.) C Im(f,). If
(p: X — M) € Ker(g), then 0 = g.(¢) = goyp, hence Im(p) C Ker(g) = Im(f). Since f: M’ — Im(f)
is an isomorphism, it follows that ¢’ = f~top € Hom(X, M’), and ¢ = foy' = f.(¢') € Im(f.).

To prove the converse, we consider the assumption with X = R and obtain the commutative diagram

0 — Homp(R, M) —— Hompg(R, M) —%— Hompg(R, M")

- I :

f g

0o —— M — M — M
where the vertical arrows are the isomorphisms of Theorem1.1.2 and the buttom line is exact. Hence the
upper line is also exact.

2. Assume first that the sequence M’ LMs M —o0is exact, and let X be an R-module. If
(¢: M" — X) € Ker(g*), then 0 = g*(¢)) = ¢og, and as g is an epimorphism, we obtain ¢ = 0. Hence
g* is a monomorphism. f*og* = (gof)* = 0* = 0, and it remains to prove that Ker(f*) C Im(g*).
If (p: M — X) € Ker(f*), then 0 = f*(¢) = pof, and therefore Ker(g) = Im(f) C Ker(y). Hence
¢ induces a homomorphism @: M/Ker(g) — X, and g induces an isomorphism §: M/Ker(g) = M".
Then ¢’ = pog—t € Homr(M"”, X) and ¢ = ¢'og = g*(¢') € Im(g*).

Assume now that the sequence 0 — Hompg(M"”, X) % Hompg(M, X) 5 Hompg(M', X) is exact for
every R-module X. If X = M" | then 0= f*og*(idp) = (go f)*(idpr) = gof.

Next we prove that Ker(g) C Im(f). Let X = M/Im(f) and denote by m € Hompg(M, X) the
residue class homomorphism. Since f*(w) = wof = 0, we obtain 7 € Ker(f*) = Im(¢*). Let ¢ €
Hompg(M", X) be such that 7 = g*(¢) = pog. Now, if z € Ker(g), then n(z) =0, and thus « € Im(f).

It remains to prove that g is an epimorphism. For this, we set X = M" /Im(g), and we denote by
7w € Homp(M", X) the residue class homomorphism. Then ¢*(7) = mog = 0, hence = = 0, since ¢g* is a
monomorphism, and therefore M" = Im(g). Hence g is an epimorphism. O

An additive functor T: R-Mod — Ab is called

e left-exact if, for every exact sequence 0 — M’ LM% M7 i R-Mod, the induced sequence
0—TM 2T TM” in Ab is exact;
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e right-exact if, for every exact sequence M’ 4, ML M' =0 in R-Mod, the induced sequence
™ T TM” — 0 in Ab is exact;

e cxact if, for every exact sequence M’ LME M i R-Mod, the induced sequence T M’ ¢
T™ X TM" in Ab is exact;

An additive contravariant functor 7: R-Mod — Ab is called

e left-exact if, for every exact sequence M’ LM M —0in R-Mod, the induced sequence
0—TM"1TM™ TM in Ab is exact;

e right-exact if, for every exact sequence 0 — M’ L M2 M i R-Mod, the induced sequence
™M M TM - 0 in Ab is exact;

e ezact if, for every exact sequence M’ LM% M i R-Mod, the induced sequence TM" Ty
TM X TM’ in Ab is exact.

For an R-module N, the functors Homp (N, —): R-Mod — Ab and Hompg(—, N): R-Mod®® — Ab
are left-exact.

Definition. An R-module C is called
e projective if, for every diagram
C
d
M2 M —— o0

of R-homomorphisms with exact row, there exists an R-homomorphism : C — M such that
gow) = ¢ [equivalently: For every R-epimorphism ¢g: M — M", the induces homomorphism
g« : Hompg(C, M) — Hompg(C, M") is surjective];

e injective if, for every diagram

of R-homomorphisms with exact row, there exists an R-homomorphism t¢: M — C' such that
pof = ¢ [equivalently: For every R-monomorphism f: M’ — M, the induces homomorphism
f*: Homp(M,C) — Homg(M’,C) is surjective].

Theorem 1.1.6.

1. For an R-module P, the following assertions are equivalent :
(a) P is projective.
(b) Every R-epimorphism M — P splits.
(¢) There exists an R-module M such that M @ P is free.
(d) Homg(P,—): R-Mod — Ab is an ezxact functor.

2. Let (Pi)icr be a family of R-modules. Then @,.; P is projective if and only if all P; are
projective.

3. FEvery free R-module is projective. If R is a principal ideal domain, then every projective R-mo-
dule is free.

4. FEvery finitely generated projective R-module is finitely presented.
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Proor. 1. (a) = (b) If g: M — P is an R-epimorphism, then g.: Homg (P, M) — Hompg(P, P)
is surjective, and thus there exists some 1) € Hompg (P, M) such that idp = g.(¥) = gotp. Hence g splits.

(b) = (c) There exists a free R-module F' and an R-epimorphism p: F' — P. By assumption, p
splits, and by Theorem 1.1.3.2(a), there exists a commutative diagram

"

MopP 22— P 0
ltb J/idp
F P . p 0

where M = Ker(p) and @ is an isomorphism. Hence M @ P is free.
(¢) = (d) Let N be an R-module such that F' = P@® N is free with basis (u;);cr, let €: P — F be
the injection and p: F — P the projection of this direct sum. Let M’ L. M & M” be an exact sequence

of R-modules. We must prove that the sequence Hompg (P, M") el Hompg (P, M) %5 Homp(P, M") is
exact. Clearly, g.of. = (gof). = 0. =0, and it remains to prove that Ker(g.) C Im(f.). Suppose that
(p: P — M) € Ker(g*). Then 0 = g.(p) = goy, and therefore Im(p) = @op(F) C Ker(g) = Im(f).
For each i € I, let m}, € M’ be such that f(m}) = pop(u;), and let 1 € Hompg(F,M’) be such
that ¢1(u;) = m} for all i € I. Then fo(u;) = pop(u;) for all i € I, hence fot); = @op, and
¥ =110e € Hompg(P, M'). Then fi(1)) = for) = forpjoe = popoe = ¢ € Im(f,).

(d) = (a) If g: M — M" is an R-epimorphism, then the exactness of M % M" — 0 implies the
exactness of Homp(P, M) % Hompg(P, M") — 0, and thus g, is surjective.

2. Assume first that P, ; P; is projective, and let N be an R-module such that F' = N @& @,; P;
is free. If 7 € I, then
F=(Ne @ p)an,
JeN{i}
and thus P; is free.
Assume now that, for every ¢ € I, P; is projective, and let N; be an R-module such that F; = N;® P;

is free. Then
@ F;, = (@ NZ-) @ (@ PZ-) is free, and thus @ P; is projective.
icl icl icl icl

3. If F is free, then FF = F @ 0, and thus F' is projective. Let R be a principal ideal domain and P
a projective R-module. Let M be an R-module such that F' = M @ P is free, and let €: P — F be the
injection. Then ¢(P) C F is free, and P = ¢(P) is also free.

4. Let P be a finitely generated projective R-module. Then there exists an R-epimorphism p: F' — P
for some finitely generated free R-module, and the exact sequence 0 — Ker(p) — F 2P — 0 splits.
Hence there exists an R-epimorphism ¢: F' — Ker(p), which implies that Ker(p) is finitely generated,
and thus P is finitely presented. O

Let R be a domain and K = q(R). For R-submodules J, J' C K, we define J~! = {a € K | aJ C R}
and JJ' = g{{ad’ | a € J, d’ € J'}). Clearly, J=!' and JJ' are again R-submodules of K. An R-
submodule J C K is called a fractional ideal of R if J # 0 and J~! # 0 [equivalently, there is some
¢ € R® such that ¢J C R is a non-zero ideal of R]. A fractional ideal J is called invertible if JJ~1 = R
[equivalently, 1 € JJ~1].

Theorem 1.1.7. Let R be a domain, K = q(R) and J C K a fractional ideal of R. Then the map
®: J' — Hompg(J,R), defined by ®(c)(x)=cx forall c€ J " and x€J

is an R-isomorphism, and J is invertible if and only if it is a projective R-module.
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PROOF. If c € J71, then cx € R for all z € J, and ¢ = (2 — cx) € Hompg(J, R). By definition, ®
is an R-module homomorphism, and as J # 0, it is a monomorphism. Hence we must prove that & is
surjective. Thus suppose that ¢ € Homg(J,R), 0 # c€ J~! and 2,y € J*. Then p(cry) = crp(y) =
cyp(x), and therefore 27 1p(x) = y~lp(y). Hence there exists some A € K such that p(z) = Az for all
x € J. Hence \J C R, whence A € J~! and ¢ = ®(\).

Assume now that J is invertible, and let a1,...,a, € J and c¢i,...,¢, € J~! be such that ajc; +
co.tanc, =1. Ifa € J, then ac; € R for all i € [1,n], and a = ajcia + ...+ apcna € glay,...,an).
Define g: R® — J by g(x1,...,2,) = a121 + ... + apx, for all (z1,...,2,) € R", and ¢: J — R™ by
¥(b) = (e1b,...,c,b) for allb € J. Then g and ¢ are R-module homomorphisms, and got) = id;. Hence
¥ is a splitting monomorphism, and thus Im(¢) @&R"™. Since J = Im(v)), it follows that J is projective.

Let now J be projective. Then there exists an R-module epimorphism g: RY) — J for some set I,
and we denote by (e;);c; the canonical basis of RU) | given by e; = (0i,5)jer for all ¢ € I. Since J is
projective, g splits, and there is some ¥ € Homp(J, R(I)) such that govy =id;. We set ¥ = (¥;)ier,
where t; € Hompg(J, R) for all i € I, and if = € J, then 1);(x) = 0 for almost all i € I. Then there exist
elements ¢; € J~! such that ¢;(x) = c;z forallz € J and i € I. If z € J®, then

x = goy(x) = g(z wi(:c)ei) = Zcixg(ei) and therefore 1= Zcig(ei) eJ \u=JgJt.
iel i€l iel
Hence J is invertible. U

An R-module M is called (R-)divisible if \M = M for every A € R\ z(R). Consequently, an abelian
group A is divisible if gA = A for all ¢ € N. If K is a field containing Q, then the additive groups K
and K /Z are divisible.

Theorem 1.1.8.

1. For an R-module Q, the following assertions are equivalent :
(a) @ is injective.
(b) For every left ideal a C R and every R-homomorphism f:a — @Q there exists an R-homo-

morphism h: R — Q such that h|a= f.

(¢) Fvery R-monomorphism Q — M splits.
(d) Hompg(—,Q): R-Mod — Ab is an exact contravariant functor.

2. A direct product of a family of R-modules is injective if and only if every factor is injective.

3. Every injective R-module is divisible. If R is a principal ideal domain, then every R-divisible
R-module Q is injective. In particular, an abelian group is injective if and only if it is divisible.

PrROOF. 1. (a) = (b) Let a C R be a left ideal, f € Hompg(a,Q) and j = (a — R) the injection.
Then the map j*: Hompg(R, Q) — Hompg(a, Q) is surjective, and thus there exists some h € Hompg (R, Q)
such that f = j*(h) = hoj =h]|a.

(b) = (c¢) (Reinhold Baer) Let f: @ — M be an R-monomorphism. We must prove that f splits,
and for this we may assume that Q@ C M and f = (Q — M) is the injection. Indeed, if f: Q — M
is any monomorphism, then there exists an R-overmodule M O @ and an R-isomorphism f: M = M.
If the injection @ < M splits, then there is some h € Homp(M,Q) such that h|Q = idg. Then
hof~1! € Homp(M,Q), and (hof~!)of =idy;. Hence f splits.

Thus assume that @ C M is a submodule. We must prove that there is some h € Hompg(M, Q)
such that h|Q = idg. Let Q be the set of all pairs (C,¢), where C' is an R-module, Q C C C M,
¢ € Homp(C,Q), and ¢ |Q = idg. Then (Q,idg) € Q, and we define a partial order on €2 by setting
(Cp) < (C,¢) if CCC"and ¢'|C = . Then the union of every chain in Q belongs again to 2, and
by Zorn’s Lemma 2 contains a maximal element (C,h). We prove that C' = M. Assume the contrary,
pick some element ¢ € M \ C, and set C = C+ Rg C M. Then a ={A € R| A\ € C} C R is a
left ideal, and we define ¢: a — @ by @(\) = h(Ag). Then ¢ is an R-homomorphism, and there exists
some 1) € Hompg(R, Q) such that v |a = ¢. Now we define h: C — Q by h(c+ A\q) = h(c) +(A) for
all c € C and A € R. We assert that this definition does not depend on the representatives. Indeed, if
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c+Ag=c 4+ Ngfor some ¢, € C and A\, ' € R, then (A—X)g=¢ —ce€ C, hence A — X € a, and
h(e)+P(N) = h(c+ (A= X)) + (N =A) = ¥(A) = h(c) + h((A=X)g) +o(X = X) +9(X) = h(c) + ¥ (N).
Then h € Homg(C,Q), and h|Q = (h|C)|Q = h|Q = idg, contradicting the maximality of (C, h).

(¢) = (d) Let M’ LM % M be an exact sequence in R-Mod. We must prove that the sequence

Hompg(M”,Q) & Hompg(M, Q) N Hompg(M', Q) is exact. Clearly, f*og* = (gof)* = 0* =0, and thus
we must prove that Ker(f*) C Im(g*). Suppose that (p: M — Q) € Ker(f*). Then 0= f*(¢) = pof,
hence Ker(g) = Im(f) C Ker(y), and we must prove that there is some ¢’ € Hompg(M"”, Q) such that
p=9"(¢) =¥ og.

We consider the submodule N = {(p(m),—g(m) | m € M} C Q ® M" and the R-homomorphism
P:Q — Q@®M"/N, defined by 1(q) = (¢,0) + N. If g € Ker(¢), then (g,0) = (¢(m), —g(m)) for some
m € M, hence m € Ker(g) C Ker(yp), and thus ¢ = ¢(m) = 0. Therefore ¢ is a monomorphism and
splits by assumption. Let 7: Q @ M”/N — @ be an R-homomorphism such that moy) =idg, and define
o' M" — Q by ¢'(m”)=m((0,m")+ N). Then we obtain, for all m € M,

¢'og(m) = 7((0,9(m)+N) = 7((¢(m),0) = (¢(m), —g(m)) + N) = 7(((m),0)+N) = mogpop(m) = ¢(m),
and therefore ¢ = ¢’og.

(d) = (a) Let f: M’ — M be an R-monomorphism. Then the exact sequence 0 — M’ RSV,
entails an exact sequence Hompg (M, Q) N Homp(M, Q') — 0. Hence f* is surjective, and thus @ is an
injective module.

2. Exercise!

3. Let @ be an injective R-module, A € R\ z(R). We must prove that @ C AQ. Thus suppose that
m € @, and define ¢p: RA — Q by p(rA) = rm. As A ¢ z(R), it follows that A = 7’ implies r = 7’ for
all r, ' € R, and therefore ¢ € Homg(RA, Q). Since @ is injective, there exists some ¥ € Hompg(R, Q)
such that ¢ | R\ = ¢. Then Ap(1) = p(A) = p(A) =m € \Q.

Let now R be a principal ideal domain and @ an R-divisible R-module. We verify condition 1.(b).
Let a << R be an ideal. If a = 0, there is nothing to do. Thus suppose that a = R\, where A € R®,
and let ¢ € Hompg(a,Q). Since Q is R-divisible, there exists some x € @ such that p(\) = Az. We
define ¢ € Hompg(R,Q) by 9(r) =rz forall r € R. If s € a = R\, say s = rA, where r € R, then
P(s) =rAx =rp(A) = @(rA) = ¢(s), and thus ¥ |a = ¢. O

Theorem 1.1.9. For an abelian group A, we call AY = Hom(A,Q/Z) the dual group of A.
1. Let F be a free abelian group. Then FV is divisible [ hence an injective Z-module].

2. Let A be an abelian group.

(a) The map B: A — AV, defined by B(a)(p) = @(a) for alla € A and ¢ € AV, is a
monomorphism.

(b) There exists a monomorphism A — D into a divisible abelian group D.
3. Let M be an R-module. Then there exists an R-monomorphism j: M — @Q into an injective
R-module Q.
PROOF. 1. We may assume that F = Z) for some set I. Then
FY =Hom(zW Q/Z) = Hom(Z,Q/Z)" = (Q/z),
and thus FV is divisible.

2. (a) Obviously, 8 is a homomorphism, and therefore it suffices to prove: For every a € A such
that a # 0, there exists some ¢ € AV such that ¢(a) # 0. Thus let 0 # a € A and m € Ny such that

mZ = {g € Z | ga = 0}. Then the exact sequence 0 — mZ % Z % Za — 0 (where j is the injection,
and ag = ga for all g € Z) induces an exact sequence

0 — Hom(Za,Q/Z) — Hom(Z,Q/Z) N Hom(mZ,Q/Z), and j*¢ =¢|mZ for ¢ € Hom(Z,Q/Z).
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We assert that j* is not injective. This is obvious if m = 0. If m # 0, let ¢ € Hom(Z,Q/Z) be
defined by ¢(g9) = Z + Z. Then ¢ # 0 and j*(p) = ¢|mZ = 0. Since Ker(j*) # 0, it follows that
Hom(Za,Q/Z) # 0, and since Q/Z is divisible, the map Hom(A, Q/Z) — Hom(Za,Q/Z), induced by the
injection Za — A and given by ¢ — ¢|Za, is surjective. If ¢ € Hom(A,Q/Z) is such that ¢|Za # 0,
then ¢(a) # 0.

(b) Let F be a free abelian group such that there is an epimorphism F 2. 4V — 0. The induced
sequence 0 — AYY = Hom(AY,Q/Z) % Hom(F,Q/Z) = FV is exact, and if 3: A — AV is the
monomorphism defined in (a), then p*oB3A4 — FV is a monomorphism into a divisible abelian group.

3. By 2., there exists a group monomorphism ¢: M — D into a divisible abelian group D, and
we consider the homomorphism j: M — Hom(R, D), defined by j(m)(r) = t(rm). Then j is a group
homomorphism, and if m € Ker(j), then 0 = j(m)(1) = ¢(m) and thus m = 0. Hence j is a monomor-
phism. The group Hom(R, D) = Homgz(zRpg,zD) is a R-module by means of (Ap)(r) = ¢(rA) for all
¢ € Hom(R,D) and A, r € R, and it is easily checked that j is an R-homomorphism. Hence we are
done if we can prove that Hom(R, D) is an injective R-module.

Thus let 0 — N’ 5 N be an exact sequence of R-modules and ¢: N’ — Hom(R, D) an R-module
homomorphism. We must show that there exists an R-homomorphism ¢: N — Hom(R, D) such that
Yof = ¢. Let pu: Hom(R, D) — D be defined by p(h) = h(1). Then u is a group homomorphism, hence
pow: N' — D is a group homomorphism, and as D is divisible, there exists a group homomorphism
o: N — D such that oo f = pop. Now we define ¢: N — Hom(R, D) by ¥(n)(c) = 1o(cn) for all
n € N and ¢ € R, and we assert that ¢ fulfills our requirements. We must prove: 1) If n € N, then
¥(n) € Hom(R, D); 2) % is an R-homomorphism; 3) o f = ¢.

1) Let n € N. If ¢, ¢ € R, then

b(n)(c+ ) =o((c+)n) = vo(en + 'n) = vo(cn) + o(c'n) = 1(n)(c) + ¥ (n)(c).
2) Let m, n’ € N and A € R. Then we obtain, for all ¢ € R,
Y(ntn)(e) = Polc(n+n')) = tho(cn+en’) = vo(en) +ho(c'n) = (n)(c) , +¥(n)(c) = (¥(n) +1(n")(c),
hence ¥(n +n') = ¥(n) + ¥(n’), and P(An)(c) = Yo(cAn) = Y(n)(cA) = [Ap(n)](c), and therefore

¥(An) = X (n).
3) If n” € N" and ¢ € R, then

o f(n)(e) = volcf(n') = oo f(en) = pop(en’) = p(en')(1) = [ep(n)](1) = @(n')(c). 0
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1.2. Tensor products

Let R and S be rings.

Definition. Let M = Mg be a right and N = g N a left R-module.
1. Let F be the free Z-module with basis M xN. The elements of £ € F have a unique representation
E= Z Amn(m,n), where Ay, €Z, Ay, =0 for almost all (m,n) € M xN.
(m,n)eE MxN
Let Q@ C F be the subgroup generated by all elements of the following types:
(m+m',n) — (m,n) — (m',n), (m,n+n')—(m,n)—(m,n), (m\n)—(m,\n)

for any m, m' € M, n,n’ € N and A\ € R. The quotient group M ®r N = F/Q is called the
tensor product of M and N over R. For (m,n) € MxN, wecall m@n = (m,n)+T € MQr N
the elementary tensor of m and n. Clearly, M @ N = z({m®n | (m,n) € M xN}), and for all
m,m' € M, n,n’ € N and X\ € R, we have
(m+m)@n=m@n+m' @n, mn+n)=men+man and mA@n=m®® \n.
In particular, gm @ n = m ® gn = g(m ® n) for all g € Z [indeed, for g € N this follows by
induction, 0®n4+0®n=0®n and m®0+m®0=m®0 implies m®0=0®n =0, and if
g €N, then (—gm)@n+gm®n=0&n =0 implies (—gm) @n = —(gm @ n) = —g(m @ n),
and similarly m ® (—gn) = —m® gn = —g(m ®@n)].
Every £ € M ®p N has a (in general not unique) representation

k
§=Zmi®ni, where k€N, my,...,mp € M and nqy,...,ni € N.
i=1
Indeed, by definition

k k k
€= Ni(@iy) +Q = (Nziy) +Q =D Az @y,
i=1 i=1 i=1
where \; € Z, z; € M and y; € N.
2. Let L be an abelian group. A map 3: M x N — L is called R-balanced if, for all m, m’ € M,
n,n’ € N and A € R we have

B(m+m';n) = B(m,n)+ B(m',n), Bim,n+n’")=pB(m,n)+ B(m,n)
and
B(mA,n) = p(m, n).
By definition, the map M xN — M ®pgr N is R-balanced, and if g: M x N — L is any R-
balanced map, then there exists a unique group homomorphism f: M ®r N — L such that
f(m®n) = B(m,n) for all (m,n) € M xN [indeed, there exists a unique Z-homomorphism

B*: F — L such that 8*| M x N = (3, and, by definition, @ C Ker(*). Hence §* induces f as
asserted .

Example. Let M = gpM be an R-module and a C R a subset. Then

aM = {Zn: a;m;
i=1

is a subgroup (even an R-submodule if a C R is a left ideal). Assume now that a C R is a right ideal.
Then the map ax M — M, defined by (a,m) — am, is R-balanced and induces a homomorphism
uM:a®@r M — M such that p(a®m) = am for all a € a and m € M. It is called the multiplication
homomorphism of a on M. By definition, Im(u2) = aM, and if p! is a monomorphism, then it induces

néeN, ay,...,a, €a, ml,...,mneM}CM

an isomorphism p:a®@p M = aM.
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Theorem 1.2.1. Let M = Mp be a right and N = gN a left R-module.

1. If sMp is an (S, R)-bimodule, then there is a unique S-module structure on M ®pr N such
that s(m®mn) = sm®n foralls € S, m € M and n € N. In the same way, if rNg
is an (R, S)-bimodule, then there is a unique right S-module structure on M ®p N such that
(m®n)s=m@mns foralls€ S, meM and n€ N:

s(sMr ®r rRN) and (Mg ®r rNs)s-

2. Let R be commutative.
(a) There is a unique R-module structure on M @r N such that r(m®@n) =rm@n=mQrn
forallme M, ne N andr € R.

(b) Let L be an R-module and 3: M x N — L an R-bilinear map. Then there exists a unique
R-homomorphism g: M @ g N — L such that g(m ®n) = 8(m,n) for all (m,n) € MxN.

PrROOF. 1. Uniqueness. An S-module structure on M ®g N is given by a ring homomorphism
0: S — End(M ®g N). If s € S, then the group homomorphism 6(s): M @ g N — M ®g N is uniquely
determined by the values 0(s)(m®n) € M®@r N for (m,n) € MxN, since M @ N is the abelian group
generated by the elementary tensors.

Ezistence. For s € S, we define 7,: MXN — M®pN by 75(m,n) = sm®n. Then 7, is R-balanced.
Indeed, if m, m' € M, n,n’ € N and X\ € R, then

Ts(m+m/ n)=s(m+m)@n=(sm+sm')@n=sm@n+sm @n="1,m,n)+75(m' n),
Ts(myn+n')=sm®@(n+n)=sm@n+smen =71,(m,n)+7s(m,n’),
and (now using the bimodule structure)
Ts(mA,n) = s(mA\) @n = (sm)A@n = sm ® An = 7,(mAn) .

Hence 7, induces a unique endomorphism 6(s) € End(M ®g N) such that 6(s)(m @ n) = sm @ n for
all (m,n) € M xN. We must prove that 6: .S — End(M ® N) is a ring homomorphism. We must prove
that 0(1) = idpean, 0(s+8") = 0(s) +0(s") and 6(ss’) = 0(s)o6(s’) holds in End(M ®g N) for all
s, s/ € S, and it suffices to prove these relations point-wise on the elementary tensors. But this is easy.
The right module structure is proved in the same way.

2.(a) Observe that M = pMpg.

(b) If B: MxN — L is R-bilinear, then 8(m, An) = A\3(m,n) = 8(Am,n) = S(mA,n). In particular,
0 is R-balanced. Let g: M ® N — L be the unique group homomorphism satisfying g(m®n) = 8(m,n)
for all (m,n) € MxN. If A € R, then g(A(m®n)) =g(Am @n) = (A m,n) = AG(m,n) = Ag(m @n)
for all (m,n) € MxN. If £ € M ®r N is arbitrary, then

£= Zmi ®n; and g(A§) = g(z Am; ® ni) = Zg()‘mi ®n;) = Z)‘g(mi ®n;) = Ag(§) -
i=1

i=1 i=1 i=1

Hence g is an R-homomorphism. O

Definition. Let f: R — S be a ring homomorphism and M an R-module. As S = gSg is a
two-sided (S, R)-bimodule, S ® g M is an S-module, and s'(s @ m) = ss’ @ m for all s, s’ € S and
m € M. The S-module S ®pr M is called the base extension of M with S.

Theorem and Definition 1.2.2. Let f: M — M’ be a homomorphism of right R-modules and
g: N — N’ a homomorphism of (left) R-modules. Then there exists a unique group homomorphism

f®g: M@r N — M ®rN' suchthat (f®g)(m®@n)= f(m)®g(n) forall meM and n€ N .
It has the following properties:
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1. If f, fi: M — M' and g, g1: N — N’ are R-homomorphisms, then
(f+hH)®g=f@g+fivwg and fR(g+g)=f@g+[®g.

2. If M RSV LR M" and N % N’ g, N" are R-homomorphisms, then
(f'®@g)e(f@g)=(f"of)® (4 og).
3. If R is commutative, then f ® g is an R-homomorphism, and if A € R, then A\f @ g = f ® Ag.
We call f ® g the tensor product of the homomorphisms f and g. We write f ® N = f ® idy and
M ® g = idy ® g. Obviously, idy ® idy = idygrn. Consequently M ® —: R-Mod — Ab and
— ® N: Mod-R — Ab are additive (covariant) functors.

Caution! The tensor product f® g: M g N — M’ ®r N’ is different from the elementary tensor
f®g € Homp(M, M') ®z Homg(N, N’).

PROOF. It is easily checked that the map F: MxN — M’'®gr N’, defined by F(m,n) = f(m)®g(n)
is R-balanced, and thus it induces a group homomorphism f ® g: M ® g N — M’ ®@g N’ such that
(f®g)(m®n) = f(m) ® g(n) for all (m,n) € M x N. The remaining assertions are easily checked
point-wise for elementary tensors, and by linearity they hold in general. |

Theorem 1.2.3. Let M = Mg be a right and N = gN a left R-module.

1. The map ® =Pn: N - RQgr N, defined by ®(n) =1®n for alln € N, is an R-isomorhism.
It is functorial in N, and ®~! = ,ug: R®gr N — N is the multiplication homomorphism of R
on N, given by uf(r®@n) =rn for allr € R andn € N (see Example 1.2).

2. There is a unique isomorphism ®: M @gr N — N Qprw M such that ®(m @n) = n @ m for
all (myn) € M xN. It is functorial in M and N. In particular, if R is commutative, then
D M@r N — N®grM is an R-module isomorphism, and we identify M g N = N @r M by
means of ®.

3. Let P = gP an S-module.

(a) If N = gNg is an (R, S)-bimodule, then there is a unique isomorphism
d: (M@RN)(@SPHM@R(N@SP)
such that ®((m@n)@p) =m (nQp) forallme M, ne N and p € P. It is functorial
in M, N and P, and we identify by means of ®: (M ®g N) ®s P =M ®r (N ®s P).
(b) If M = sMp is an (S, R)-bimodule, then the map
®: Homg(M ®g N, P) — Hompg(N,Homg (M, P),

defined by ®(f)(m)(n) = f(m®n) for all f € Homg(M ®r N,P), n€ N and m € M, is
a group isomorphism. It is functorial in M, N and P.

PROOF. 1. R®r N = rRr ®g rN is an R-module, and A(r @ n) = Ar @ n for all A\, r € R and
neN.

If n,n € Nand A € R, then ®(n+n') =1 n+n")=10n+1@n = ®(n) + &(n’), and
P(An) =1®@ A = A®n = A1 ®n) = A\®(n). Hence ® is an R-homomorphism. If y = u¥, then
pwod®(n) = p(len) =n, and Pou(r®n) = ®(rn) = 1@ rn =r @ n. Hence po® = idy, and since
Popu: R®r N — N is a homomorphism, it follows that ®ou = idrg,n. Thus @ is an isomorphism.

To prove that ® is functorial, let f: N — N’ be an R-homomorphism. Then the diagram

N -2, RepN

fl lR@f

N 2 Rep N

commutes. Indeed, if n € N, then (R® f)o®n(n)=(R® f)(1®n) =1® f(n) = Pn/of(n).
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2. Obvious.
3. (a) Exercise!

(b) We shall proceed in 4 steps: 1) Foralln € N and f € Homg(M ®g N, P), the map g: M — P,
defined by g(m) = f(m ® n), is an S-homomorphism; 2) For all f € Homg(M ®r N, P), the map
®(f): N — Homg(M, P), defined by ®(f)(n)(m) = f(m ®n), is an R-homomorphism; 3) & is a group
homomorphism, which is functorial in M, N and P; 4) ® is bijective.

1) Let n € N, f € Homg(M ®r N,P), m, m' € M and s € S. Then

glm+m') = f((m+m")@n) = f(m@n+m'@n) = f(men)+ f(m'®n) =g(m)+g(m’),
and g(sm) = f(sm @n) = f(s(m & n)) = 5(m & n) = sg(m).

2) Let f € Homg(M ®r N,P), n,n’ € N and r € R. For all m € M we obtain

(f)(n+n)(m) =f(me (n+n))=fm@n+men)=flman)+f(men)
= (f)(n)(m) + @(f)(n)(m) = [®(f)(n) + (f)(n)](m),
and ®(f)(rn)(m) = f(m®@rn) = f(mr @ n) = ®(f)(n)(mr) = [r®(f)(n)](m). Hence it follows that
(f)(n+n') = @(f)(n) + ©(f)(n') and O(f)(rn) =r®(f)(n).
3) If f, f/ € Homg(M ®g N, P), then we obtain, for all n € N and m € M,
O(f + f)(n)(m) = (f + f)(m®@n) = f(m@n) + f(m@n) = (f)(n)(m) + 2(f')(n)(m)
= [2(f)(n) + (") (n) [(m) = [2(f) + 2(f")](n)(m) .

Hence ®(f+ ') = ®(f)+®(f’). To prove that ® is factorial, let M’ = gMp, N' = gN’, P' = gP’, and
u € Homg(M’', M), v € Homg(N',N) and m € Homg (P, P’). Then we must prove that the following
diagram commutes :

Homg(M ®p N,P) —2— Homp(N, Homg (M, P))

(/L®V)*l lu*

HomS(M’ R N/,P) HomR(N’,HomS(M,P))

'n'*l lw*

Homg (M’ ® N, P') —2" Homp(N’, Homg(M’, P'))

where 1) = p*om,: Homg(M, P) = Homg(M, P’) N Homg(M', P"). If f € Homg(M ®pg N, P), then
we obtain, for all n’ € N" and m’ € M/,

[ omo(p@v)"(f)](n)(m) = mo(u@v)*(f)(m @n') = mo f(u(m') @ v(n'))
and

[uov™o®@(f)](n')(m/) = [ omeov™o@(f)](n')(m) = [m.ovo®@(f)](n)(u(m"))
= mo®(f)(v(n))(u(m")) = mo f(u(m’) ® v(n’)).

4) For g € Hompg(N,Homg(M, P)), we define F,: M xN — P by Fy(m,n) = g(n)(m), and
we assert that F, is R-balanced. It is obviously bilinear, and if m € M, n € N and r € R, then
Fy(mr,n) = g(n)(mr) = [rg(n)](m) = g(rn)(m) = Fy(m,rn). Hence there exists a unique group
homomorphism ¢,: M ®r N — P such that ¢,(m ® n) = g(n)(m) for all (m,n) € M xN, and we
assert that ¢, is even an S-homomorphism. Indeed, if s € S and (m,n) € M x N, then we obtain
pg(s(m®@n)) = pg(sm ®n) = g(n)(sm) = sg(n)(m) = spy(m ® n), and by linearity it follows that
g (&) = spg(&) for all ¢ € M ®r N. Now we define

U: Hompg(N,Homg (M, P)) — Homs(M @r N,P) by ¥(g) =,.

Obviously, ¥ is a group homomorphism. If f € Homg(M ®@r N, P), then Wod(f)(m®n) = pgr)(m@n) =
O(f)(n)(m) = f(m®n) for all (m,n) € MxN, and therefore Vod(f) = f. If g € Hompg(N,Homg (M, P)),
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then it follows that ®o¥(g)(n)(m) = ¥(g)(m @ n) = pg(m @ n) = g(n)(m) for all (m,n) € M xN, and
therefore PoW¥(g) = g. O

Theorem 1.2.4. Let M’ 5 M L M” — 0 be an ezact sequence of right R-modules, and let

N' LN N 0 be an exact sequence of left R-modules.

1. The sequences

Mg N MorN'E M"9r N -0 and MogN' S Mor NS Mog N =0

are ezxact.
2. Themap f@g: M @r N — M" ®@r N" is an epimorphism, and

Ker(f®g) =Im(t @ N) + Im(M ® j).
s exact.

PRrROOF. 1. We apply Theorem 1.1.5. We must prove that, for all abelian groups X, the sequence

(iQN)

) Y Hom(M g N, X) "2 Hom(M' @ N, X)

0 — Hom(M"” ®g N, X

is exact. If X is an abelian group, then 0 — Hom(M"', X) R Hom(M, X) z Hom(M’, X) is an exact
sequence. By Theorem 1.2.3, we obtain a commutative diagram

0 —— Hom(M"®rN,X) —— Hom(M®rN,X) —— Hom(M ®zN,X)

0 —— Homp(N,Hom(M", X)) —— Hompg(N,Hom(M, X)) —— Hompg(N, Hom(M’, X))
where the bottom row is exact. Hence the upper row is also exact. The second assertion follows since
there is a functorial isomorphism M ®z N = N Q@pe M.

2. fRg=(M"®g)o(fON): M®rN — M"®r N — M"” ®@r N" is an epimorphism, since f & N
and M"” ®g are epimorphisms. As (f®g)o(i®@N) = (foi)®g =0 and (f®g)o(M®j) = f®(goj) =0,
it follows that Im(i ® N) + Im(M ® j) C Ker(f ® g).

Assume that z € Ker(f®g). Since fg=(fON")o(M®g): MRrN — M@rN" — M"@rN",
it follows that (M ® g)(z) € Ker(f @ N”). By 1., there are exact sequences

MI®RN”i®—1>V M®RNHf@>V M’ ®r N" =0 and MI®RN/M;Q?jM/(@RNMggM/@RNH—)O.

Hence it follows that
Ker(f@N")=Im(i@ N") = (i@ N")(M' @gr N") = (i@ N")o(M'® g)(M' @r N) = (i® g)(M' ®@r N),

and there exists some u € M'®g N such that (M ®g)(z) = (i®g)(u). Then b= 2—(i®QN)(u) € M®gN,
and (M ®g)(b) = (M®g)(z) - (M®g)o(ioN)(u) = (1®9g)(u) — (i®g)(u) = 0. Hence we finally obtain
2= (i ®N)(u) +belm(i®N)+Im(M e ). O

Theorem 1.2.5.

1. Let (M;)ier be a family of right R-modules and (N;)jes a family of left R-modules. Then there
exists a unique isomorphism

D (@Mz) ®r (@Nj) - @ (M; ®r N;)
i€l JjeJ (4,5)€IxJ

such that ®((mi)ier ® (n;)jes) = (mi @ n5) i jyens for all families (mq)ier and (nj)jes; it is
functorial in (M;)ier and in (N;)jcs.
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2. Let N be a free left R-module with basis (vj)jes, M a right R-module and z € M ® g N. Then
z has a unique representation

z= ij ®v;, where m; € M for all and m; =0 for almost all j € J.
jeJ
3. Let f: R— S be a ring homomorphism and M an R-module.
(a) If M is a free R-module with basis (u;)icr, then S ®r M is a free S-module with basis
(1 ®ui)ier-

(b) If M is a projective [finitely generated] R-module, then S ®r M is a projective | finitely
generated] S-module.

4. Let R be commutative, and let M, N be R-modules.
(a) Let M be free with basis (u;)icr and N free with basis (v;)jes. Then M &g N is a free
R-module with basis (u; ® v;)a.j)erx-
(b) Let M and N be both finitely generated [projective], then M ®g N is finitely generated
[ projective].
PROOF. 1. We define
r: (EB Mi) X (@ NJ‘) - @ MierN;) by F(mier, (n5)jes) = (mi ©n;) 6 e -
i€l jeJ (4,5) €IXT
Then F' is R-balanced and induces a homomorphism
®: (@Mi) ®R (EBN]-) - P MerN)
icl JjEJ (i,7)€IxJ

such that ®((m;)icr ® (n5)je7) = (M @ 1) jyerxs for all families (m;)icr and (n;)jes. Obviously, ®
is functorial in (M;);er and in (Nj);es. For A € I and p € J, the injections

ey M)\H@M and 7,: N, H@N induce e)®ny: My ® N, H(@M)(XJR(@N)
el jeJ

U = (s @) ij)erxs @ (M; ®r N, (@M) ®r (®N)

(i,5)eIxJ icl JjeJ
is a homomorphism satisfying ®o¥ =id and Pod = id.

and

2. As (vj)jes is an R-basis of N, the map
0: @Rvj — N, defined by 0(()\jvj)j€J) = Z Ajvj, is an isomorphism.
Jje€J JjeJ
For every j € J, the isomorphism R — Rwv; induces an isomorphism p;: M S MRS M® Ru;,
given by p;(m) = m ® v;. Now we consider the sequence of isomorphisms

F: MO " DM og Ry o Mor @ Roy Y M e N
jeJ jeJ
where W is the inverse of the isomorphism given in 1., and thus
U (m; ®vj)jes = \I’(Z(mi ® 0i,505) ) > mi ® (8i505) e -
icl i€l
Hence

F((mj)jEJ) = (M®9)(Zmi ® ( i jj JEJ) Zmz ®Z5z U = ij ®vj .

i€l i€l JEJ JjeJ
Hence every z € M ®g N has a unique representation

z= ij ®wv;, where m; € M for all and m; =0 for almost all j € J.
jeJ
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3.(a) Let (u;);er be an R-basis of M. By 2., every z € S ® g M has a unique representation

z= Zai@)ui = Zai(l®ui), where a; € S, a; =0 for almost all i€ I.
i€l i€l
Hence (1 ® u;)ier is an S-basis of S ®@p M.

(b) Let M be a projective R-module and M’ an R-module such that F = M @ M’ is free. Then
S ®p F is a free S-module, and there is an S-module isomorphism (S ®g M) @ (S ®@r M') = S ®@r F.
Hence S ®r M is a projective S-module.

Let M be a finitely generated R-module, n € N and 7: R®™ — M an R-epimorphism. Then
S®@m: S®r R — S®r M is an S-epimorphism, and there is an S-isomorphism S ®zr R™ = S™. Hence
S ®pr M is a finitely generated S-module.

4.(a) By 2., we obtain the following series of isomorphisms:

R — (RDY) 2% M) 2 Mg N,
given by

(M) jerxs = (/\i,j)iel)jej — (Z )\i,jui)

el

= '—> Z(Z )\ivjui) Qv; = Z Ai,j(ui X ’Uj) .

J jeJ iel (i) EIXT
Hence every z € M ®r N has a unique representation

z= Z Aij(u; @v;) where A, ; € R and \;; =0 for almost all (4,j) € IxJ.
(i,5)EIxT
Hence (u; ® vj)(;,jyerxs is a basis of M @ N.

(b) Let M and N be finitely generated. Then there exist m, n € N and epimorphisms pu: R™ — M
and v: R® — N. Hence (u®v): R™ ®r R* — M ®g N is an epimorphism. By 2., R™ @ R" = R™"
is finitely generated, and thus M ®pg N is finitely generated.

If M and N are projective, then there exist R-modules M’ and N’ such that M @& M’ and N @ N’
are free. By (a), (M @ M')®g (N & N’) is free, and by 1., M @& M) @r (N®& N')= (M ®@r N)D L,
where L= (M@ N)® (M' @ N')® (M ® N'). Hence M ®g N is projective. O

Definitions and Remarks. Let R be commutative and f: R — A an R-algebra.
1. Multiplication in A is an R-bilinear map AxA — A. Thus it induces a unique R-homomorphism
uA: A®rA— A such that ,uA(a1 ®as) = ajag forall aj, ax € A.
For an ideal a C R, we denote by aA = 4(f(a)) the extension ideal of a in A. By definition,
ad = pf(a®@p A) C A. In particular, pu |R = puf: Rog A = A is the isomorphism given in
Theorem 1.2.3.1.
2. For an R-module M, its base extension AQr M = M Q@ A is a two-sided (A, A)-bimodule. For

elementary tensors, the bimodule structure is given by b(a ® m)c = bac ® m for all a, b, c € A
and m € M.

3. Let g: R — B be another R-algebra. Then the map

LA B
(A®r B)x(A®r B) — (A®r B)®r (A®r B) > (A®r A)®r (Bor B) " 2" Acr B
defines a multiplication on A ® g B such that (a1 ® b1)(az ® be) = ajas ® bibs for all a1, as € A
and by, bo € B. With this multiplication, A®g B is a ring with unit element 14 ® 15. The map

0:RSRop R Aor B

makes A ®@g B into an R-algebra such that r(a®b) =ra®b=a®rb forallr € R, a € A and
b € B. The R-algebra 6: R — A®pg B is called the tensor product of the R-algebras f: R — A
and g: R — B. The maps €4: A — A®gr B, defined by e4(a) =a®1p and eg: B— AQg B,
defined by ep(b) = 14 ® b, are R-algebra homomorphisms.



1.2. TENSOR PRODUCTS 21

Category-theoretic interpretion: (A ® B,ea,ep) is a coproduct in A and B in the category or
R-algebras. Explicitly: Given R-algebra homomorphisms ¢: A — C and ¢: B — C, there
exists a unique R-algebra homomorphism ©: A®@gr B — C such that Goc4 = ¢ and Qocp = 1.
Explicitly, O(a ® b) = ¢(a)y(b) for all a € A andb € B.

Theorem 1.2.6. Let f: R — A be an R-algebra, and let M and N be R-modules. There is a unique
A-module homomorphism
d: ARpg HOIIIR(M,N) — HOHIA(A Qr M,ARpr N)

such that ®(a @ f)(b®@m) = ba ® f(m) for all f € Homr(M,N), a,b € A and m € M. O is
functorial in A, M and N, and if either M or A is a finitely generated projective R-module, then ® is
an isomorphism.

PROOF. 2. For any a € A and f € Homg(M, N), the map Fy(a, f): AxM — A®gr M, defined by
Fy(a, f)(b,m) =ba® f(m) for all b € A and m € M, is R-balanced. It induces a group homomorphism
F(a,f): AQr M — A®pr M satisfying F(a, f)(b®m) = ba® f(m) for all b € A and m € M, and if
c € A, then F(a, f)(c(b®@m)) = F(a, f)(cb®m) = cba ® f(m) = cF(a, f)(b®m). Hence F(a, f) is an
A-homomorphism, and the map F: AxHompg(M,N) — Homa(A®r M,A®gr N), (a,f)— F(a,f),is
R-balanced. Hence there is a unique homomorphism ®: A®r Homp (M, N) — Homs(A®r M, A®r N)
satisfying ®(a ® f)(b®@m) =ba® f(m) for all f € Homgr(M,N), a,b€ Aand m € M. If c € A, then

(c®(a® f))bem)=2(a® f)((b@m)c) =2(a® f)(bc@m)=bca® f(m)=P(ca® f)(b&m)

= (I)(C(CL ® f))(b ®m), and therefore @(c(a ® f)) =cP(a® f).
Hence @ is an A-homomorphism, and it is easily checked that it is functorial in M and N.

We prove now that, if M is a finitely generated projective R-module, then ® is bijective [the case,

when A is a finitely generated projective R-module is left as an exercise]. For this, it suffices to prove:

A. Let My, Ms be R-modules and M = M; & Ms. Then
®: A®g Homg(M,N) — Homu(A®r M,A®g N)
is an isomorphism if and only if both homomorphisms
®,: A®r Homg(M;,N) — Homa(A®r M;,A®gr N) for i€ {1,2}
are isomorphisms.
Assume that A holds. If M is a finitely generated projective R-module, then R"™ = M @& M’ for
some n € N and some R-module M’. Hence it suffice to prove that
®,: A®gr Homg(R",N) — Homs(A®gr R",A®gr N)
is an isomorphism, and, again using A, this follows by induction on n, once we have proved it for n = 1.
But in this there is a commutative diagram

A®pHomp(R,N) —2— Homa(A®r R, A®x N)

al lv
A®r N . Homa(A,A®gpN)

where « is the isomorphism induced Hompg (R, N) = N, « is the isomorphism induced by A®r R = A,
and ( is also an isomorphism. Hence ®; is an isomorphism.

Proof of A. Since the additive functors Hompg(—, N), A®r— and Homa(—, A®g N) interchange
with direct sums (up to isomorphisms), we obtain a commutative diagram

A®gHomp(M,N) ———  (A@gHomg(M;,N))® (A@g Homg(Ms, N))

.| Ji

Homa(A®z M,A®r N) ——— Homa(A®g M, A®r N) @ Hom (A @r My, A@R N)
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Hence @ is an isomorphism if and only if ®; and ®, are both isomorphisms. |

Examples.
1. Let M be an R-module, a C R aright ideal and p': a®gr M — M the multiplication homomor-

phism. The exact sequence 0 — a 4RI R/a — 0 of right R-modules induces a commutative
diagram with exact rows

awpr M 22 Repg M 22 Rla@g M —— 0

ol s |
0O—— aM —— M —— M/aM —— 0

where the second row is the canonical one, p! is an epimorphism and @ is an isomorphism. The
map (m®@ M)o®~1: M — R/a®p M is an epimorphism with kernel Im(®o(i @ M)) = aM, and
thus it induces an isomorphism p: M/aM — R/a®g M, given by p(m+aM) = (14+a)®@m for
all m € M. In particular, if a < R, then p is an isomorphism of R-modules and of R/a-modules.
If M is R-free with basis (u;);cr, then R/a ®r M is R/a-free with basis ((14 a) ® w;)ser, and
therefore M/aM is R/a-free with basis (u; + aM )icr.

2. Let R — A be an R-algebra, n € N. Then there is an isomorphism A ®g M,,(R) = M,,(A). In
particular, if m € N, then there is an isomorphism M,,(R) @ M,,(R) = M, (R).

3. Let R — A be a commutative R-algebra and H a monoid. Then there is an isomorphism A ®
R[H] = A[H]. Suppose that H is a free abelian multiplicative monoid with basis X = (X;)er.
Then R[H] = R[X] is a polynomial ring, and A ® R[X] = A[X]. In particular, if A = R[T)
is a polynomial ring in a family T = (T});cs of indeterminates, the R[T]®r R[X] = R[T, X].

Theorem and Definition 1.2.7.
1. For an R-module E, the following conditions are equivalent:
(a) —®gr E: Mod-R — Ab is an exact functor.

(b) For every monomorphism of right R-modules i: M' — M, the induced homomorphism
1QE: M'®r E — M ®r E is again a monomorphism.

(¢c) For every finitely generated right ideal a C R, the multiplication homomorphism
uf: a@QprE — F
of a on E is a monomorphism ( and thus induces an isomorphism pf:a®@p E — oF of
abelian groups).

If these conditions are fulfilled, then FE is called (R-)flat. An R-algebra R — A is called flat if
A is a flat R-module.

2. Let (E;)icr be a family of R-modules. Then

FE = @E, is flat if and only if all E; are flat.
iel
3. Ewvery projective R-module is flat.
PrROOF. (a) = (b) = (c¢) Obvious.
(¢c) = (a) It suffices to prove that for every right R-module M the following assertion holds:

A. For every R-submodule M; C M, the injection i: M; — M induces a monomorphism

1QFE: Mi®prE— M QgrE.
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Suppose that A. holds for every right R-module M, and let M’ ERS VN YL be an exact sequence

of right R-modules. Then g splits in the form g: M 5 M/Ker(g) = Im(g) X, M", where 7 denotes the
residue class homomorphism and 4 denotes the injection. Tensoring with E, we obtain

g FE: M®rE &p M/Ker(g) ® E = Im(g) @orEF M" R E.
7 ® E is a monomorphism by A, and therefore Ker(g ® E) = Ker(r ® E). From the exact sequence
ML M /Ker(g) — 0 we get the exact sequence M’/ ®r E 98 MopE™2F M/Ker(g) g E — 0,
which implies that Im(f ® E) = Ker(r ® E) = Ker(g® E). Hence M' @z E'2° Mor B’ M" 9p E
is exact.
For the proof of A, we show first:
Ay. If M is a right R-module, and A holds for every finitely generated R-submodule of M, then A
holds for every R-submodule of M.

Proof of Ag. Let M be a right R-module, suppose that A holds for every finitely generated R-
submodule of M, and let M7 C M be any R-submodule. Let ¢: My < M be the injection, and suppose
that z € Ker(i @ E: M1 ®g E — M ®@p E), say

n
z:Zal,@e,, €M, ®r FE, where n€eN, a, € My and e, € E.
v=1
Then M’ =a1R+...+a,R C My, and if j = (M’ — M), then i’ = ioj = (M’ — M), and thus ¢/ @ F
is a monomorphism by Ag. If

7= a,®e, e M@gE, then (I®E)(z)=(i©E)o(j®E)(Z)=(i®E)(z)=0,
v=1

hence 2z’ = 0, and thus also z = (j ® E)(2') = 0. Consequently, i ® F is a monomorphism. O[Ao]

Proof of A. CASE 1: M is finitely generated and free. We use induction onn = rk(M). If n =1,
we may assume that M = R, and then a finitely generate right R-submodule of R is a finitely generated
right ideal. Hence there is nothing to do.

Suppose that n > 1. Then M = M;+ Ms, where, for i € {1,2}, M; C M is a free R-submodule of
rank rk(M;) < n. Let M’ C M be a finitely generated R-submodule. It induces a commutative diagram
with exact rows

’ ’

0 M —— M —2— M} —— 0
a | B
0 M, —— M 2~ My, —— 0

where ¢ is the injection and p the projection of the internal direct sum, M{ = My N M’', & = e| Mj,
p =p|M', M, =pM’), and iy, i, io are the injections. Since the bottom sequence splits, tensoring
with F induces a commutative diagram with exact rows

M opE 222 M opE 222 MiopE —— 0

11®EJ/ ll@E J/’Lg@E ’

0 — — MiopE =22, MorE 22 MyoprE —— 0

and the Snake Lemma yields an exact sequence Ker(iy ® E) — Ker(i ® E) — Ker(ix ® E). By the
induction hypothesis, i; ® E and (i2 ® F) are monomorphisms, and therefore i ® E is a monomorphism.

CASE 2: M is free with an arbitrary basis (u;);cs. Let M’ C M be a finitely generated submodule
and i: M’ < M the injection. Then there is a finite subset Jo C J such that

M cMy=>» wR & M.
i€Jo
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Then we obtain ¢ = igoi’, where i = (M’ — M) and ig = (Mo — M). As i splits, the induced
homomorphism ig @ E: My @ FE — M ® E is a (split) monomorphism, and as My is finitely generated
and free, i ® F: M’ ®@g E — My®pg E is a monomorphism by CASE 1. Hence i® F = (ig ® E)o(i' ® F)
is a monomorphism.

CASE 3: M is any right R-module. Let M’ C M be an R-submodule, i: M’ < M the injection, F'
a free right R-module and p: F — M an R-epimorphism. Then K = Ker(p) = p~1(0) C p~*(M’), and
we obtain the following commutative diagram with exact rows

0 K —2— p'(1') —2— M 0
ldKi Jril l’t ’
0 K —? F P M 0

where p’ = p|p~t(M'), j, j',i1 and i are injections. By CASE 2, applied with F' instead of M, j and i;
induce a monomorphism j® E: K g E — F®p E and i1 ® E: p~}(M')®r E — F ®r E. Tensoring
with F yields the following commutative diagram with exact rows.

-/ —1 ’
K®pE J'®F pil(M’)®RE (plp™ (M")®FE M @pE 0

idK®REl lh@E li@E )

0 —— Kopk 222, FopE LN M@rE —— 0

The Snake Lemma yields an exact sequence 0 = Ker(i; ® E) — Ker(i ® E) — Coker(idxg,r) = 0, and
therefore i ® E is a monomorphism.

2. Let a C R be a right ideal. For i € I, let u;, = ,uf’?: a®pr E; — E; the multiplication homomor-
phism, and define

w:a®r E = a®@Ei 5 @(a@REi) (uidser @EZ =F
icl iel iel
For a € a and e = (e;);er € E, we obtain pu(a® e) = (u;(a ® e;))ier = ae, and thus pu = pZ. Hence pZ

is a monomorphism if and only if all ;% are monomorphisms. Therefore E is flat if and only if all E;
are flat.

3. Let a C R is a right ideal. Then uff = (¢ ®zr R = a < R) is a monomorphism, and therefore R
is flat. By 2., every free R-module and thus also every projective R-module is flat. O

Theorem 1.2.8. Let R — A be a flat R-algebra.
1. Let a, b C R be ideals. Then (aNb)A=aANbA.

2. Let M, N be R-modules, and suppose that M is finitely presented. Then the A-homomorphism
®: A®rHomp(M,N) — Homa(A®rM,A®gr N) introduced in Theorem 1.2.6 is an isomor-
phism.

PROOF. 1. The exact sequence 0 — aNb < R — R/a® R/b induces the following commutative
diagram, where the upper row is exact and the vertical arrows are isomorphisms, where all arrays are the
natural one.

0 —— (anb)®r A —22, Ror A —2— (R/a®gr A) & (R/b@p A)

/”‘fmvl @l% §l¢>o

0 —— (anb)da —1 - A4 2 AlaA® AJbA
Note that, for all r € R and a € A, (pgo®)(r ® a) = (ra + aA,ra + bA), and
(Poop)(r®@a)=Po((r+a)®a,(r+b)®a) = (ra+ad,ra+bA) = (ppo?®)(r®a).
Hence the bottom row is exact, and (aNb)A = Ker(pg) = aANDbA.



1.3. BASICS OF HOMOLOGICAL ALGEBRA 25

2. As M is finitely presented, there is an exact sequence Fy > F; > M — 0, where F; and F,
are finitely generated free R-modules. Since A is flat and Hom is left-exact, we obtain the following
commutative diagram with exact rows.

0 —— A®p HomR(M,N) E— A®p HOmR(Fl,N) E— A®p HOmR(F27N)

! b o
0 —— HOmA(A®RM,A®RN) E— HOmA(A®RF1,A®RN) E— HOIHA(A®RF2,A®RN)

By Theorem 1.2.6, ®; and ®5 are isomorphisms, and by an easy diagram chasing it follows that also ®
is an isomorphism. 0

1.3. Basics of homological algebra

Let R be a ring.

Definitions and Remarks.

1. A (chain) complex (in R-Mod) is a sequence of (R-)homomorphisms (dy: K,, — Kp_1)nez
such that d,od,+; =0 for all n € Z. We write it in the form

Ko=(Ka,de) : oo Kpir ™ Ky Ky

Then Im(d,+1) C Ker(d,,), and we call H,(K,) = Ker(d,)/Im(d,+1) the n-th homology group
of K,. For every n € Z, there is an exact sequence

0 — H,(K,) =Ker(d,)/Im(d,+1) — Coker(d,t1) = K, /Im(dp+1)

M Ker(dy_1) 5" Ker(dp_1)/Im(dy) = Hp_1(K,) — 0,
where d,(z +Im(d, 1)) = dn(z) for z € K,,, and 7,_; is the residue class homomorphism. A
complex K, is called positive if K,, = 0 for all n < 0. A complex K, is an exact sequence if
and only if H,(K,) =0 for all n € Z.

2. Let (K,,ds), (K.,d,) be complexes. A morphism fo: K¢ — K| is a sequence of R-homomor-
phisms (f,: K, — K/ )nez such that f,_j0d, = d, of, foralln € Z. If f,, fi.: K¢ — K,
are morphisms, then fo + go = (fn + gn)n>o0 is also a morphism. 0 = (0: K,, — K} )nez and
idg, = (idk, )nez are morphisms, and if fo: K¢ — K, and ge: K, — K. are morphisms, then
o0 fo = (gnofn)nez: Ko — K is again a morphism. Consequently, the class of complexes in
R-Mod together with its morphisms is an additive category, denoted by Cg.

If fo: (K,,de) — (K,,d,) is a morphism of complexes, then

fn(Ker(dy,)) € Ker(dy,) and f,(Im(dp41) C Im(d;,,,) for all n € Z.

Indeed, if z € Ker(d,), then d/,of,(x) = fn_10d,(x) =0, and if x = dp,11(y) € Im(dpy1),
then fn(x) = fnodnt1(y) = dj 10 fu(y) € Im(d], ;). Consequently, f, induces a family
of homomorphisms (H,(fe): Hy(Ke) — Hp(K,))nez, and the following commutative diagram
connecting the exact sequences mentioned above.

0 —— H,(K,) —— Coker(d,4+1) —— Ker(d,-1) —— Hp_1(K,) —— 0

d
Hn(f-)l l?n me lHH(f.)

0 —— H,(K,) —— Coker(d],,;) —— Ker(d,

no1) —— Hna(K)) —— 0

Forn € Z, H,: Cr — Ab is an additive functor. Indeed, H,(fe + go) = Hpn(fo) + Hn(gs)
for morphisms fe, ge: Ko — K, and H,,(geofe) = Hy(ge )oH,(fs) for morphisms fo: K¢ — K
and go: K, — K.
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3. A sequence 0 — K’ % K, 2% K/ — 0 of morphisms in Cpg is called ezact if, for all n € Z, the

9
sequence 0 — K/, L K! — 0 is exact.

Theorem 1.3.1. For every eract sequence 0 — K ELY K, = K! — 0 in Cg there exists a family
of homomorphisms (wn: Hy(K]) — Hy—1(K]))nez such that the long homology sequence

Hy (fe) Hp(ge) Hy—1(fe)
— — —

L (KD H,(K,) Ho(K)) = Hno1(K]) Hy1(Ke) — ...

is exact. It is functorial in the given short exact sequence. Explicitly, a commutative diagram of complexes
with exact rows

0 K. K. K/ —— 0
0 L, L. L' — 0

induces the following commutative diagram connecting the long homology sequences.

Wn

S Ho(KL) ——— Ho(Ka) ——— Ho(KY) —— Ho_y(K)) —— ...

| l | l

Wn,

— Hy(Ly) ——— Hu(Le) —— Ho(LY) —"— H,a(L) —— ...

feo Je 1 / U
PROOF. Let 0 — K, => K, = K/ — 0 be an exact sequence of complexes (K|,d,), (K., ds) and
(KU,d)). For every n € Z, we have the commutative diagram

0 — K, , Ik, Ik o
N [ o
fn 9n

0—— K, —/— K, —/ K] —— 0

and the Snake Lemma induces exact sequences 0 — Ker(d],_;) "= s Ker(dn_1) 75" Ker(d”_,) and

Fn n . . .
Coker(d!, ;) "*>" Coker(dy,11) Ingt Coker(dy, ;) — 0. Hence we obtain the the following commutative
diagram with exact columns, in which the two middle rows are exact.

0 0 0
| | |
Ho(ky) L gk 2L g (k)

l

Coker(d;, ) IELLAIN Coker(dy+1) Coker(dy; ;) —— 0

l l l

Int1

0 —— Ker(d,_;) Int, Ker(dy_1) -5  Ker(d'_,)
oo (K 2 (K)o (KY)

! l l

0 0 0
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By the Snake Lemma, it induces an exact sequence

(K3 " 1, (1) ) () H o (0 2 (0 T (KY).
It is easily checked that the whole construction is functorial in the given short exact sequence. (|

Definition. Let (K,,d,) and (K,d,) be complexes.
1. Two morphisms f,, ge: Ke — K, are called homotopic, f ~ g, if there exists a sequence of
homomorphisms (hy,: K, — K, | )nez such that f, —g, =d;, 0h, +h,_10d, for alln c Z.
2. A morphism f,, ge: Ko — K is called a homotopy equivalence if there exists a morphism
ge: K, — K, such that geofe ~idg, and feoge ~ idK;. The complexes K, and K, are called
homotopy equivalent if there exists a homotopy equivalence fo: Ko — KJ.

Theorem 1.3.2. Let (K,.,ds) and (K,,d,) be complezes and fo, go: Ko — K, morphisms such
that fe ~ ge- Then H,(fe) = Hp(ge): Hy(Ke) — H,(K.) for all n € Z. In particular, if fe is a
homotopy equivalence, then H,(fes) is an isomorphism for alln € Z.

ProOOF. Let (hyn: K, — K], )ncz be a sequence of homomorphisms such that
fn—gn =dj 10hy + hyp_q0d, for all neZ,
and consider the maps H,,(fo) —Hy(ge): Hp(Ko) = Ker(dy,)/Im(dp11) — Ker(d),) /Im(d;, ) = Hp(K,).
If x € Ker(d,,), then
(Hn(fo) = Hn(ge)) (z+Im(dni1)) = fu(2) = gn(2) +Im(d), 1) = d}, 10 (2) + iy 10dn (2) +1m(d] 4 1) = 0,

and thus H,(fe) = Hy(ge)-

Assume not that fo: K4 — K, is a homotopy equivalence, and let go: K, — K, be a morphism
such that geofe = idg, and feoge = idk;. Then we obtain idgy, (kx,) = Hn(ge0fo) = Hn(ge)oHy(fe),
and idy, (x;) = H, (feobe) = Hy(fo)oH,(ge)- O

Theorem and Definition 1.3.3. Let M be an R-module.
A projective resolution (Ps,de,e) of M is a positive complex (P,,ds) of projective modules such
that H,(P,) =0 for all n # 0,, together with an epimorphism e: Py — M such that Ker(e) = Im(dy).

Equivalently, a projective resolution of M is an exact sequence ... — P, & P 4 Py 5 M — 0, which
(due to dp = 0) induces an isomorphism eo: Ho(Ps) = Py/Im(dy) = M.

1. Let ¢: M — M’ be a homomorphism of R-modules, (Ps,ds,c) a projective resolution of M and
(P.,d,,€") a projective resolution of M'. Then there exists up to homotopy a unique morpism
fo: Po — PL such that €'ofq = poe: Py — M'.

2. M possesses a projective resolution. If (Pe,de,e) and (P,,d,,e') are projective resolutions of
M, then there exists a homotopy equivalence fo: Ps — P such that €' ofy=¢: Py — M.

PrROOF. 1. Existence. We must establish the following commutative diagram with exact rows:

d 41 dy, dn—1 dp—2 d 5
- Pn Pn,1 /. Pn,Q - e PO M 0
f'nJ( f'n.fll fn72l fol @l
drys p d;, , dn_q ’ dn_s d} ’ e ’
P p_, e pr .. P M 0

We construct recursively a sequence of homomorphisms (f,: P, — P),))nez satisfying f,_10d, = dl,of,
for all n € Z and €’'ofy = . For n < 0 we set fy = 0. Since Py is projective, the diagram

P
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induces a homomorphism fy: Py — P such that poe = &’ofy. Since €’o fyody = pocod; = 0, we get
Im(foody) C ker(e’) = Im(d} ), and since P; is projective, the diagram

Py
lf00d1

Pl N ) —— 0
induces a homomorphism f;: P; — P such that djof; = food;.
Assume now that n > 2, and that we have already constructed homomorphisms f,_2, f,_1 such
that d),_j0fn—1 = fn—20d,—1. Then we get d!,_j0f,_10d, = fn_20d,_10d, = 0, and consequently
Im(f,—10d,) C Ker(d],_;) =Im(d,,), since H,(P,) = 0. Since P, is projective, the diagram

n—1

P,
lfnflodn

P/ —— Im(d,)) —— 0
induces a homomorphism f,,: P, — P/ such that d,of, = fn._10d,.
Uniqueness up to homotopy. Let fo, go: Ps — P. be morphisms such that £'ofy = &'ogg = poe. We
construct a sequence of homomorphisms (hy,: P, — P, ,)nez such that f, — g, =d;, j0hy + hy_10d,

n

for all n € Z. For n < 0 we have d, | = d,, =0, and we set h,, = 0. Since ¢’o(fy — go) = 0, we obtain
Im(fo — go) C Ker(¢’) = Im(d}), and since Py is projective, the diagram
P

lfo—go

Pl M m(d) —— 0
induces a homomorphism hg: Py — P such that fo — go = djohy = djohg+ h_10dp.
Thus assume that n > 1 and that we have already constructed homomorphisms h,_s, h,_1. Then
dyo(fa = gn — hn—19dp) = (fa—1 — gn-1)ody — dj,0hn_10d,
= (d,,ohyp_1 + hp_s0d,,_1)od, — d, 0h,_10d, =0,
hence Im(fn, — gn — hn—10d,) C Ker(d;,) = Im(d;, ;). Since P, is projective, the diagram
P,

lfn_gn_hn—lodn

P, — Im(d,,,) —— O
induces a homomorphism hy,: P, — P, ; such that f, — g, — hpn_10d, =d), 0h,.

2. We construct an exact sequence ... — Py L} P LY Py = M — 0 with free (hence projective)
modules P, for all n > 0. Again, we proceed recursively. Clearly, there exists an epimorphism e: Py — M
with a free R-module Py, and there exists an epimorphism d;: P, — Ker(e) C Py with a free R-module
P;. Then P 4y Py £ M — 0 is exact. Assume now that n > 1, and that we have already constructed

dnfl

an exact sequence P,_1 — P, o —...—> P 5 M — 0 with free R-modules Py,...,P,_1. Then there
exists an epimorphism d,: P, — Ker(d,—1) C P,—1 with a free R-module P,, and we may append the
homomorphism d,,: P, — P,_1 to extend our sequence.

Assume not that (Ps.,e) and P,,&’) are projective resolutions of M. By 1., there exist morphisms
fo: Ps — P, and go: P, — P, such that ¢’ofy = ¢ and cogy = ¢’. Then geo fo: P» — P, and
idp, : Po — P,, are morphisms satisfying co(ggogo) = €oidp, = ¢, and 1. implies that geofe ~ cp,.
Similarly, we obtain f,0ge ~ ep;, and therefore P, and P, are homotopy equivalent. O
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Definition. In the sequel we fix for every left and every right R-module a projective resolution. Let
N be an R-module and M a right R-module.

a. Let (Q.,ds,n) be a projective resolution of N. Then M ®rQe = (M®RQn M®RQn 1)nez
is a complex, and we define
"Tort (M,N) = H,(M ®z Q.) for all n € Z.
If f: M — M’ is a homomorphism of right R-modules, then f ® Q¢: M Qg Qe — M’ @r Q. is a
complex homomorphism, and we define

’Tor (fyN)=H,(f ® Qe )"Tor (M,N) — ’Tor (M',N) foralneZ.

These settings define a sequence of additive functors (/ Torn (=,N): Mod-R — ADb),cz, called the Tor
functors in the first variable. By definition, TorR(— N) =0 for n < 0, and the exact sequence

M ®g Q1 Med M ®gr Qo Mgn M®@rN — 0,

together with dy = 0, induces an isomorphism
"Tory (M, N) = Ho(M @ Qs) = M ®p Qo/Im(M ® dy) = M ® Qo/Ker(M @ 1) = M ®g N,
which is functorial in M, and we identify ’Toré% (—,N) = — ®gr N by means of this isomorphism.

b. Let (P,,ds,c) be a projective resolution of M. Then P, ®g N = (P, ®r N n@N P, 1®r N)pez

is a complex, and we define
”Tor (M,N)=H,(P,®gr N) forallneZ.
If f: N — N’ is a homomorphism of R-modules, then P, ® f: Ps g N — P, @ N’ is a complex
homomorphism, and we define
"TorX (M, f) = Hp(Ps ® f): "Tor (M, N) — "Torl (M,N") for all n € Z.
These settings define a sequence of additive functors ("Tor (M, —): R-Mod — Ab),cz, called the Tor
functors in the second variable. By definition, ” Torff (M,—) =0 for n < 0, and the exact sequence

Prog N "8Y porN X MerN — 0,

together with dy = 0, induces an isomorphism
//TOT§(M7N) = Ho(P. [59)3 N) =Py®gr N/Im(d1 ®N) = Py®pg N/Ker(a@N) 5 M ®gr N,
which is functorial in N, and we identify ”Torg(M, —) =M ®pgr — by means of this isomorphism.

Theorem and Deﬁnltlon 1.3.4. Let M be a right R-module and N an R-module. Up to functorial
isomorphisms, we have 'Tor (M, N) = "Tor(M,N) for alln € Z.

We define Tor = Tor’ = Tor”.

For the proof of Theorem 1.3.4 we introduce the notion of double complexes and a first simple
Spectral Theorem.

Definitions and Remarks. A double compler (Kee,d,,,dL,) consists of a double sequence of
R-homomorphisms
(Kpa» d/ Kpq = Kp-1,4; d;)/,q5 Kpq — Kpq-1)
satisfying d;,_; ,od, , =0, dp’yqflodp’ =0 and d;_, jod, , =d,, ,_sod, , for all p, ¢ € Z. If there is no
doubt, in which dimensions the morphisms act, we write the conditions in the form d’od’ =0, d”od” =0
and d’od = d'od’. Associated with the double comples (K, d,,,d.,), we define the associated total

complex (Ko,ds) by
Kn= (D Kpo

ptg=n
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where (d,,: K, — K,_1)nez is defined as follows. If n € Z and a = (an—i,;)icz, where an—;; € Kp_i;
for all ¢ € Z, then dpa = ((dna)n—i—14)icz, where

(dn@)p—i—1i=dan_ii+ (~1)""" d"a,_i_141 € K_i_1; forallicZ.
We must verify that d,410d, =0 for all n € Z. Indeed, let n € Z and a = (an+1-i)icz € Knt1. If
i € Z, then
(dns10)n—ii =dans1—i; + (-1)"'d"ap_iit1,
and, observing d'od’ = d"od” =0 and d'od” = d"od’, we obtain
dn(dps10)n—i 15 =d (dps10)n_ii + (=) d" (dps1a)n—i—iiv1
_ (—1)n7id/0d”an,i’i+1 + (—1)n7i71d/’0d/an71"i+1 —=0.
For p, ¢ € Z, we call (K., d,,) the p-th row compler and (K, ,,d, ,) the g-th column complex of
Kee. Then d;,.: Kpe— Kp_1. and d’.’7q: Ko 4 — K, 4-1 are complex morphisms.

Let (Kee,d,,,d),) be a positive double complex (that means, K, , =0 if p < 0 or ¢ < 0). Then
the associated total complex and all row and column complexes of Koe are also positive complexes. We
define

Xz') =Hy(Kpe) = Kp,o/Im(dg’l) and X;’ =Hy(Keq) = Ko,q/Im(d'Lq).
Then 6, = Ho(d,,): X, — X, 1 and &) = Ho(dey): X] — X, are homomorphisms, given by
Op(apo +1Im(dy 1)) = d;, o(apo) +Im(dy_, ;) and 07/ (ao,q + Im(dy ,)) = dg ,(ao,q) + Im(d; ,_,) for all
apo € Kpo and agq € Ko 4. The (X,0,) and (X[,d.) are positive complexes, called the right and
lower edge complex of X.e. The situation is coded in the following commutative diagram :

! ! | |

dj 5 d
L KQ’Q — K211 — Kgy() Xé 0
to | 4 | o | s
d/l d//
1,2 1,1 !/
o Ky —2 Ky — K X 0
ta | 4| to| K
d/l d//
0,2 0,1 !
T KO,Q — KO,I EEE—— KO,O XO 0

6// 5//
L Xy XY XY

| l

0 0
For n € Z, we define ®/,: K,, — X and ®/: K,, — X' by
@, (a) = ano+1Im(d, ;) and @ (a) =aon,+Im(d;,) if a= (an_ii)icz € Kn= @Kn_“ .
i€z
Then the following Spectral Theorem connects the homology of the total complex with the homology of
the edge complexes.
Spectral Theorem.
o O, : K, — X is a complex morphism which is functorial in Kee. If Hy(Kpe) =0 forall p e Z
and q €N, then H,(®.): H,(K,) = H,(X,) is an isomorphism for all n € Z.
o &) Ky — X is a complex morphism which is functorial in Kee. If Hy(Keq4) =0 forall g € Z
and p € N, then H,(®)): H,(K,) = H,(X), is an isomorphism for alln € Z.
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PROOF OF THE SPECTRAL THEOREM. It suffices to prove the first assertion (concerning the right
edge complex)

A. @) is a complex morphism, that means, ¢/, 0®) = ®/ _,od,: K, — X, for all n € Z.

Let n € Z and a = (an—i;i)iez € Ky. 0,,0®) (a) = d/,(an,o + Im( ’Til)) = d'an,0 + Im( Z71,1)7 and
@), _yodn(a) = dn(a)n-1,0+Im(d; ;1) = d'ano+ (=1)" " d"an_11 +Im(dy_, ;) = d'ano +Im(dy_, ,).

[A]

Suppose now that H,(K,.) =0 forall g€ Z and p € N.

B. H,(?,): H,(K,) — H,(X}) is a monomorphism for all n € Z.

Let n € Z, and suppose that © = a + Im(dp4+1) € Ker(H,(®,)) C H,(K.) = Ker(d,)/Im(dp+1),
where a = (ay,—i)icz € Ker(d,) C K. Then 0 =dpa = d'ay—; ;+(—=1)""""'d"a,_;—1 41, and therefore
d'an_i; = (—1)"""d"a,_;_1,4+1 for alli € Z. By assumption, H,(®,)(z) = ®,(a)+Im(d],,,) = 0, which
implies that ®],(a) = ano +Im(d;, ;) € Im(d;,,,), say

ano +Im(dy 1) =8, 11 (cny10) +Im(dy g 1)) = dpy iy o(cnyi0) +1Im(dy, ) for some  ¢py10 € Kngi0-

Hence there exists some ¢, 1 € K, 1 such that a, o= d'chy1,0+ (—1)"d"cp 1.

We shall prove that there exists some ¢ = (¢p41-i:)icz € Knt1 such that a = dpy1c € Im(dpy1),
that is, an—i; = d'cp_it1,i + (=1)"""d"cp_i 41 for all i € Z. Then it follows that = 0. We proceed
recursively to construct the elements c,_;y1,; € Kyn—i414. For i < 0, we set cp41-5, = 0, and the
elements c,41,0 and ¢, 1 as constructed above satisfy the requirement. Thus suppose that ¢ > 0 and
there exist elements ¢,—i1+1,; € Ky—it1,6 and ¢—ji+1 € Kp—ji+1 such that

! — gl
n—ii=dcp_iy1: +(=1)""d"crniit1-

Then d’an_i,i = (71)n7id,d//0n_i_’i+1 = (71)n7id”d/cn_i7i+1, and since d’an_m- = (—1)”*Z‘d”an_i_17i+1
(as above), it follows that a, ;111 —d'chii € Ker(d,_; ;) = Im(d},_; ;,,5), since (by assump-
tiOD) Hi+1(Kn7i71,o) = Ker(dg_i_mﬂ)/(Im(dg_i_l,iw) =0. If Cn—i—1,i+2 € Kn,ifl’lurg is such that
An—i-1,i41 — depeii = (=1)" 71 epi1,i42, then ayp_j 111 = d'cnii + (=) d i 1.ito

0B,

C. H,(9,): H,(K,) — H,(X]) is an epimorphism for all n € Z.

Let n € Z, and suppose that = € Hy,(X]) = Ker(¢;,)/Im(d,,,), say « = b+ Im(0,, ), where
b= ano+Im(dy ;) € Ker(d;,) C X,, = Ky 0/Im(d}, ;). Then 0 = 0,,(b) = d'ano + Im(d;,_; ;), hence
dano=(-1)"d"an_11 for some an_11 € Kp—11.

We shall prove that there exists some a = (a,—;;)iez € Ky such that d'a,—;; = (—1)"7'd" ap—i—1,i+1
for all ¢ € Z. Then it follows that a € Ker(d,,), and

H,,(®,)(a +Im(dni1)) = @7, (a) +Im(6), 1) = (an,0 +Im(d, ) +Im(d;, ;)
=b+1Im(d),,,) =z € Im(H,(K,)).

We proceed recursively to construct the elements a,_;; € K,—;;. For i < 0, we set an—;; = 0,
and the elements a0 and a,_;; constructed above satisfy our requirements. Thus suppose that
¢ > 0 and there exist elements an—;; € K,—;; and ap—i—1,i+1 € Kp_ij—1,i+1 such that d'a,_;; =

(—1)n_id”(ln_i_17i+1. Then we obtain d”d/@n—i—l,i—i-l = d/d”an_i_l,“_l = (—1)n_idld/an_i7i = 0,
and therefore it follows that d'a,—;—1:41 € Ker(dy,_; 5,41) = Im(d}_; 5,,,), since (by assump-
tion) Hip1(Kp—i—2e) = Ker(dﬁiﬂ;liﬂ)/Irnl(d;{fifz”z) = 0. Hence there exists some a,—;_242 €
Kn7i72’7;+2 such that d’an,i,17i+1 = (—1)”*“1d”an,i,2,i+2. O

Proof of Theorem 1.3.4. Let (P,,d,,e) be a projective resolution of M, (Q.,d.,n) a projective
resolution of N, and consider the double complex

Koo = (Kpq =P, ®r Qq7d/p ®Qq7Pp®df{)-
For p € Z, the p-th row complex K, = P, ®r Qe induces an exact sequence

P,®d/ P,
—PorQ SN P,eQ X" P,a N -0
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which yields H,(K,o) =0 forallg € N and p € Z, X, = Ho(Kpo) = P, ®r Qo/Im(P, ®d{) = P,®N,
and consequently H,(X.) = "Tor¥(M, N) for all n € Z. Similarly, we obtain H,(X/) = 'Tor (M, N)
for all n € Z, and the Spectral Theorem implies a family of isomorphisms ”Torfj(M7 N) = ’Torf(M, N),
by means of which we identify these groups. O

Theorem 1.3.5.
1. For all n € Z, Torﬁ: Mod-R x R-Mod — Ab s an additive functor in both wvariables,
Torf(—,—) =0 if n <0, and (up to functorial isomorphisms) Tor®(M,N) = Tor®" (N, M)
foralln € Z and Toré%(M, N)=M ®g N for all right R-modules M and all R-modules N,

2. If R is commutative and M, N are R-modules, then for alln € Z (up to functorial isomorphisms)
Tor(M, N) = Tor®(M, N) are R-modules. They are finitely generated provided that R is noe-
therian and both M and N are finitely generated.

3. For every short exact sequence 0 — M’ — M — M" — 0 of right R-modules and every
R-module N, there is a long eract sequence

. — Torf (M, N) — Tor¥(M" ,N) — Torl(M', N) — Tor®(M,N) —
— Torf(M" N) - M'@g N = M@z N - M" @z N — 0

which is functorial both in N and the original short exact sequence.

4. For every short exact sequence 0 — N' — N — N — 0 of R-modules and every right R-module
M there is a long exact sequence

. — Tor¥(M,N) — Torf(M,N") — Tor®(M,N') — Tor®(M,N) —
— Tor®(M,N") = M @r N' = M @r N - M @z N" — 0
which is functorial both in M and the original short exact sequence.

PROOF. 1. and 2. follows by tracing through the definitions.

3. Let 0 = M’ — M — M"” — 0 be a short exact sequence of right R-modules and (Q.,7) a
projective resolution of N. Then 0 — M’ ®r Qe — M @ Qe — M" @ Q¢ — 0 is an exact sequence of
complexes (since the modules @, are projective and thus flat for all n € Z). Now the assertion follows
by Theorem 1.3.1.

4. Apply 3. for R°P. g

Theorem 1.3.6. For an R-module FE, the following assertions are equivalent :

(a) FE is flat.

(b) Tor®(M,E) =0 for every right R-module M and all n € N.

(c) Torf'(M,E) =0 for every right R-module M.

(d) Torf(R/a,E) =0 for every right ideal a C R.

(e) For every short exact sequence of R-modules 0 — N’ — N — FE — 0 and every right R-module
M, the sequence 0 - M @r N' - M @ N — M ®@r E — 0 is exact.

PRrROOF. (a) = (b) Let M be a right R-module and (P,,¢) be a projective resolution of M. Since
E is flat, it induces an exact sequence — P, g F — P, 1 Qr E — ... = PhQr FE - M ®r E — 0,
which shows that TorZ(M, E) =0 for all n € N.

(b) = (¢) = (d) Obvious.

(d) = (a) By Theorem 1.2.7 we must prove: For every finitely generated right ideal, the multipli-
cation homomorphism pf: a®r E — E is a monomorphism. If j = (a < R denotes the injection, then
pl = (awrFE g R®rE = E), and thus it suffices that j® E is a monomorphism. However, the exact
sequence 0 — a <5 R — R/a — 0 induces the exact sequence 0 = Tor®(R/a, E) — a®r E g RRRrE,
and thus j ® F is a monomorphism.
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(¢) = (e) Let 0 - N’ — N — E — 0 be an exact sequence of R-modules and M a right R-module.
Then we obtain the exact sequence 0 = Torf(M,E) - M @g N' = M @r N — M @ E — 0.

(e) = (c) Since every free R-module is projective and thus flat, there exists an exact sequence of
R-modules 0 — N' L N - E — 0, where N is flat. If M is a right R-module, we obtain the exact
sequence Torf (M, N) — Tor®(M,E) = M @r N' %' M @r N — M @z E — 0. The implication (a)
= (c) shows that Torf'(M,N) = 0, and by assumption M ® f is a monomorphism. Hence the exact
sequence 0 — Torf(M, E) — Ker(M ® f) = 0 implies Tori(M,E) =0 O

Definitions and Remarks.
1. Let (Ko,ds) be a complex in R-Mod. For n € Z, we set

K'=K_, and d"=d_,: K" — K",

The sequence K® = (K*®,d*) = (d": K™ — K"1),cz is called a cochain complex or cocomplex
in R-Mod. The groups H"(K®) = H_,(K,) = Ker(d")/Im(d"~1) are called the cohomology
groups of K*®. For a complex morphism fo: Ko — K., we set f* = (f": K" — K'™),cz, where
f* = fon, and H™(f*) = H_,(f.) for all n € Z. With these definitions, the cocomplexes in
R-Mod form a category C, and (H™: cht - Ab),cz is a sequence of additive functors. A
cocomplex K* is called positive if K™ =0 for all n < 0.

2. For every exact sequence 0 — K'* P K* % K" 0 in C® there exists a family of homomor-
phisms (w": H"(K"®) — H"*1(K'®)),ez such that the long cohomology sequence

n—1 Hw')

LS (R 0

Hn(K.) Hn(KH.) W_n) Hn+1(Kl.) .
is exact and functorial in the short exact sequence.

3. Let M be an R-module. An injective resolution (I®,d®,v) of M is a positive cocomplex I® of
injective modules such that H™(I®) = 0 for all n # 0, together with a monomorphism v: M — I°
such that Im(v) = Ker(d"). Equivalently, an injective resolution of M is an exact sequence

0 1
0—-M51°% 4 12 . and induces an isomorphism 10: M = HO(I*) = Ker(d).

4. Let ¢p: M — M’ be an R-homomorphism, (I*,v) an injective resolution of M and (I'*,7’) an
injective resolution of M’. Then there exists up to homotopy a unique morpism f®: I® — I'®
such that v/op = flov: M — I'°.

5. Every R-module M has an injective resolution. If (I®;v) and I'®,v') are injective resolutions
of M, then there exists a homotopy equivalence f®: I® — I’® such that fOov =1v': M — I'°.

Definition. We fix for every R-module a projective and an injective resolution. Let M and N be

R-modules.

0 1
a. Let (I°,d®,v) be an injective resolution of N, say 0 — N 25 I° &% .. Then

(Homp (M, I%),d?) (where d?: Hompg(M, ") — Hompg(M, I"*1) is the homomorphism induced by d" )
is a cocomplex, and we define

"Extp(M,N) = H"(Hompg(M,I°*) for all n € Z.

If f: M — M’ is a homomorphism of R-modules, then Hom(f,I*): Homg(M’,I*) — Homp(M, I*) is
a cocomplex homomorphism, and we define

"Extm(f, N) = H"(Hom(f,I*)): "Extp(M’',N) — "Extz(M,N) forallncZ.

These settings define a sequence of (contravariant) additive functors ('Ext(—, N): Mod-R°® — Ab),cz,
called the Ext functors in the first variable. By definition, ’ Extf’(—, N) =0 for n < 0, and the exact

vy d? . . .
sequence 0 — Hompg(M, N) = Hompg(M, I°) = Homp(M, I') induces an isomorphism

'Exty(M, N) = H*(Hompg (M, I*) = Ker(d?) = Im(v,) = Homp(M, N),
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which is functorial in M, and we identify 'Ext%(—, N) = Hompg(—, N) by means of this isomorphism.

b. Let (P,,ds,c) be a projective resolution of M, say ... — P; 4y Py 5 M — 0. Forn € Z,
we set Homp(P,N)" = Homg(P,,N) and d" = (dn+1)*: Homg(P,, N) — Hompg(P,+1,N). Then
(Hompg(P, N)*,d®) is a cocomplex, and we define

"Extp(M,N) = H"(Homg(P, N)*.
If f: N — N’ is a homomorphism of R-modules, then (Hom(P,, f),ez defines a cocomplex homomor-
phism Hom(P, f)*: : Homg(P, N)* — Hompg(P, N')*, and we define
"Exty(M, f) = H"(Hom(P, f)*): "Extp(M,N) — "Extp(M,N’) foralln € Z.
These settings define a sequence of additive functors ("Extz(M,—): Mod-R — Ab), ¢z, called the Ext
functors in the seccond variable. By definition, ” EX‘LTI;2 (M,—) =0 for n < 0, and the exact sequence
0 — Hompg(M, N) N Homp (M, Py) it Homp (M, P') induces an isomorphism
"Exty (M, N) = H'(Hompg(P, N)* = Ker(d°) = Ker(d.) = Homp(M, N),

which is functorial in N, and we identify " Ext%(M ,—) = Hompg (M, —) by means of this isomorphism.

Theorem and Definition 1.3.7. Let M and N be a R-modules. Up to functorial isomorphisms,
we have 'Extiy (M, N) ="Extiz(M,N) for alln € Z.

We define Ext = Ext’ = Ext”.

PROOF. (Sketch) Take a projective resolution (P,,e) of M, an injective resolution (I°,v) of N and
apply the Spectral Theorem to the double cocomplex built be the groups Hompg(P,, I9). O

Theorem 1.3.8.

1. For all n € Z, Exth: R-Mod® x R-Mod — Ab is an additive functor in both variables,
Ext%(—,—) =0 if n <0, and (up to functorial isomorphisms) Ext% (M, N) = Homg(M, N)
for all R-modules M and N.

2. If R is commutative and M, N are R-modules, then the groups Extz(M,N) are R-modules, and
they are finitely generated provided that R is noetherian and both M and N are finitely generated.

3. For every short exact sequence 0 — M’ — M — M" — 0 of R-modules and every R-module N
there is a long exact sequence
0 — Hompg(M",N) — Homp(M, N) — Homp(M', N) — Extp(M", N) — Exth(M, N) —
— Exth(M',N) — Exth(M", N) — Ext%(M,N) — ...
which is functorial both in N and the original short exact sequence.
4. For every short exact sequence 0 — N’ — N — N"” — 0 of R-modules and every R-module M
there is a long exact sequence
0 — Homp(M, N') — Homg(M, N) — Homg(M,N") — Exth(M, N') — Exth(M,N) —
— BExty(M,N") — Ext{(M, N') — Ext%s(M,N) — ...
which is functorial both in M and the original short exact sequence.

Proor. 1. and 2. follows by tracing through the definitions.

3. Let 0 = M’ — M — M" — 0 be a short exact sequence of R-modules and N an R-module. Let
(I*,v) be an injective resolution of N. Then 0 — Homg(M",I*) — Hompg(M,I*) — Homg(M',1*) — 0
is an exact sequence of cocomplexes, and the assertion follows from the long cohomology sequence.

4. Let 0 - N — N — N” — 0 be a short exact sequence of R-modules and M and R-module.
Let (P,,e) be a projective resolution of M, and observe that Hompg(P,—)* = Hompg(P,,—). Then
0 — Homg(P,N’)* — Hompg(P,N)* — Hompg(P, N")® is an exact sequence of cocomplexes, and the
assertion follows from the long cohomology sequence. |
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Theorem 1.3.9.

1. For an R-module P, the following assertions are equivalent:
(a) P is projective.
(b) Extr(P,N) =0 for all R-modules N and all n € N.
(¢) Extp(P,N) =0 for all R-modules N.

2. For an R-module Q, the following assertions are equivalent:
(a) Q is injective.
(b) Extr(M,Q) =0 for all R-modules M and all n € N.
(¢) Exth(M,Q) =0 for all R-modules M.

Proor. 1. (a) = (b) ... - 0—0 Lpdp_oisa projective resolution of P. If N is an
R-module, then the exact sequence — 0 = Homp (0, N) 4 Hompg (P, N) 4 Hompg(P,N) — 0 shows
that Ext (P, N) =0 for all n € N.

(b) = (c¢) Obvious.

(¢c) = (a) We must prove that every R-epimorphism M — P splits. Thus let g: M — P be an R-
epimorphism and M’ = Ker(g). The exact sequence 0 — M’ < M % P — 0 yields the exact sequence

. — Hompg(P, M) % Homg(P, P) — Extk(P,M') = 0. Hence there exists some ¢ € Hompz(P, M)
such that g.(¢) = gotp = idp. Hence g splits.

2. (a) = (b)) 0—-Q pa Q LoLo—.. isa injective resolution of P. If N is an R-module, then
the exact sequence 0 — Homp (N, Q) ey Hompg(N,Q) — 0 — 0 — ... shows that Extz(P,N) =0 for
all n € N.

(b) = (c¢) Obvious.

(¢) = (a) We must prove that every R-monomorphism ¢ — M splits. Thus let f: Q — M be
an R-monomorphism and M"” = Coker(f). The exact sequence 0 — Q LM — M=o yields the

exact sequence ... — Hompg(M, Q) i Homp(Q,Q) — Extp(M”,Q) = 0. Hence there exists some
varphi € Hompg (M, Q) such that f*(p) = pof =idg. Hence f splits.
O

Remarks. Let T: R-Mod — Ab be an additive exact functor.

1. Let M’ C M be an R-submodule, and consider the exact sequence 0 — M’ ERy VA M/M' — 0,
where j = (M’ — M) is the embedding and 7: M — M /M’ is the residue class homomorphism.

Then the sequence 0 — TM’ Hrm ™ T(M/M') — 0 is exact and induces isomorphisms
Tj: TM' = Im(Tj) C TM and (Trw)*: TM/Im(T35) = T(M/M'). We may identify the modules
by means of these isomorphisms and obtain TM’' C TM and T(M/M')=TM/TM’.
2. Let f: M — M’ be a homomorphism of R-modules. Then the exact sequences
0 — Ker(f) = ML M and ML M — M /Im(f) -0
induce the exact sequences
0 — T(Ker(f)) —» TM 27’ and TM X TM — T(M' /Im(f)) — 0.
Due to the identifications made above, we obtain Ker(T'f) = T(Ker(f)) and
TM'/T(Im(f)) = T(M'/Im(f)) = TM'/Im(Tf)), and therefore T(Im(f))=Im(Tf).
Conversely, if T is any additive functor preserving kernels and images, then T is exact.

3. Let K*® be a complex in R-Mod. Then TK*® is a complex, and, due to the above identifications,
H,(TK*)=TH,(K®) for all n € Z.
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Exercise 1. Let R — A be a flat commutative R-algebra, and let M, N be R-modules.
1. For every n € Z, There is an A-isomorphism A @z Tor®(M, N) = Tor2 (A @ M,A ®g N),
functorial in both M and N.
2. Let M be finitely presented [that means, there is an exact sequence F' — F — M — 0 with
finitely generated free R-modules. Then the A-homomorphism
®: A®g Homr(M,N) — Homy(A®r M,A®gN)
introduced in Theorem 1.2.6 is an isomorphism.

3. Let R be noetherian, M finitely generated and n € Z. Then there is an A-isomorphism
A @R Ext’h (M, N) = Ext’y(A®r M, A®g N), functorial in both M and N.



CHAPTER 2

Ring Theory

2.1. Local rings, Quotients, Localization, Prime and primary ideals

Theorem and Definition 2.1.1. Let R # 0 be a ring.

A subset T C R is called multiplicatively closed if 1 € T and 77T C T [then TT = T']. A subset
a C R is called a mazimal left ideal [ maximal right ideal, mazimal ideal] if it is maximal among those
distinct from R.

1. Let T C R be a multiplicatively closed subset, a C R a left ideal [a right ideal, an ideal] such
that aNT =0, and let Q be the set of all left ideals |right ideals, ideals] ¢ C R such that a C ¢
and ¢NT = 0. Then Q contains mazimal elements, and if R is commutative, then every mazimal
element of Q is a prime ideal.

In particular (T = {1}): If R # 0, then R contains mazimal left ideals, maximal right ideals
and maximal ideals.

2. For a subset J C R, the following assertions are equivalent:
(a) J is the intersection of all mazximal left ideals of R.
(b) J is the intersection of all mazimal right ideals of R.
(c) J is the greatest left ideal [right ideal, ideal] of R such that 1+ J C R*.

If J satisfies these conditions, then J = J(R) is an ideal of R. It is called the Jacobson radical
of R.

3. The following assertions are equivalent:
(a) R\ R* < R.
(b) J(R) =R\ R*.
(¢) R has a greatest left ideal [right ideal] (namely J(R)).
(d) R/J(R) is a division ring.
If these conditions are fulfilled, then the ring R is called local. Every division ring is local.
In particular, let R be commutative. Then R is local if and only if R a unique mazimal ideal m,
and then m = J(R) = R\ R*.
4. An element u € R is called nilpotent if u™ = 0 for some n € N. If every u € R\ R* is nilpotent,
then R is local.

PROOF. 1. a € Q, and the union of every chain in € belongs to 2. By Zorn’s Lemma, €2 has a
maximal element.

If R is commutative and p € 2 is a maximal element, then p is a prime ideal. Indeed, if a, b € R\ p,
then (p+aR)NT # 0 and (p+bR)NT # (). Hence there exist elements p, ¢ € p and u, v € R such that
p+au €T and g+ bv € T. But then y = (p + au)(q+ bv) € T, and as y = abuv mod p, it follows that
ab ¢ p.

2. Let £ be the set of all maximal left ideals of R, and

J:ﬂm.

We shall prove the following three assertions:

37
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A. J<R.
B. 1+JCR*.
C. If a C R is a left ideal such that 1 +a C R*, then a C J.

Suppose that A, B and C hold. Then J is the greatest left ideal (and thus also the greatest ideal) such
that 1+ J C R*. Hence a) & ¢). b) < c) is proved in the same way.

Proof of A. For m € £, let m* = Anng(R/m) = {z € R| 2R C m}. Then m* < R, m* C m, and

we set
J* = ﬂ m*.
meg
Then J* < R, J* C J, and we assert that J* =J (then A holds).

Assume to the contrary that = € J\ J*. Then there exist some m € £ and u € R such that zu ¢ m,
and consequently Rzxu ¢ m. Hence m + Rxu = R, and there exist elements y € R and m € m such that
m~+ yxu = u, and thus (1 — yz)u =m € m.

CASE 1: R(1 —yz) = R. Let v € R be such that v(1 —yx) = 1. Then u =v(l — yz)u = vm € m,
and thus ,xu € m, a contradiction.

CASE2: R(1—yxz) € R. Then there exists some n € £ such that R(1—yz) C n, hence 1—yx € n C J,
and as x € J, this implies that 1 € J, a contradiction.

Proof of B. Let y € J. We assert that R(1 — yx) = R for all € R. Indeed, assume that there is
some x € R such that R(1 —yz) C R, and let n € £ be such that R(1 —yz) Cn. Then 1 —yx € n C J,
and as y € J, we obtain 1 € J, a contradiction.

In particular, R(1 +y) = R, and there exists some u € R such that u(1+y) = 1. Since u = 1 — uy,
we obtain also Ru = R, and there is some v € R such that vu = 1. As u has both a left and a right
inverse, it follows that v € R* and thus 1 +y =u"! € RX.

Proof of C. Let a C R be a left ideal such that 1+ a C R*. We must prove that a C m for all
m € £. Suppose at the contrary that there is some m € £ such that a ¢ m. Then a + m = R, hence
a+m =1 for some a € a and m € m. But then m =1—a €1+ a C R*, a contraction.

3. (a) = (b) = (¢) If R\ R* is an ideal, then it is the greatest (and thus the only maximal) left
ideal [right ideal] of R, and J(R) = R\ R*.

(¢) = (d) We must prove that (R/J(R))® is a group, that is, every £ € (R/J(R))® has a left-inverse.
Let £ =z + J(R) € (R/J(R))®, where x € R\ J(R). Then J(R)+ Rz = R, and there exist y € J(R) and
u € R such that y +uz =1. If n=u+ J(R), then n§ =1 € R/J(R).

(d) = (b) It suffices to prove that R\ J(R) C R*. Indeed, once this is done, then R\ J(R) = R*,
and R\R* =J(R) < R. Ifa € R\ J(R), then a+ J(R) € (R/J(R))*, and thus there is some u € R such
that au € 1+ J(R) C R*, and thus a € R*.

4. Tt suffices to prove that R\ R* C J(R) (then R\ R* = J(R)). Let w € R\ R* and n € N
minimal such that u™ = 0. We shall prove that 1 4+ Ru C R*, for then v € Ru C J(R). If a € R,
then y = —au ¢ R for otherwise yu"~! = —au" = 0 implies v~ = 0, a contradiction. Hence y* = 0
forsome k € Nyand 1 =1—-9* =1 —-9y)(1+y+...+v* ) =0+y+...+y* (1 —y) implies
l—y=14aue€ R* O

Example (Origin of the terminology "local”). Let X be a topological space, g € X, U = U(xo)
the system of neighborhoods of 2y in X and Q the set of all pairs (U, f), where U € Y and f: U — R isa
continuous function. For (Ui, f1), (Us, f2) € Q, we define (Uy, f1) ~ (Ua, f2) if there exists some U € U
such that U C Uy NUy and f1|U = fo|U. Then ~ is an equivalence relation on €2, and if (U, f) € Q,
then the equivalence class [U, f] of (U, f) is called the germ of f in zg. The set O = Ox 4, = Q/~ of
all germs of continuous functions in g is made into a ring by means of [Uy, fi] + [Us, f2] = [Uo, fo] if
filU+ f2|U = fo|U for some U € U such that U C Uy N Uy N Us. The map

e: O — R, defined by e([U,f]) = f(z0),
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is a ring epimorphism, and O \ Ker(e) = {[U, f] € O | f(zo) # 0} = O* [indeed, if [U, f] € O and
f(xo) # 0, then there is some Uy € U such that Uy C U and f(z) # 0 for all x € Uy, which implies
(U, f]- [Uo,1/f] = 1o ]. Hence Ker(e) = O\ O* < O, and thus O is local.

Theorem 2.1.2 (Nakayama’s Lemma). Let R # 0 be a ring, M an R-module and a C J(R) and
ideal of R.

1. Let M' C M be an R-submodule such that M/M' is finitely generated. If M = M’ + aM, then
M = M'. In particular (M’ =0): If M is finitely generated and M = aM, then M = 0.

2. Let M be finitely generated, n € N and uq,...,u, € M.
(a) M = g{uy,...,un) if and only if M/aM = pjo(u1 +aM,... u, +aM).
(b) Suppose that M is finitely presented and ui+aM, ..., u,+aM is an R/a-basis of M/aM. If

the multiplication homomorphism pq: a®@gr M — M is a monomorphism, then (u1, ..., uy,)
is an R-basis of M.

PROOF. 1. Assume first that M’ = 0, and let (uq,...,u,) be a minimal system of generators of M.
We assert that aM = {aju1 + ... + apuy, | a1,...,a, € a}.

Indeed, D follows by the very definition. Conversely, if © € aM, then z = ¢ymy + ... + cpmyg, where
keN, ci,...,cp €aand my,...,my € M. For j € [1,k], there exist bj1,...,b;, € R such that

n n k
mj = Z bjyuy, andthen xz= Za,,u,,, where a, = Zcibw €a forall v e[l n].
v=1 v=1 i=1
In particular, M = aM implies vy = aqui + ... + anu, for some aq,...,a, € a. Hence it follows
that (1 — a1)u; = agug + ... + anty, and since 1 —a; € 14+ a C R, we obtain uy € g(ug,...,u,) and
M = g{ug,...,u,), which contradicts the assumption that (u1,...,u,) is a minimal system of generators.

2.(a) If M = g(u1,...,uy), then M/aM = r(ui +aM, ..., up+aM) = g/o{us +aM,... u, +aM).
Conversely, assume that M/aM = g o(u1 +aM, ... u, +aM) = r(us + aM,... ,u, + aM), and set
M' = g(u1,...,up). Then (M'+aM)/aM = r(ui+aM, ..., u,+aM) = M/aM, hence M'+aM = M,
and thus M’ = M by 1.

(b) By assumption, M/aM = g/q{ui + aM,... u, + aM), and thus M = g(uy,...,u,) by (a).
Let F be a free R-module with basis (ej,...,e,), let p: F — M be the unique epimorphism satisfying
p(e;) = u; for all ¢ € [1,n], K = Ker(p) and j = (K — F). We shall prove that K = 0 (then p is an
isomorphism and M is free). F/aF is a free R/a-module with basis (e; + aF, ..., e, + aF), and therefore
p induces an isomorphism p*: F/aF — M/aM satisfying p*(e; + aF') = u; + aM for all ¢ € [1,n]. We
obtain the following commutative diagram with exact rows.

a®pr K _°%7 a®pr F _9%p , a®QprM — 0

ufl Mfl ufll
0O —— K J F S N M — 0.

By the Snake Lemma, we obtain an exact sequence

0 = Ker(pM) — Coker(uf) = K/aK 7 Coker(uf’) = F/aF N Coker(uM) = M/aM — 0,

and as p* is an isomorphism, this implies K/aK = 0 and thus K = aK. Since M is finitely presented,
the Corollary to Theorem 1.1.4 implies that K is finitely generated, and therefore K = 0. O

Corollary. Let R be a local ring, m = J(R) = R\ R* and M an R-module.

1. Let M be finitely generated, n € N and uy,...,u, € M. Then (uq,...,u,) is a minimal system
of generators of M if and only if (ug +mM, ... u, + mM) is an R/m-basis of M/mM. In
particular, any two minimal systems of generators of M have the same length.



40 2. RING THEORY

2. Let M be finitely presented, uy,...,u, € M, and assume that the multiplication homomorphism
pM:mep M = mM is an monomorphism. Then (ui,...,u,) is an R-basis of M if and only
if (up+mM, ... u, +mM) is an R/m-basis of M/mM.
3. Consider the following assertions:
(a) M is free.
(b) M is projective.
(¢c) M is flat.
(d) The multiplication homomorphism pM:m®r M — M is a monomorphism.
Then (a) = (b) = (c) = (d), and if M is finitely presented, then (d) = (a).
ProOOF. 1. By Theorem 2.1.2, (uy,...,u,) is a minimal system of generators of M if and only if
(u1 +mM, ..., u, + mM) is a minimal system of generators of the R/m-module M/mM, but the latter

holds if and only if (u; +mM, ..., uy,+mM) is an R/m-basis of M/mM, since M /mM is a vector space
over R/m.

2. Obvious.

3.(a) = (b) = (c) Obvious.

(c) = (d) Ifi = (m — R), then pM: meg M M Ror M S M isa monomorphism, since i @ M
is a monomorphism.

(d) = (a) By Theorem 2.1.2, since M/mM is a vector space over R/m. O

Definitions and Remarks. Let R be a ring and M an R-module.

1. M is called indecomposable if M # 0, and M = M,+M, for some submodules M, My C M
implies M7 =0 or M,y =0.

2. We call [(M) = sup{n € Ny | there exist submodules M = My 2 My 2 ... 2 M,, = 0} the
length of M. By definition, (M) € Ng U {oo}, and if I(M) < oo, then M is called a module of
finite length. I(M) = 0 if and only if M = 0, and M is called simple if [(M) =1 [equivalently,
M = R/a for some maximal left ideal a C R].

Example: Let K be a field, R a finite-dimensional K-algebra and M a finitely generated R-
module. Then (M) < oo [indeed, M is a finite-dimensional vector space over K, and every
R-submodule of M is a K-subspace].

3. A finite sequence of submodules M = My 2 M; 2D ... 2 M, =0 is called a composition series
if M;/M;_4 is simple for all ¢ € [1,n]. The following assertions are equivalent:

e M is both noetherian and artinian (that is, it satisfies the ACC and the DCC on submodules).
e M possesses a composition series.
e M is a module of finite length.

4. (Theorem or Jordan-Holder) If M =My D M; 2 ...2M,=0and M =M, 2> M, 2...2 M/,
are two composition series, then m = n = [(M), and there is some permutation o € &,, such
that M{_l/M{ = Ma(ifl)/Ma(i) for all 7 € [17’[1] .

Theorem 2.1.3. Let R be a ring, M # 0 an R-module and E = Endr(M).
1. (Fitting’s Lemma) If (M) < oo and f € E, then M = Ker(f™)+Im(f") for all sufficiently
large n € N.
2. If M is indecomposable and I(M) < oo, then E is a local ring.

3. (Krull-Schmidt Theorem)
(a) Suppose that M is either artinian or noetherian. Then there exists some r € N and inde-
composable submodules M, ..., M, C M such that M = M; + My + ...+ M, into .
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(b) Suppose that (M) < oo, and M = M;+My+ ...+ M, = N;+No+ ...+ N,, where
r,s € N, and My,...,M,, N1,...Ng C M are indecomposable submodules. Then r = s,
and there is a permutation o € &, such that M; = Ny for alli € [1,7].

PROOF. 1. Since M D Im(f) D Im(f?) D ..., 0 C Ker(f) C Ker(f?) C ... and M satisfies both
the ACC and the DCC, there exists some m € N such that Im(f™) = Im(f™) and Ker(f™) = Ker(f™)
for all n > m. Assume now that n > m, and let ¢ € M. Then f"(c) € Im(f™) = Im(f*"), and therefore
f™(c) = f2*(d) for some d € M. Since f"(c—f"(d)) = f*(c)—f*"(d) = 0, we get ¢ = (c—f"(d))+f"(d) €
Ker(f*) +Im(f"). If z € Ker(f*) NIm(f"), then = f"(y) for some y € M. But 0 = f*(z) = f**(y)
implies y € Ker(f?") = Ker(f™), and therefore z = 0. Hence M = Ker(f") +Im(f™).

2. Let M be indecomposable and I(M) < oo. By Theorem 2.1.1.4 it suffices to prove that every
f € E\ E* is nilpotent. Thus let f € E\ EX and n € N such tht M = Ker(f")+Im(f™). Then either
Ker(f™) =0 or Im(f™)0. If Im(f™) = 0, then f™ = 0. If Ker(f™) = 0, then Im(f™) = M, hence f™
and thus also f is an isomorphism, which implies f € E*.

3. (a) Assume the contrary. We construct two sequences of R-submodules (M;);>0, (M]);>1 of M
such that My = M, and for all ¢ > 0 the following assertions hold: M; is not a direct sum of inde-
composable submodules, M; = M; 1+ M/, M;y1 # 0 and M/, # 0. We proceed recursively. Set
My = M, and suppose that ¢ > 0 and M; C M is not a direct sum of indecomposable submodules. Then
M; = M; 1+ MZ»’H, where M;1 # 0, M{H # 0 and M, is not a direct sum of indecomposable submod-
ules. If 7 > 0, then it follows by an easy induction on j that M; = M, ; +M], ;+M] ; |+ ... +M], .
Hence we obtain M 2 My 2 My 2 ... and Mj C Mj+ M} C Mj + M+ M} C ..., contradicting the
assumption that M is either noetherian or artinian.

(b) We may assume that r > s, and we proceed by induction on s. If s = 1, then M is indecomposable
and r = 1.

s>2,s—1—s: Forie [l,7], let p; € Homp(M, M;) such that p; | M; = idy, and p; | M; =0
for all j € [1,7]\ {i}. For ¢ € [1,s] let ¢; € Homg(M, N;) such that ¢; | N; = idw, and ¢; | N; = 0 for all
j€[1,s]\ {i}. Then

S S S
idvy =) gi, hence pr=>) piog and idy, =pi|Mi = piog|M
i=1 i=1 i=1

Since F; = Endg (M) is local, By \ Ef C E; is an ideal, and thus there is some i € [1,s] such that
p1og; | My € Ef, say i = 1. Then pyoqy | My: My — M is an isomorphism, hence ¢, | M;: My — N; is a
monomorphism, g = (pyoqy | M1)~topy | Ny: Ny — M is a homomorphism, and gog; | My = idyy, . Hence
q1| My: My — Ny splits, and therefore ¢;(M;) €N;. Since g1(My) # 0 and Nj is indecomposable, it
follows that ¢1(My) = Ny, and ¢ | My: My — N is an isomorphism. Now we assert :

A. M =M +Ny+ ... +N,.

Proof of A. We first show that Ny C My + Nao+ ...+ Ng. If a € Ny = ¢1(M;y), then a = ¢1(b)
for some b € My, and ¢1(a —b) = qi1(a) —q1(b) =a —a = 0. Hence a —b € Ker(q;) = N2 + ...+ Ng,
and therefore a = b+ (a — b) € My + Ny + ...+ N,. Hence it follows that M = M; + (No+ ... + N,),
and we assert that the sum is direct. Indeed, if a € My N (N2 + ...+ Ny), then ¢1(a) € Ny, and since
q1| No+ ...+ Ny =0, we obtain ¢;(a) = 0 and therefore a = 0, since ¢; | M; is injective. O[A]

Since M =M; +My+ ... + M, and M = M; + Ny+ ... + N, we obtain
M/M; = My+ ... +M, 2 Ny+...4+N,, andlet &: Mo+ ...+M, = Nod ... +N,

be an isomorphism. Then ®(My)+ ... +®(M,) = Ny+ ... + Ny, and the Theorem follows from the
induction hypothesis. O

Definition (Power series rings). Let R be a ring, » € N and (ey,...,e,) the canonical basis of
7Z". We denote by RI"I the set of all maps f: N — R and by Rl the set of all f € RI"I satisfying
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f(n) = 0 for almost all n € Njj. Then R[I" ¢ RI'l are R-modules under pointwise addition and scalar
multiplication. We define a multiplication on RI'T by

(f-9)k)= > fim)g(n).
(m, n) EN{XN{
m+n=k
Then RI[ is a ring, and RI"M ¢ RI'T is a subring. We define v: R — R[") and p: RU'V — R by

c if k=0,

, and pu(f) = f(0) forall ce R and fe RUT,
0 otherwise,

v(e)(k) = cdpo = {

Then p: RI"l — R is a ring epimorphism, called augmentation, v: R — RI'! is a ring monomorphism,
and we identify R with v(R). Then R C RI") ¢ RI'l are subrings. For i € [1,r], we define X; € RI"l by
Xi(k) = Oke;, and for n = (n1,...,n,) € Nj weset X™ = X" ... X", Then it follows (by an easy
induction on ny +...+n,.) that X™(k) = 6, for alln, k € Nj, X™. X" = X" for all m, n € N},
and

f=> f(k)X* forall fe R

keNg

(note that pointwise this formally infinite sum reduces to a single summand). Hence every f € RIUT has
a unique representation

f= Z Frr kTXfl'...'XfT

(K. kr)ENG

with coefficients fi, . € R, and we obtain f € RI"l if and only if fr1,... k. = 0 for almost all
(k... k) € Np. In particular, RI" = R[X,..., X,] is a polynomial ring in (X1,...,X,) over R.

If r,s € N, then there is an isomorphism ®: (RI'T)[s1 & RIm+sl | given by ®(f)(m,n) = f(m)(n)
for all m € Njj and n € Nj. It satisfies ®(RI')[*] = R and we identify (RIT)[] = RI"+s] and
(Rl = RIr+s] by means of ®.

We call R[X1,...,X,] = RUT the power series ring or ring of formal power series in (X1, ..., X,)
over R. If r > 2, then it follows that R[Xi,...,X,] = R[X1,..., X, 1] [X,] D R[X1,..., X, 4],
R[Xy,...,X,] = R[Xy,...,X,-1][X,] D R[Xy,...,X,—1], and the augmentation maps behave transi-
tively. Explicitly, if

f: R[X1,...,X,1] = R[X1,.... X ) [X,a] — R[X1,....X,] and p: R[X1,...,X,] =R

.....

are the (partial) augmentation maps, then pop': R[Xy,...,X,41] — R is the (total) augmentation
map.
In particular, if » = 1 and X = X3, then every f € R[X] has a unique representation

o0
f:anXn, where f, € R for all n > 0,
n=0

and f € R[X] if and only if f, = 0 for almost all n > 0. If f € R[X] is as above, then u(f) = fo, and
we call

ord(f) = inf{n € Ny: f, #0} € NgU {oco} the order of f.
If f # 0 then f has a unique representation f = X9 f; where f; € R[X] and u(f1) # 0. If
f, g € R[X], then ord(f) = oo if and only if f =0, ord(f + ¢g) > min{ord(f),ord(g)} with equality if
ord(f) # ord(g), and ord(fg) > ord(f) + ord(g) with equality if R has no zero divisors. In particular, if
R has no zero divisors, the same is true for R [X].

For f, g € R[X], we define §(f,g) = e /=9 (with e=> = 0). Then ¢ is a metric on R[X]. If
f € R[X], then ord(f) = —log 6(f,0) (where —log0 = c0), and the sets

f+X"R[X] ={g e R[X][ord(g—f) =n} ={g € R[X]|d(g,f) <e™™} (for n€N)
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are a fundamental system of neighborhoods of f. Consequently, if

e’} k
f=Y faX"€R[X], then f= Jim z_% o X"

n=0

If R has no zero divisors, then it follows by induction that, for every r € N, the power series ring
R[Xy,...,X,] has no zero divisors. In particular, if K is a field, then K [Xi,...,X,] is a domain. We
denote by K((Xi,...,X,)) the quotient field of K [X1,...,X,] and call it the field of formal Laurent
series in (X4,...,X,) over K.

Theorem 2.1.4. Let R be a ring, r € N, R[Xy,...,X,] the power series ring in (X1,...,X,) over
R, p: R[X1,...,X,] — R the augmentation map and f € R[X1,...,X.].
1. fe€R[Xy,..., X" if and only if u(f) € R*.
2. If R is local with maximal ideal m, then R[X1, ..., X,] is local with mazimal ideal M = p~1(m).
In particular, if r =1 and X = X1, then

oo
f= anX” € R[X]* ifand only if fo € R,
n=0
and if R is a division ring, then every f € R[X] has a unique representation f = X™h, where
n € Ny and h € R[X]*.
Proor. 1. If f € R[Xy,..., X, ]*, the u(f) € R*, since p is a ring homomorphism. For the
converse, we use induction on 7.
r=1, X = X;: Assume that

F=Y fX"€R[X] and fo=p(f) € R*.

n=0

We define a sequence (g,,)n>0 in R recursively by

n o0
g0="I" gn=—S"Y fugn-v forall n>1, andset g=>» g X"

v=1 n=0
Then - .
fg = Z(ngn + qugn—u)Xn =1.
n=0 v=1

Hence f has a right-inverse, and, by the same reason, f has a left-inverse. Hence f € R[X]*.

r > 2, r—1— r: By the induction hypothesis, R' = R[X1,...,X,—1] is local with maximal ideal
M’ = p'~(m), where u': R’ — R denotes the augmentation map. Hence R = R[X1,...,X,] = R’ [X,]
is local with maximal ideal 9t = g~'(9'), where fi: R'[X,] — R’ denotes the augmentation. Since
wu = p'ofi, it follows that MM = =1 (m).

2. R[X1,..., X, J\ R[X1,.... X, ]* ={f € R[X1,... X;.] | u(f) € R\ R*} = p~1(m) is an ideal of
R[X:,...,X,]. O

Theorem 2.1.5. Let R be a commutative ring.
1. (Cohen’s Theorem) If every prime ideal of R is finitely generated, then R is noetherian.
2. Let R[X] be the power series ring, u: R[X] — R the augmentation, p C R[X] a prime ideal,
meN and fi,..., fm €p. Then p(p) C R is an ideal, and if p(p) = r(u(f1),..-,pu(fm)), then

_ RIX]{S15 -5 fm) if Xé¢p,
rix)(p(f1), - pu(fm), X) if X €p.

3. Letr € N. Then the power series ring R[X1,...,X,] is noetherian if and only if R is noetherian.
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PROOF. 1. Suppose that every prime ideal of R is finitely generated, but R is not noetherian. Let
Q be the set of all not finitely generated ideals of R. Then Q # (), and the union of every chain in
belongs to 2. By Zorn’s Lemma, €2 has a maximal element ¢, and we shall prove that ¢ C R is a prime
ideal (which contradicts our assumption that every prime ideal is finitely generated).

Assume to the contrary that there exist a, b € R\ q such that ab € q. Then q C q+ aR < R and
qC q+bR C (q:aR) ={z € R| za € q}. Hence the ideals q + aR and (q:aR) are finitely generated,
say q+ aR = g{q1 + ax1,...,q, + azxy,) and (q:aR) = r(z1,...,2m), where m,n € N, q1,...,q, € q
and 1,...,Zp, 21,...,2m € R. Then g{q1,...,qn,021,...,azy) C q, and we assert that equality holds
(this contradicts the fact that q € Q is not finitely generated). Indeed, if z € q C g+ aR, then there exist
b1,...,b, € R such that

n n n n n
z= Z b,(q, + ax,) = Z b,q, +a Z b,z,, and therefore a Z byr, =2z — Z b,q, € 9.
v=1 v=1 v=1 v=1 v=1

Hence

Zb z, € (q:aR) = r(#1,...,2m), and z:Zbqu—l—aZbyx,,ER(ql,...,qn,azl,...,azm>.

v=1 v=1

2. p(p) C R is an ideal, since u is an epimorphism. Suppose that u(p) = r{(u(f1),...,p(fm)), and

set
fi= Z finX"™, where f;, €R forall je[l,m] and n>0
n>0
CASE 1: X € p. Obviously grixy(u(fi),...,u(fm), X) C p, since f; € p(f;) + XR[X] for all
€ [1,m]. Conversely, if h € p, then h = p(h) + Xhy for some hy € R[X], and therefore we obtain

he p(p) + XR[X] = rixp(p(fi), - p(fim), X).

CASE 2: X ¢ p. It suffices to prove that p C ryxy(f1,---,fm). Let h €p. For j € [I,m] and n >0,
we construct elements g;,, € R such that, for all n > 0,

m  n—1
h—Z(Zgjﬂ,X”)fjeX”R[[X}], and for j € [1,m]s we set gj:Zgj,l,Xl’ER[[X]].
j=1 v=0 v>0

Then it follows that

h—Zgjfje r}X"R[[X]]:O7 and therefore h € rix)(fi,---;fm)-

n>0

We perform our construction by recursion on n. For n = 0, there is nothing to do. Thus suppose that
n > 0, and there exist elements g;, for all j € [1,m] and v € [0,n — 1] such that

h — zm:(Zgjy ) = X"q, where q—ZqVX € R[X].

j=1 v=0 v>0

Then X™q € p, and as X ¢ p, it follows that ¢ € p and qo = p(q) € r(u(f1), ..., u(fm)). Hence there
exist gin,-..,9m,n € R such that

Zgjnlff fj Zg]nfj07

and we obtain
h= Z(Zgj’”Xu>fJ X" Zq”XV + X" ZQJ nfi = (QO + Zgj,nfj,()> + XnHlgr ¢ xntlgr
j:1 v=0 V>O J:1
for some g* € R[X], which completes the construction.

3. Since R[X1,...,X;] = R[Xy,...,X,—1] [X,] if r > 2, the assertion follows by induction on r,
once we have given the proof for » = 1. Thus let R[X] be a power series ring. If R[X] is noetherian,
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then R is noetherian, since p: R[X] — R is an epimorphism. Thus suppose that R is noetherian. By
2., every prime ideal of R [X] is finitely generated, and thus R [X] is noetherian by 1. |

Definitions and Remarks (Recapitulation: Quotients). Let R be a commutative ring, T'C R a
multiplicatively closed subset and M an R-module.

1. On T x M we define an equivalence relation by (¢,z) ~ (¢/,2’) if there exists some s € T such
that st’'x = sta’. We set T-'M = T x M/ ~, denote by 7€ T~'M the equivalence class of
(t,x) and call T~1M the quotient module of M with T. By definition, if x € M and t € T,
then

T

E:% for all s €T, and %:% if and only if sz =0 for some s € T.
S

For any n € N and 21,...,2, € T~'M, there exist z1,...,2, € M and t € T such that z; = =
for all i € [1,n].
2. We make T~ !M into an abelian group by means of
!/ !/ /
f + % = % check details!,
and we define the quotient homomorphism j: M — T—1M by j(x) = T forall x € M. By
definition,

Ker(j)={z e M |azt=0forsomet €T} ={x e M|TNAnng(z) #0}.

If 0 €T, then T-'M = 0. If M is torsion-free and 0 ¢ T, then j: M — T—'M is a monomor-
phism.

If M C M is an R-submodule, then T-'M’ C T~'M is a subgroup [indeed, if ~' denotes
the defining equivalence relation on T'x M’, then ~' = ~ N(T x M’'), and therefore we may
identify, for every (t,x) € T x M’, the equivalence class ¥ € M’ with the equivalence class
TeM]

3. Now we consider the special case M = R and definiere a multiplication on T7!R by

aa ad
tv

With this definition, T7'R is a commutative ring, called the quotient ring of R with respect
to T, and the quotient homomorphism j: R — T~ 'R is a ring homomorphism. Consequently
T~ 'R is an R-algebra.

Let z(R) be the set of zero divisors of R. Then R\z(R) is a multiplicatively closes subset of
R, and q(R) = (R\z(R))"'R is called the total quotient ring of R. The quotient homomorphism
j: R — q(R) is a monomorphism, we identify R with j(R) (we set x = 7 for every x € R),
and for every multiplicatively closed subset T C R\ z(R), we may assume that T-'R C q(R).
If R is a domain, then q(R) is just the usual quotient field. If T C R*, then T-'R = R and
T—'M = M for every R-module M.

4. Let M be an R-module. Then T~'M is a T~!R-module by means of

%% = % forall a€ R, x€ M and t,t € T. Check details!
If j: M — T~'M is the quotient homomorphism, and M = r(E), then T'M = -1z {j(E)).
In particular, if M is a finitely generated R-module, then T~'M is a finitely generated T~ !R-

module.
If M’ C M is an R-submodule, then T-'!M’ C T~'M is a T~!R-submodule, and the map
M/
& TM/T'M' — T~ (M/M'), defined by @(% n T‘lM’> - %

for all x € M and t € T, is a T~' R-module isomorphism by which we usually identify these two
modules: T-Y(M/M')=T-*M/T~*M'.
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In particular, T—!' M is also an R-module by means of the quotient homomorphism j: R — T 'R.
Forallr € R, me M and t € T, we have
m rm rm

"TT1 T
5. Let f: M — M’ be a homomorphism of R-modules. Then there is a unique homomorphism
T=f: T M — T='M’' of T~!R-modules such that

T_lf(%) = @ forall z€e M and teT,
It satisfies T-Yidy, = idp-1p;, T g+ f) = T g+ T7f if g: M — M’ is another R-
homomorphism, T~!(gof) =T tgoT1f if g: M’ — M" is an R-homomorphism,

Ker(T7Yf) =T 'Ker(f) cT'M and Im(T"'f)=T"'Im(f) c M’.

In particular, the assignment (M +— T~'M, f +— T~1f) defines an additive and exact functor
R-Mod — T-'R-Mod (it carries exact sequences into exact sequences).

6. Let £: R — A be an R-algebra. On T~ ' A, we define a multiplication by
i /
%%:% forall a,a’ €A and t,t' €T.
Then T 'A is a T~ !'R-algebra with structural homomorphism T 'e: T"'R — T !A.
If A is commutative, then e(T) C A is multiplicatively closed, and if N is an A-module, then N
is an R-module, and T-1N = ¢(T)"!N.

Theorem 2.1.6. Let R be a commutative ring, T C R a multiplicatively closed subset and M an
R-module. Then there is a T~'R-isomorphism

®: T 'RopM > T-'M  such that @(%@m) :? forall reR, meM and teT.

It is functorial in M, and if M is an R-algebra, then ® is an isomorphism of T~ !'R-algebras. In
particular, T"'R is a flat R-algebra.

PROOF. We define F: T"'RxM — T—'M by
F(?m) :? forall re R, teT, me M,

t
and we assert that this definition does not depend on representatives, that means, 7 = ;—,/ implies
mo— m o for all p ' € R, t,t' €T and m € M. Indeed, if = r then st'r = str’ for some s € T,

t t/ 2
hence st'rm = str'm, and therefore “* = &7, Obviously, I is R-bilinear, and thus it induces a group

homomorphism ®: T"'R®r M — T~'M such that @(% ®m) ="t forallre R, me M andteT.

It is easily checked that ® is in fact a 7~!R-homomorphism, that it is functorial in M, and that it is a
homomorphism of T~ !-algebras if M is an R-algebra.

To prove that ® is bijective, define W: 7'M — T7'R® M by ¥(2) =1 ®m for all m € M and

t € T, and we assert that this definition does not depend on representatives, that means, 5 = T—,/ implies
fraclt@m = L @m’ for all m, m’ € M and t, t' € T. Indeed, if 2 = 7)’?—//, then st'm = stm’ for some
s € T, and we obtain
1 1, 1 , 1 , 1 , 1 ,
;@mzﬁst ®m:E®stm=E®stm zﬁst@)m :P®m .
If M' - M — M" is an exact sequence in R-Mod, then the commutative diagram

T—lM/ - T—lM - T—lM//

| 5 5

TT'RrM' ——— T'RQr M — T 'R@r M"
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shows that the sequence T"'R@r M’ - T 'R@rM — T 'R®@p M" is also exact. Hence T7'R is flat
over R. O

Definition. Let R be a commutative ring. We denote by spec(R) be the set of all prime ideals and
by max(R) the set of all maximal ideals of R. Note that max(R) C spec(R), and R is local if and only
if |max(R)| =1 [then max(R) ={R\ R*}].

If p € spec(R), then R\ p C R is a multiplicatively closed subset, and for an R-module M we call
M, = (R\ p)~'M the localization of M at p. In particular, if R is a domain, then 0 € spec(R), and
Ro = q(R). For an R-module homomorphism f: M — N, we set f, = (R\p)~'f: M, — N,.

Remark and Definition. Let €: R — A be an R-algebra. For an ideal a C R, we call aA = 4(e(a))
the extension of a to A, and for an ideal A C A we call ¢ () C R the contraction of 2 to R.
Obviously, a C e7*(aAd) and e }(A)A C 2 for all ideals a <« R and 2 <1 A, and the maps

{aA|a< R} S {e'A| A< A}, givenby A—e A and ar ad,

are mutually inverse bijections from the set of extension ideals in A onto the set of contraction ideals of
R. If B € spec(A), then e (B) € spec(R).

Theorem 2.1.7. Let T C R be a multiplicatively closed subset and j: R — T~ 'R the quotient
homomorphism.
1. If a< R, then aT'R=T"'a, and T 'a=T"'R if and only if TNa # 0.
2. If A < TR, then A =T~ 171 (A). In particular, {T " a | a < R} is the set of all ideals of
TR, and if R is noetherian, then T~ R is also noetherian.
3. If p€spec(R) and T Np =10, then T~1p € spec(T'R), p= 3T 'p),
TR\ T p = {; ’ seR\p, teT},

and there is a ring isomorphism

~

Ry = (I"'R)p-1,, given by forall a€R and t€ R\p.

+1 8
NI

4. The maps
{p €spec(R) |pNT =0} Sspec(T'R), p—T 'p and P+ j (P)

are mutually inverse bijections.

5. If p € spec(R), then R, is a local ring with maximal ideal p, = pR,, and there is an isomorphism
q(R/p) = (R/p)y = Ry/pR,.

PrOOF. 1. j(a) ={% |a€a} C T 'a, and T"'a < T7'R, hence aT 'R = r-1x(j(a)) C T 'a.

Conversely, if ¢ € T~ 'a, where t € T and a € a, then ¢ = a% €al 'R.

If T7'a = TR, then there exist a € a and ¢ € T such that = %, and thus there is some s € T
such that sa = st € aNT. Conversely, if s € anNT, then £ = % € T~ 'a, which implies T 'a=T"'R.

2. Obviously, T71j7}(R) = ;=1 ()T"'R C A. Conversely, suppose that ¢ € 2, where a € R and
s€T. Then j(a) = % =22 A hence ¢ € j71(A) and ¢ € T~ (A). Consequently, {T " a|a < R}
is the set of all ideals of T-'R. If a < R is a finitely generated ideal of R, then T 'a is a finitely

generated ideal of T~ ' R. Hence, if R is noetherian, then T~ R is also noetherian.
3. T 'pis a prime ideal: Let e, % € T'R (where a,b € R and s,t € T), %% € T7'p and
% ¢ T~'p. Then b ¢ p, and ‘;—i’ = & for some ¢ € p and w € T'. Hence there is some v € T such that

vwab = vste € p, and since vwb ¢ p, it follows that a € p and ¢ € T~ 'p.
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p = 7 YT 'p): Obviously, p C j7LH(pTtR) = ;= Y(T~'p). To prove the reverse inclusion, let
a € 77T 'p). Then j(a) = ¢ = ¢ for some ¢ € p and t € T. Then there is some s € T such that

sta = sc € p, and st € T C R\ p implies a € p.

T'R\T 'p={2|se R\p, t €T}: It suffices to prove that, for all a € R and t € T we
have ¢ € T~1p if and only if a € p. By definition, a € p implies ¢ € T~1'p. Conversely, suppose that
¢ € T~ p, say ¢ = ¢, where ¢ € p and s € T'. Then there is some w € T such that wsa = wtc € p, and
ws € T C R\ p implies a € p.

Finally, we prove that there is a ring isomorphism ®: R, = (T~'R)p-1, as asserted. Thus define

®: Ry — (T"'R)p-1, by @G):

(observe that ¢ € R\ p implies £ € T7'R\ T~ 'p). We assert that this definition does not depend on

representatives. Indeed, suppose that ¥ ‘Z—,/, where a, ' € R and ¢,t' € R\ p. Then there is some

s € R\ p such that st'a = sta, and since 2, %, LGT LR\ T~ 'p and

forall a€ R and t € R\ p

»—t\u—‘»—t\g

st a__sta
ITT=171 1 Weget
a a’ a at at
T_T Simce 2==—21 _¢(") forallacR s,veR\pand teT
t Tt v~ sv ~ sv 5y 9 p 5
i T T st 1 sv

it follows that ® is surjective. Obviously, ® is a ring homomorphlsm Suppose that ¢ € Ker(®), where
a € Rand t € T. Then there exists some £ € T"'R\ T 'p (where s € R\ p and v € T') such that
2 1= % Then there is some w € R\ p such that wsa = 0, and therefore ¢ = %

4. Obvious by 2. and 3.

5. Let p € spec(R). Then {aR, | a < R} is the set of all ideals of Ry, and if a < R, then aR, C R,
is equivalent to a C p and thus to aR, C pRR,. Hence R, is a local ring with maximal ideal pR, = p,. If

m: R — R/p denotes the residue class homomorphism, then

Ry/pRy = (R/p)y = n(R\p)"'R/p = (R/p)*"'R/p = a(R/p). .

Theorem 2.1.8. Let D be a domain, K = q(D) and T C D* a multiplicatively closed subset ( then
DcT'DcCK).

1. Let J, J' C K be D-submodules. Then T-YJJ") = (T7YI)(T~1T"), and if for every T'D-
submodule J C K we set J[T ip) = {z€ K|2J CcT™'D), then T-1J~! C (T~1J); ! and
if J is a finitely generated D-module, then equality holds.

2. Let J C K be a (D-)invertible fractional ideal. Then T~'J is (T~1D-)invertible.

r-1p) @

PROOF. 1. If z € T~1(JJ'), then there exist n €N, t €T, ai,...,a, € J and d},...,a!, € J' such
that

1« " a; b;
== abj=) —— (T INTT).
t ;a i=1 t1 )< )
Conversely, if z € (T1J)(T~1J'), then
= a; a; ’ / / . = /
= T where a; € J, a; € J and t;,t; € T forall i€ [l,n], and wesett= Htiti'
il

i=1

Zaz a;, where af = (H t]-t;)ai € J forall i€[l,n],
=1
i
and therefore z € T~1(J.J').
If z € T7'J7!, then z = %, where wJ C D and t € T. Then 2(T"'J) ¢ T-'uJ C T7'D,
and therefore z € ( 1J)[ “ip “1p]-

Assume now that J = p(ai,...,a,) and z € (T 1J)[ Since
T7D = r-1play,...,a,), weobtain za; € T~1D for all i € [1,n], and therefore there exist cy,...,¢, € D
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and t € T such that za; = ¢ for all i € [1,n], and thus tza; € D for all 4 € [1,n]. Thus we obtain
tzJCD, tze J ' and z = th eT gL

2. Let J be invertible. Then (T-'J)(T-'J~1) = T=Y(JJ~') = T7!D, and therefore T7'J is
T~!D-invertible. |

Theorem 2.1.9. Let R be a commutative ring and M an R-module.

1. If w € M, then x = 0 if and only if T = % € M, for all p € max(R). In particular, M = 0 if
and only if M, =0 for all p € spec(R).

2. Let f: M — N be an R-module homomorphism. Then f is a monomorphism [ an epimorphism,
an isomorphism| if and only if, for all p € max(R), f,: M, — N, is a monomorphism [an
epimorphism, an isomorphism].

3. Let R be a domain, K = q(R), V a K-vector space and M C V an R-submodule. Then
M Cc T=*M CV for all multiplicatively closed subset T C R®, and

M= () M.
pEmax(R)

PRrOOF. 1. Clearly, z = 0 implies £ = 2 € p for all p € max(R). If z # 0, then a = Anng(z) C R,
and there exists some p € max(R) such that a C p. Hence sz # 0 for all s € R\ p, and § # % € Ry.
2. If p € max(R), then Ker(f,) = Ker(f), and Im(f,) =Im(f),. Hence the assertion follows by 1.
3. Since Anng(z) = 0 for all z € M*, it follows that M C T-'M C T~V =V, since T C K*. By

definition

M Cc M = ﬂ M, and M C M, forall p € max(R).
pEmax(R)
Hence M, = M, and therefore (M /M), = M,/M, = 0 for all p € max(R). Hence M/M = 0 and
M =M. ]

2.2. Valuation domains and Priifer domains

Throughout, let D be a domain and K = q(D).

Definitions and Remarks. Let I' = (', 4+) be an additive abelian group.

1. Let < be a total ordering of I'. Then T' = (T, <) is called an ordered abelian group if a <b
implies a +¢c<b+c foralla, b, ceT.
If T is a totally ordered abelian group, then I is torsion-free. Indeed, if v € I' and n € N, then
ny>y>0ify>0,and ny <y <0ify<0.
Assume that I'sy has no smallest element. If v € I'sg and n € N, then there exists some
6 € I'sg such that nd < . Indeed, this is obvious for n = 1, and we use induction on n.
Suppose that n > 2, let §; € I's¢ be such that (n — 1)d; < v, and let § € I's¢ be such that
0 <min{d1,y—(n—1)41}. Thennd=(n—1)0+5 < (n—1)d1 +0 < .
For an ordered abelian group we consider the extension I' U {oco}, where co ¢ T', v < oo and
7400 =00 forall y € T'U{oc0}.
2. Let K be a field and T" an ordered abelian group. A waluation of K with wvalue group T' is a
surjective map v: K — I'U{oo} such that the following assertions hold for all z, y € K :
e v(x) =00 if and only if = =0.
* v(zy) = v(z) +v(y).
e v(@+y) > minfo(@), v(y)}.
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A discrete valuation is a valuation with value group Z.

If v: K = TU{oo} is a valuation, then v|K*: K* — T is a group epimorphism.

If x € p(K), then v(x) = 0. Indeed, if v € p(K), n € Nand 2" = 1, then 0 = v(z") = nv(z),
and thus v(z) = 0. In particular, v(—1) = 0 and v(—2) = v(-1) + v(z) = v(z) for all z € K.

If 2,y € K and v(z) # v(y), then v(z + y) = min{v(z), v(y)}. Indeed, let v(z) < v(y).
Then v(z) = v(z +y+ (—y)) > min{v(z + y), v(—y)} > min{v(z),v(y)} = v(x), and therefore
min{v(z + y),v(y)} = v(z) < v(y), which implies v(x + y) = v(x).

3. Let v: K — I'U {co} be a valuation with value group I', O, = {& € K | v(z) > 0} and
m, = {z € K | v(z) > 0}. Then is is easily checked that O, is a local domain with maximal
ideal m,,, O, \m, = {z € K | v(z) = 0} = O = Ker(v|K*), q(O,) = K, and v induces
an isomorphism v*: KX /O = I'. Moreover, m, is a principal ideal if and only if T's( has a
smallest element. O, is called the valuation ring and m, is called the wvaluation ideal of v.

4. D is called a wvaluation domain if D = O, for some valuation v of K, and D is called a discrete
valuation domain or dv-domain if D = O, for some discrete valuation v of K.

5. Let vg: D®* — I'sg be a surjective map such that the following assertions hold for all x, y € D:
o vo(x) =00 if and only if = =0.
* vo(zy) = vo(x) + vo(y).
e vo(z +y) = min{ve(z), vo(y)}-
Then there exists a unique valuation v: K — T'U {oo} such that v|D® = vy. In particular,
there exists a unique discrete valuation w: K (X)) — ZU{oo} such that w|K [X] = ord. Every
f € K(X))* has a unique representation f = X“)f, where fy € K [X]*, and O, = K [X].

Theorem 2.2.1.
1. The following assertions are equivalent:
(a) D is a valuation domain.
(b) D is local, and every finitely generated ideal of D is a principal ideal.
(¢) Foralla,be D, either a € bD or b€ aD.
(d) For allx € K*, either z € D or z~! € D.
)

(e) For all D-submodules A, B C K, either A C B or B C A. In particular, the set of
D-submodules of K is a chain with respect to C.

(f) Foralla,be K, either a € bD or b€ aD.
2. Let D be a valuation domain.
(a) Let D C E C K be a domain. Then E is a valuation domain, and if m = E\ E* is its
magzimal ideal, then p =mN D € spec(D), and D = D,.
(b) If p € spec(D), then D/p is a valuation domain.

o

ProoF. 1.(a) = (b) Let v be a valuation of K such that D = O,. Then D is local with maximal
ideal m = m, = D\ D*. Let a = p{aj,...,a,) C D be a finitely generated ideal. After renumbering
if necessary, we may assume that v(a1) < v(az) < ... < v(a,) < oco. For all i € [2,n], it follows that
v(ay a;) = —v(a1) +v(a;) > 0, hence aj'a; € D and a; € a;D. Thus we obtain a = a1 D.

(b) = (c) We may assume that a, b € D*. Then (a,b) = aD + bD = dD for some d € D*. Since
a € dD and b € dD, we get d~ta, d"'b € D, and p(d—ta,d 'b) = D. Hence there exist u, v € D such
that 1 = d~'au + d~'bv, and therefore d"'a and d~'b cannot both lie in the maximal ideal of D. If
d~'a € D*, then Da = Dd = Da + Db D Db. Similarly, if d~'b € DX, then Db D Da.

(c) = (d) Suppose that z = a=*b € K*, where a, b € D*. If b € aD, then x € D, and if a € bD,
then 27! € D.

(d) = (e) Let A, B C K be D-submodules, A ¢ B and a € A\ B. Then it follows that B C A.
Indeed, if b € B®, then bD C B, hence a ¢ bD and b~'a ¢ D, which implies a='b € D and b € aD C A.
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(e) = (f) Obvious.

(f) = (a) Let I' = K*/D*, written additively, that is aD* BbD* = abD* for all a, b € K*.
Define < onI' by aD* < bD* if bD C aD, and note that aD* = bD* if and only if aD = bD. By (f), <
is a total ordering on T', and obviously (T, <) is an ordered abelian group with Op = D*. Now we define
v: K > T U{oo} by v(a) =aD* if a € K*, and v(0) = co. We assert that v is a valuation. Indeed, if
a, b € K, then v(ab) = v(a)Buv(b) by the very definition of HH. For the proof of v(a+b) > min{v(a),v(b)}
we may assume that a, b, a +b € K* and v(a) < v(b). Then bD C aD, hence (a + b)D C aD, and
via+b) =(a+b)D* >aD* =v(a). If a € K*, then v(a) =aD* > 0p = D* if and only if a € D, and
therefore D = O,.

2. (a) If x € K\ E, then z ¢ D, and thus z7! € D C E. Hence F is a valuation domain, and if
m is its maximal ideal, then p = m N D € spec(D), and D\ p C E\ m = E*, which implies D, C E.
Suppose that there is some z € E'\ Dy. Then z ¢ D, hence 2= € D, and therefore 27! € E*. Since
z=(z71)"1 ¢ Dy, it follows that 2~! € p C m, a contradiction.

(b) Let p € spec(D). As the ideals of D form a chain, the same holds true for the ideals of D/p, and
thus D/p is a valuation domain. O

Theorem 2.2.2. Let p € spec(D) and L D K an extension field. Then there exists a valuation
domain V' C L with mazimal ideal m such that L =q(V) and mN D =p.

PROOF. The proof depends on the following Lemma.

L. Let R C S be commutative rings, u € S* and a C R an ideal. Then a survives in R[u] or in
R[u~1], that means, either aR[u] C R[u] or aR[u"!] C Rlu~!].

We first prove the Theorem using L. Let €} be the set of all intermediate domains R, C S C L
satisfying pS # S. The R, € 2, and we assert that the union of every chain in €2 belongs to €. Indeed,
let ¥ C Q be a chain and S* = JX. Then R, C S* C L is an intermediate domain, and we assume
that, contrary to our assertion, pS* = S*. Then there exist m € N, a1,...,a,n, € p and z1,...,T, € S*
such that a;z1 + ... + apmxy, = 1. Since X is a chain, there exists some S € X such that z; € S for all
J € [1,m], whence pS = S, a contradiction.

By Zorn’s Lemma, 2 possesses a maximal element V. We assert that V is a valuation domain, and
q(V) = L, and we prove that, for every x € L*, either z € V or 271 € V. Let € L*. Since pV # V,
L implies pV[z] # V[z] or pV[z~!] # V[z™!], and thus V[z] € Q or V[z71] € Q. As V was a maximal
element in €, this yields * € V or 7! € V. Let m be the maximal ideal of V. Then pV C m, and
therefore pD, C mN D, C Dy. HencemN Dy, =pDp,and mND=mND,ND=pD,ND =p.

Proof of L. We assert that every z € aR[u| has a representation in the form

n

Z:Zaiui, where n €N and ay,...,a, € a.
i=0
Indeed, if z € aR[u], then
m
z:chxj, where meN, ¢1,...,¢n €a and zy,...,2, € Ru].

j=1

For all j € [1,m)],
n
;= ijﬂ-ui, where n €N and bjq,...,0;, € R.
i=0

Hence it follows that

n

m
z = E a;u', where a; = E cibj; € a.
i=0 j=1
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Assume now that, contrary to our assertion, aR[u] = R[u] and aR[u~!] = R[u"!]. Then there exist
relations

lfzalu beu I, where m,neN and ai,...,an, b1,...,bm € a.

=0

Among all these relations we choose one, for which m + n is minimal, and we assume that m < n
(otherwise we interchange m and n). Then we obtain
n—1

(1—=bo)u Zb 4™ and 1—b0—Zall—b0 :Z »(1—b0)ui+anu”_mibjum_j

i=0 j=1
and therefore
n—1
1=1[bo+ ao(l—b)] + Z C;u® for some Cy,...,C,_1 € a,
i=1
contradicting the minimal choice of m + n. O

Remarks (Recapitulation: Integrality). Let R C S be commutative rings.
1. An element z € S is called integral over R if it satisfies one of the following equivalent conditions:
e There exists a monoid polynomial f € R[X]\ R such that f(x) =

e There exist n € N and ao, . ..,a,_1 € R such that 2" +a,_12" 1 +...+a;x+ay =0 (such
a relation is called an integral equation of x over R).

RJz] is a finitely generated R-module.

There exists a finitely generated R-module M C S such that xtM C M and, for all g € R[X],

g(x)M = 0 implies g(z) = 0.

2. clg(R) = {z € S| x is integral over R} is called the integral closure of R in S. If clg(R) = S5,
then S is called integral over R, and if clg(R) = R, then R is called integrally closed in S.
cls(R) is a subring of S which is integral over R and integrally closed in S.

3. It T C R is a multiplicatively closed subset, then clp-1g(T *R) = T 'clg(R), and S is integral
over R if and only if S, is integral over R, for all p € max(R).

4. If R C S C S are commutative rings, then S is integral over R if and only if S is integral over S
and S is integral over R.

5. A domain D is called integrally closed if it is integrally closed in K = q(D). Every factorial
domain is integrally closed, and the intersection of any family of integrally closed domains between
D and K is integrally closed. In particular, D is integrally closed if and only if D, is integrally
closed for every p € max(D).

6. Let D be an integrally closed domain, K = q(D) and L/K an algebraic field extension. Then
S = clp (D) is an integrally closed domain, and L = KS = q(S). If z € L and f € K[X] is the
minimal polynomial of x over K, then x € S if and only if f € D[X].

Theorem 2.2.3. Let € the set of all valuation domains V such that D CV C K. Then

clg (D ﬂ V.
Ve

In particular, every valuation domain is integrally closed, and if D is integrally closed, then D is the
intersection of all valuation domains V such that D CV C K.

PROOF. We show first that every valuation domain is integrally closed. Let D be a valuation domain
with maximal ideal m, and assume that z € K\ D is integral over D. Let 2" +a,, 12" '+...+a;x+ag = 0
be an integral equation of  over D. Then 1 = —(a; ', + ... +a; """ Lemit

follows that 1 € m, a contradiction.

+ag™), and since



2.2. VALUATION DOMAINS AND PRUFER DOMAINS 53

Now let D be any domain, €) the set of all valuation domains between D and K, and
D'=(\V>oD.
veQ

Then D’ is an integrally closed domain, and D C clg (D) C clg(D’) = D’. Thus we must prove that
every x € D’ is integral over D. Thus suppose that x € D'.

CASE 1: z7!'D[z7'Y] = D[z7!. Then 1 = 27 (ap + a1~ + ... + a2~ ") for some n € N and
ag, .. .an € D, and therefore "' — a2 —a12" ' —... —a, = 0, which shows that z is integral over D.

CASE 2: z7'D[z7Y] € D[z7!]. Let p € spec(D[z~}]) be such that z=*D[z~1] C p. By Theorem
2.2.2, there exists a valuation domain V with maximal ideal m such that D[z=!] C V € K and m N
D[z7!]=p. Then V € Q, 2! € m and therefore = ¢ V, a contradiction. O

Theorem 2.2.4. Suppose that D # K. Then the following assertions are equivalent:

(a) D is a dv-domain.

(b) D is a noetherian valuation domain.
(¢) D is a local principal ideal domain.
(

d) D is a factorial domain and possesses (up to associates) exactly one prime element.

PROOF. (a) = (b) Let v: K — ZU{oo} be a discrete valuation such that D = O,,. We prove that D
is a principal ideal domain. Let 0 # a < D, n = minwv(a) € Ny and n = v(a), where a € a. Then aD C a,
and we assert that equality holds. Indeed, if = € a, then v(x) > v(a), hence v(a™'z) = —v(a) +v(z) > 0,
and therefore a2 € D, whence = € aD.

(b) = (c) Being a valuation domain, D is local and every finitely generated ideal is principal. By
assumption, D is noetherian and thus every ideal is principal.

(¢) = (d) Since D is a principal ideal domain, it follows that D is factorial and every non-zero prime
ideal is maximal. Hence the maximal ideal pD of D is the unique non-zero prime ideal, and therefore p
is up to associates the only prime element of D.

(d) = (a) Let p be a prime element of D. Then every € K* has a unique representation x = p"u,
where n € Z, u € D*, and we set v(z) = n. We define v(0) = co. Then v: K — Z U {oo} is a discrete
valuation, and D = O,,. O

Theorem and Definition 2.2.5.
1. The following assertions are equivalent:
(a) Ewery finitely generated non-zero ideal of D is invertible.
(b) For all p € spec(D), D, is a valuation domain.
(c) For all p € max(D), D, is a valuation domain.

If these conditions are fulfilled, then D is called a Priifer domain. If D, is a dv-domain for all
0 # p € spec(D), then D is called an almost Dedekind domain.

2. If D is a Priifer domain, then D is integrally closed, and if D is an almost Dedekind domain,
then every non-zero prime ideal is mazimal.

3. Let D be a Priifer domain and D C E C K a domain. Then E is a Prifer domain, and if
q € spec(E), then p = qN D € spec(D), and D, = Ey, and q =pD, N E.

4. Let D be a Prifer domain and p € spec(D). Then D/y is a Prifer domain.

ProOF. 1. (a) = (b) If p € spec(D), then D, is a local domain, and by Theorem 2.2.1.1(b) if
suffices to prove that every finitely generated ideal of D, is principal. Let 0 # A = p, (‘tl—ll, cee ’Z—") C D,
be a finitely generated ideal. If a = p(as,...,a,), then ay = p,(a1,...,a,) = 2A. Hence a # 0, ais
invertible, and thus a is D-projective. Since 2 = a, = D, ®p a, it follows that 2 is Dy-projective by
Theorem 1.2.5.3, and since D, is local, the Corollary to Theorem 2.1.2 implies that 2l is free and thus a

principal ideal.
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(b) = (c¢) Obvious.

(¢) = (a) Let 0 # a be a finitely generated ideal of D, and suppose that a is not invertible. Then
aa~! C D, and thus there is some p € max(D) such that aa=! C p. Now Theorem 2.1.8 implies
ap(ag) ™t =ap(a™t), = (aa™!), = pp € Dy, and thus a, is not Dp-invertible. However, a, is a finitely
generated ideal of Dy, hence principal and thus Dy-invertible, a contradiction.

2. If D is a Priifer domain, then D, is integrally closed for all p € max(D). Hence D is integrally
closed. If D is an almost Dedekind domain, 0 # p € spec(D) and m € max(D) such that p C m, then
0 # pDy C mDy, are prime ideals. As Dy, is a dv-domain, it follows that pDy, = mD,, and therefore
p = m is maximal.

3. If q € spec(E), then p = qN D € spec(D), and D\ p C E\ q implies D, C E,. Since D, is a
valuation domain, Theorem 2.2.1.2 implies that E, is a valuation domain, qEq N D, € spec(Dy), and
Ey = (Dp)qe,np,- In particular, £ is a Priifer domain. Since qEq N Dy, N D =qND =p =pD, N D,
it follows that qFEq N D, = pD,, and therefore Eq = (Dy)yp, = Dyp. Hence pD, = qFE,, and therefore
qg=pD,NE.

4. If 9 € spec(D/p), then Q = q/p for some prime ideal q € spec(D) such that p C g, and
(D/p)a = (D/p)q = Dq/pq is a valuation domain by Theorem 2.2.1. O

Theorem and Definition 2.2.6. The following assertions are equivalent:
(a) D is a noetherian Prifer domain.
(b) D is noetherian, and for all 0 # p € spec(D), D, is a dv-domain.
(¢) D is noetherian, integrally closed, and every non-zero prime ideal is mazimal.

(d) Ewvery non-zero ideal of D is invertible.

If these conditions are fulfilled, then D is called a Dedekind domain.

PRrROOF. (a) = (b) If 0 # spec(D), then D, # K is a noetherian valuation domain and thus a
dv-domain.

(b) = (a) Obvious.

(a) and (b) = (c) Since D is a Priifer domain, it is integrally closed. By (b), D is an almost
Dedekind domain, and thus every non-zero prime ideal is maximal.

(¢) = (d) It suffices to prove the following assertions: If 0 # a < D, then

a. There exist » € N and py,...,p, € max(D) such that py -...-p, C a.

b. If p € max(D), then a C ap~ 1.

Suppose that a. and b. hold, and not every non-zero ideal of D is invertible. Let a be maximal
among not invertible ideals and p € max(D) such that a C p. Then a C ap~* C pp~! C D by b. Hence
ap~! is invertible, and there exists a fractional ideal b such that ap~'b = D. Hence p~'b C a~!, and
D =ap~'b Caa! C D implies aa~! = D, a contradiction.

Proof of a. Assume the contrary. Then there exists a maximal non-zero ideal a C D which does not
contain a product of maximal ideal. Since every non-zero prime ideal is maximal, a is not a prime ideal,
and there exist x, y, € D\ a such that zy € a. Then a C a4+ D and a C a+yD, and there exist 7, s € N
and p1,...Pr, q1,...,qs € max(D) such that p;-...-p. Ca+aD and g1 ... - qs C a+ yD. It follows
that p1-...-prq1-...-qs C (a+2aD)(a+yD) C a+ zyD = a, a contradiction. Ola.]

Proof of b. Since D C p~!, we obtain a C ap~!, and we assume that, contrary to our assertion,
a=ap !. If x € p~!, then za C a, hence z is integral over D, and therefore x € D. Thus we obtain
p~! = D. Suppose that 0 # a € p, and let 7 € N be minimal such that there exist py,...,p, € max(D)

satisfying p1-...-p, C aD Cp (such an r exists by a.). There exist some ¢ € [1,7] such that p; C p, say
¢ = 1. Hence p = p1, and by the minimal choice of r there exists some b € ps-...-p, \ aD. In particular,
a™'b¢ D and bp C aD, hence a~'bp C D, and therefore a='b € p~* \ D. Ofb.]

(d) = (a) Obvious, since every invertible ideal is finitely generated. O
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2.3. Integer-valued polynomials

Throughout, let D be a domain and K = q(D).

Definition. The domain
Int(D) = {f € K[X] | f(D) c D}
is called the domain of integer-valued polynomials over D, and for an ideal a C D, we set
Int(D,a) ={f € K[X]| f(D) Ca}.
Then D[X] C Int(D) C K[X], Int(D)NK = D, Int(D,a) C Int(D) is an ideal, and Int(D,a)N K = a.

Theorem 2.3.1. Let T' C D*® be a multiplicatively closed subset.
1. If f € K[X], then T~'p(f(D)) = r-1p{(f(T~1D)).
2. T7'Int(D) C Int(T~'D), and if D is noetherian, then equality holds.

PROOF. 1. If f € K[X], then obviously f(D) C f(T~'D) C 7_1p{(f(T~'D), and therefore it follows
that T~ 1p(f(D)) C 7—1p{f(T~1D). Hence it suffices to prove that f(T-1D) Cc T-'p(f(D)), and we
use induction on n = deg(f). If f is constant, there is nothing to do. Thus suppose that n > 0 and
the assertion holds for all polynomials of smaller degree. Suppose that a € D, t € T, and consider
the polynomial g = t"f — f(tX) € K[X]. Then deg(g) < n, and by the induction hypothesis we get
g(T7'D) c T-'p(g(D)y C T~1p(f(D)). Hence it follows that

vf(3) =9(5) +f(@) € gT7'D) + (D) CT'p(f(D)), andthus f(3) € T p(f(D)).

2. 1If f € Int(D) and t € T, then (t"f)(T~1D) C p-1p(f(T~1D)) = T-1p(f(D)) € T~'D by 1.,
and therefore ¢t~1f € Int(T~1D).

Let now D be noetherian, f € Int(7~!D) and C C K the D-module generated by the coefficients
of f. Then p(f(D)) C T~'DNC is a finitely generated submodule of T~1D, and therefore there exists
some t € T such that tf(D) C D, hence tf € Int(D) and f € T~ 'Int(D). O

Theorem 2.3.2.
1. Let f € K[X], deg(f) =n €N and ag,...,a, € D such that f(a;) € D for alli € [0,n]. If
d= H (a; —a;), then df € D[X].
0<i<j<n
2. Let p € spec(D) be a prime ideal such that D/p is infinite. Then Int(D), = Int(D,) = D,[X].
3. Let Q C spec(D) be a set of prime ideals such that |D/p| = oo for all p € .
Then D= (D, implies Int(D)=D[X].
peQ

Proor. 1. If
f= Z c, X", then Zc,,a? = f(a;) forall i€ [0,n], and d=det(a);vepn -
v=0 v=0

By Cramer’s rule, it follows that dc, € D for all v € [0,n], and thus df € D[X].

2. It suffices to prove that Int(D) C D,[X].

Indeed, then D[X] C Int(D) C Dy[X] implies Dy[X] = D[X], C Int(D), C D,[X] and thus
Int(D), = Dy[X] C Int(D,). Now we replace (D,p) by (Dy,pD,) and observe that (Dy),p, = D, and
D, /pD, = q(D/p) is infinite. Hence we get Int(D,) C D,[X] and are done.
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Thus let f € Int(D) and n = deg(f) € N. Then there exist ag,...,a, € Dsuch that a; —a; ¢ p for
all 4, j € [0,n] such that i # j. Then

d= H (ai_aj)eD\pv

0<i<j<n
df € DIX] by 1., and thus f € D,[X].
3. By 2., it follows that
Int(D) € (1] Dy[X] = DIX]. 0
peQ

Theorem and Definition 2.3.3. An ideal a C D is called a conductor ideal if a = xD N D for
some x € K*. By definition, every principal ideal is a conductor ideal.

1. If t€ K, thenxDND =D if and only if x #0 and = € D.

2. Let a C© D be an ideal which is mazimal among proper conductor ideals. Then a is a prime ideal.
3. If a € D is a conductor ideal such that D/a is finite, then D[X] C Int(D).
4

. If D is noetherian and D[X] C Int(D), then there exists some p € spec(D) such that D/p is
finite and p is a conductor ideal.

5. Let D be a valuation domain with maximal ideal m. Then D[X] C Int(D) if and only if m is
principal and D/m is finite.

Proor. 1. If x € K, then D N D = D if and only if D C xD, and this is equivalent to z # 0 and
xtez 'DcCD.

2. Suppose that a = 2D N D for some © € K*. Let a, b € D® be such that ab € a and a ¢ a. Since
aCaD Cb'zD and a € b~ta C b~'aD, it follows that a C a+ aD C b~'zD N D. By the maximality
of a, we obtain b~'2D = D, hence D = bD, and b € 2D = a.

3. Let a € D be a conductor ideal such that D/a is finite, and let € K* be such that a = 2D N D.
Let {uy,...,u,} C D be a set of representatives for D/a, and set f=2"3(X —uy)-...- (X —u,) € K[X].
Then f(D) C 27 'a C D, hence f € Int(D), and a C D implies 2! ¢ D and therefore f ¢ D[X].

4. Let D be noetherian and f € Int(D)\ D[X]. Then f has a coefficient = € K\ D, and the conductor
ideal =D N D is contained in a maximal conductor ideal p which is a prime ideal ideal by 2. We assert
that D/p is finite. Assume the contrary. Then Int(D) C D,[X] by Theorem 2.3.2.2, and therefore there
exists some t € D \ p such that tf € D[X]. In particular, it follows that tz € D and t € 27D N D = p,
a contradiction.

5. If m is principal and D/m is finite, then D[X] C Int(D) by 3. If |[D/m| = oo, then Theorem
2.3.2.2 implies Int(D) C Dyn[X] = D[X]. Thus suppose that m is not principal, and yet there is some
f €Int(D)\ D[X]. Let v: K — I'U{cco} be the valuation defining D, E the set of all coefficients of f
and min{v(c) | ¢ € E} = —v, where v € I'sg. Since m is not principal, I's¢ has no smallest element, and
thus there exist ag,...,a, € m such that v(agp),...,v(a,) are distinct, and (Z)v(ai) <« for all ¢ € [0,n].

If d= a; —a;), then df € D[X]| by Theorem 2.3.2.1,
J

1<i<j<n
hence v(ed) = v(c) +v(d) > 0 for all ¢ € E, and therefore v(d) > . On the other hand,
v(d) = Z v(a; —a;) = Z min{v(a;), v(a;)} <7, a contradiction. O
1<i<j<n 1<i<j<n

Theorem 2.3.4. Let B € spec(Int(D)) be such that PN D =m € max(D) is principal and D/m is
finite. Then P € max(Int(D)), Int(D,m) C P, and the inclusion D — Int(D) induces an isomorphism
D/m = Int(D)/B  (we identify).
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PROOF. Let m = ¢tD and {uq,...,u,} be a set of representatives of D/m. If f € Int(D,m), then
f(D) C tD, hence f € tInt(D) = mInt(D) C B, and thus Int(D, m) C P. For every f € Int(D), we have
[1( = w) € (D, m) < 3,

i=1
hence f —u; € P for some i € [1,r], and therefore Int(D)/P = {u1 +PB,...,u, + P} O

Remarks (Topology of discrete valuation domains). Let D be a dv-domain, v: K — Z U {oco} the
defining valuation of K and ¢ € K such that v(t) = 1.

1. D={x € K|v(zx) >0}, and m =tD = {z € K | v(z) > 0} is the unique maximal ideal of D.
Every z € K* has a unique representation z = t*u, where k € Z and v € D* (in fact, k = v(2)).
In particular, D is factorial, and (up to associates) ¢ is the unique prime element of D.

2. Fix some p € (0,1), and let |-| =]|-|,,: K — R>( the absolute value with basis p associated
with v, defined by |a| = p*(®) for all a € K (where p> = 0). Then |K| = (p) U {0}, and the map
d: Kx K — Rsq, defined by d(z,y) = |z — y| = p*®¥) is a metric. The topology induced on
K by d is called the v-topology. If a € K and n € N, then

a+m"=a+t"D={xe K|v(x—a)>n}={xe K|dz,a) <p"}
={zeK|vw—a)>n—1}={z e K|d(x,a)<p"'}.

Hence {a+m" | n € N} is a fundamental system of neighborhoods of a, and the v-topolgy does
not depend on p. Since ‘|x| — |y|’ <l|z—y|forallz,y € K, then map |-|: K — (p)U{0} — R
is uniformly continuous, and therefore the sets a + m” for a € K and n € Ny are clopen.

We endow ZU{oo} with the topology induced by the extended real line R = RU{—00, oc}. Then
{a} is open for every a € Z, and the sets N, = {g € N | g > n} for n € N are a fundamental
system of neighborhoods of co. The map 6: Z U {oo} — (p) U {oo} is a homeomorphism, and
therefore v =0"1o|-|: K — Z U {oo} is continuous.

Let (z5,)n>0 be a sequence in K and z € K. Then (zy)n>0 — @ if and only if (|z, —2|)n>0 — 0
if and only if (v(z, — 2))n>0 — o0, and then either (x,),>0 — 0 and v(x,),>0 — 00, or
v(zy) = v(z) for all n > 1. If z, y € K and (y)n>0, (Yn)n>0 are sequences in K such that
(@n)n>0 —  and (Yn)n>0 — ¥, then (zp +yYn)n>0 = +Y, (TpYn)n>0 — 2y, and if z # 0, then
zn #0foralln>> 1, and (x,'),s1 — 2~ !. Hence K is a topological field under the v-topology.

For every n € N, there is an isomorphism D/m = m”/m"*! given by u+m +— t"u +m"T!. By
induction on n, we obtain |D/m"| = |D/m|" for all n € N.

3. A sequence (an)p>o in K is a Cauchy sequence if and only if (v(ant+1 — an))n>0 — 0. Indeed, if
m >n > 0, then

v(am, — ay) = v(i(aj+1 - aj)) > min{v(a;41 —a;) | j € [n,m — 1]} — oco.

Every convergent sequence is a Cauchy sequence, and K is called complete if every Cauchy
sequence in K converges. If (a,)n>0 is a Cauchy sequence, then either (v(an))n>0 — 00 or
(v(an))n>o is ultimately constant, and in any case there exists some ¢ € D® such that ca,, € D
for all n > 0. Then (can)n>0 is also a Cauchy sequence, and (cay)n>0 converges if and only if
(an)n>0 converges. Hence K is complete if and only if every Cauchy sequence in D converges,
and then we call D a complete dv-domain.

4. Let K be complete and (ay)n>0 is a sequence in K. Then

Z an, converges if and only if (an)n>0 — 0.
n>0
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Let R be a set of representatives for D/m = D/tD. Then every a € D has a unique representation
o0
a= z:ant"7 where a, € R for all n > 0.
If R is equipped with the discrete topology, then the map
©: RN — D, defined by ((an)n>0) Z ant”,

is a homeomorphism. In particular, if D/m if finite, then D is compact by Tychonoff’s Theorem.

. A field K with a discrete valuation 9: K — Z U {o0} is called a completion of K if K is

complete, K C K is a dense subficld and v| K =v. Then D= {z € K | 9(z) > 0} is a complete
dv-domain, D is the (topologlcal) closure of D in K, and if ¢ € D is such that v(t) = 1, then
@ = tD is the maximal ideal of D. For every n € N, m" = "D = {x € D | 5(z) > n} is the
(topological) closure of m”, m™ = m™ N D, and the inclusion D < D induces an isomorphism
D/m™ = ﬁ/ﬁ" (we identify these residue class rings). We call D a completion of D.

Every discrete valued field has a completion which is unique up to a unique isomorphism. Exphc—

itly, if (K,) and K,7) are completlons of (K,v), then there is a unique isomorphism ®: K — K
such that ®| K = idg and Uo® = 7.

Definitions and Remarks. Let D be a dv-domain with maximal ideal m =¢D, |D/m| = ¢ € N and

v: K — ZU{oo} the defining valuation. For g € Z, we define ord,(g) = {sup{n € Ny | ¢" | g} € NgU{oo}.

1. A sequence (up)n>0 in D is called well distributed if v(u,, —u,) = ordg(m—n) for all m, n € Ny.

If (un)n>o is well distributed and k& € Ny, then (ug4n)n>0 is also well distributed, and, for every
r € N, the set {u; |i € [k,k+q" —1]} C D is a set of representatives for D/m".

Proof. Let k € Ny and r € N. By the very definition, (¢x4n)n>0 is well distributed. If
i,j € [k,k+q" — 1] and i # j, then 0 < |i — j| < ¢", hence ord,(¢ — j) < r and therefore
v(u; — u;) < r, which implies w; # u; mod m”. Since |[k,k + ¢" — 1]| = ¢" = |D/m"|, it follows
that {u; |4 € [k,k+¢" — 1]} C D is a set of representatives for D/m". O

. Let {ug,...,uq—1} C D be a set of representatives for D/m. For n € N, let

n= Zniqi, where n; € [0,¢—1] forall i >0, and n; =0 for almost all i >0
i=0
be the g-adic digit expansion, and set

o0
Uy = E Up, t" .
i=0

If n;, = 0 for all ¢ > [, then
-1

l
i i U()t
Zumt qumt +t—1 eD.
>0 =0

The sequence (uy, )n>o is well distributed.

Proof. Let m, n € Ng. We must prove that v(u,, —u,) = ordys(m —n), and we may assume that
m # n. Then

o0 oo

m-—-n= Z(TTM — m)qi and Uy, — Uy = Z(ml - ni)ti

i=0 =0
If £ = min{i € Ny | m; # n;}, then m; — n; # mod ¢, and v(um — u,) = k =ordg(m —n). O
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3. For n € Ny, we define
wg(n) = E ordg(n), and we assert that wy(n) = E [%J .
q
=1 k=1

(note that wy(n) =v4(n!) if ¢ € P). For all m, n € Ny, we have wg(m +n) > wg(m) + wg(n).
Proof. For n = 0, there is nothing to do. Suppose that n € N. For k € Ny,

L T;J is the number of integers I € [1,7n] such that ¢* |1,
q

and therefore

n n
o)~ L] =l e unl ford, ) = R,
Hence we obtain

o 0= 34(| 2] - [ )

For z, y € R, we have |z +y| > |z| + |y]. If m, n € Ny, then

i )= 3 = 55 2] 55 ] =

k
q k=1 k=1

Sk ] - = X )

k=1 k=1 k=1

Theorem and Definition 2.3.5. Let D be a dv-domain with mazimal ideal m, |D/m|= ¢ < oo,
and let (un)n>0 be a well distributed sequence in D. Forn >0, define

n—1 n—1

n X—Ui
= X —w;) € DIX] and f,= = e K[X =1).
o= [JX -y € D) and fu= s = [T £— € KX (fo=1)

1. For allx € D and n € N we have v(gn(x)) > v(gn(un)) = ordg(n!).
2. Int(D) is a free D-module with basis (fn)n>0-
(fn)n>o0 is called the regular basis associated with the well distributed sequence (uy)n>0-

3. Let f € Int(D), deg(f) < ¢" for some h € N and a, b€ D. Thenv(f(a)—f(b)) > v(a—b)—h+1.
In particular, f is uniformly continuous on D.

PROOF. 1. Let € D, n € N, and assume first that « ¢ {ug,...,u,—1}. Then g,(x) # 0, we set
v(gn(z)) = s € Ng and let m € N be such that u,, = x mod m**t. Then g, (um) — gn(x) = (up, — z)h(x)
for some h € D[X], which implies v(gn(tm) — gn(x)) > v(um —x) > s = v(gn(z)), hence v(gn(um)) = s
and thus m > n. Now we calculate

S
|
—

0(00(@) = (g () = 3 0t — ) = 3 ordy(m — k)
k=0

m—n

ord, (k) — 3 ordy (k) = w(m) — wq(m — n) > wq(n)
0 k=0

(1= 1]

e
I

with equality if m = n. In particular, it follows that v(g,(z)) > v(gn(un)) = wg(n), and obviously this
also holds for x € {ug, ..., u,—1} since then g,(x) = 0.

2. By 1. we obtain v(f(z)) = v(gn(x)) — v(gn(u,)) > 0 for all € D, hence f,(D) C D and thus
fn € Int(D). Since deg(f,) = n, it follows that (f,)n>0 is a K-basis of K[X]. If f € Int(D), then

f= Z ¢nfn, where ¢, € K foralln >0, and ¢, =0 for almost all n > 0,
n>0
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and prove by induction on n that ¢, € D for all n > 0. Thus suppose that n > 0 and ¢; € D for all
i € [0,n —1]. Then

n—1 00
g = f - Zczfz = Zcifi € Int(D)v and g(un) = Cnfn(un) =c,€D.
=0 i=n

3. We assume that up = 0, and we set ¢ = f(b+ X) — f(b) and d = a —b. Then g € Int(D),
deg(g) = deg(f) < ¢" and f(a) — f(b) = g(d). Hence we must prove that v(g(d)) > v(d) —h+ 1. By 2.,

g= chfn, where ¢, € D for all n >0, and ¢, =0 for all n > ¢".
n=0
Then ¢y = g(uo) = g(0) = 0, and therefore v(g(d)) > min{v(f,(d)) | n € [1,¢" — 1] }. Hence it suffices to
prove that v(f,(d)) > v(d) —h+1for all n € [1,¢" —1]. If n € [1,¢" — 1], then

n—1 n—1
d— (173 d d— (7
n(d) = = — .
Since (uit1)i>0 is a well distributed sequence, it follows by 1. that

n—1
fo = H X uil € Int(D), and therefore v(fn(d)) = v(d) — v(un) + v(frn(d)) > v(d) — v(up) .
Since v(uy,) = v(uy — ug) = ordy(n) < h — 1, the assertion follows. O

Theorem 2.3.6 (Stone-Weierstrass Theorem for integer-valued polynomials). Let D be a dv-domain
with mazimal ideal m = tD and |D/m| = q < 0o. Let D be a completion of D, @ = tD its mazimal ideal
and U the defining valuation of D. Let p: D — D a continuous function and k € N. Then there exists
some f € Int(D) such that v(p(z) — f(z)) >k for all z € D.

PROOF. We first prove the following two assertions.
A. There exists some h € N with the following property: If N = ¢" — 1, {ug,...,uny} C D is a

set of representatives for D/m" = D/@", and U; = u; + @" for all i € [0, N], then there exist
co,-.-,cn € D such that

(<p - ZcilﬁJ(m) em forall zeD.

B. Let heN, N=¢"—1, ue D and U = u+ m". Then there exists some f € Int(D) such that
(15— f)(x) em forall z € D.

Proof of A. Since Dis compact, it follows that ¢ is uniformly continuous, and therefore there exists
some h € N such that, for all z, y € D, U(x —1y) > h implies ¢(z) — p(y) € m. Set now N = ¢" — 1, and
let {uo,...,un} C D be a set of representatives for D/m" = D/@". For i € [0,N], set U; = u; + @,
and let ¢; € D be such that o(u;) —¢; € @. If 2 € U;, then & — u; € ", hence o(x) — ¢(u;) € @, and
therefore p(z) — ¢; = p(x) — p(u;) + ¢(u;) — ¢; € m. Since

B:

T =

N
+ U;, it follows that (<p - Z cila_)(x) em forall zeD. O[A]
=0

=0

Proof of B. Let v = U|D, (u;)i>0 a well distributed sequence in D and (f,)n>0 the associated
regular basis. For i € [0, N], set U; = u; + m”. Then
N N
D= L—Ij U;, and therefore f, = Z fnly, forall n>0.
i=0 1=0
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Assume not that n € [0, N]. Then deg(f,) < ¢", and therefore v(f,(z) — fn(y)) > v(z —y) —h +1 for
all z, y € D. In particular, if ¢ € [0, N] and « € U;, then v(xz —u;) > h, and therefore f,,(x) — fn(u;) € m.
It follows that the function
N
Un=fo— Y falui)ly,: D — D satisfies ¢n(x) €m forall z € D.
i=0
We gather these equations for n € [0, N] into a matrix equation

(f(), . fN) = (].UO, ceey ]-UN)T + (wo, .. ,’lﬁN) , where T = (fn(ui))n’ie[o’]v] S MN+1(D) .
Since fp(u;) =0if i <n and f,(u,) =1, it follows that T € GL, (D), and we obtain

(1UO7"'71UN) = (fo,...,fN)T_l+(’(r/\J'0,...,’(,/\)'N)7 Where (1;0,,’(/;?\7) = —(lﬂo,...,wN)T_l,

and ¢;: D — D satisfy ¢;(D) C m for all i € [0,N]. In particular, for every i € [0, N] we obtain
1y, = g; + t; for some g; € Int(D).

After these preparations, we can do the proof of B. If U = u + m", then there is some i € [0, N]
such that U = U;. Then U = u + @" is the (topological) closure of U, U = U N D, and there exists
some f € Int(D) such that (1y — f)(z) = (15 — f)(z) € m for all z € D. Since U c D is clopen, its
characteristic function 15 is continuous. Hence 15 — f: D — D is continuous, and (1 = /)(D) Cm
implies (15 — £)(D) C . 0O[B|

Now we prove the Theorem by induction on k. We must prove that for all k& € N, there exists some
f € Int(D) such that ¢ — f = t*¢ for some continuos function ) : D — D.

k=1: By A, there exist h, N €N, ¢q,....cy € D and ug,...,uy € D such that, if U; = u; + m"
for all i € [0, N], then

( chU) cm forall zeD.

For every i € [0, N], B implies that there exists some g; € Int(D) such that (15 — g;)(x) € m for all
z € D. Then

f= icigi € Int(D), and (p—f)(x ( ch ) (

and therefore ¢ — f =ty for some continuous function : D—

k>1 k — k+1: Let f € Int(D) be such that ¢ — f = tkz/) for some continuous function
P D — D. Let f1 € Int(D) be such that ¥ — fi = ti; for some continuous function ) : D — D. Then
[+t f et(D), and @ — (f + " fr) =t — f1) =t 14y

ci(1g, —gi> (z)em forall z€D,

> 1Mz

Corollary. Let D be a dv-domain with maximal ideal m such that D/m is finite. Let D be a com-
pletion of D and v the defining valuation of D. Letr € N, ny,...,n,. € Z and Uy,...,U, C D disjoint
clopen subsets such that

s L—lj -
i=1

Then there exists some f € K[X] such that v(f(z)) =n; for alli € [1,7] and x € U;, and even f € Int(D)
provided that n; > 0 for all i € [1,7].

PROOF. Let ¢ € D be such that 3(t) = 1, and assume first that n; > 0 for all i € [1,7]. Let ¢: D — D
be the locally constant function defined by ¢(x) = t™ if ¢ € [1,r] and = € U;. Then ¢ is continuous.
Suppose that n € N, n > max{ny,...,n,}, and let f € Int(D) such that (f(z) — ¢(x)) > n for all
z € D. Then it follows that 9(f(z)) = n; for all i € [1,r] and = € U;.
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If ny,...,n,. € Z are arbitrary, let m € N be such that m +n; > 0 for all i« € [1,r], and let
f1 € Int(D) be such that v(f1(z)) = m+mn; for all ¢ € [1,7] and « € U;. Then f =t~ f; € K[X] fulfills
our requirements. O

Theorem 2.3.7. Let D be a dv-domain with maximal ideal m such that D/m is finite. Let Dbea
completion of D and m the mazimal ideal of D.

1. For a € D, let M, = {f € Int(D) | f(a) € @}. Then M, € max(Int(D)) is not finitely
generated, M, ND =m, Int(D,m) CM,, Int(D)/M, = D/m, and the map

D — {Pespec(Int(D)) [ PND=m}, a — My,
is bijective.
2. For an irreducible monic polynomial g € K[X], let B, = gK[X]|NInt(D). Then the map
0: {g € K[X] | g monic and irreducible} — {P € spec(Int(D)) | B #0, PN D =0},

defined by ©(g) = Py, is bijective. If g € K[X] is monic and irreducible and o € ﬁ, then
By C M, if and only if g(a) = 0.

PROOF. 1. Let ¢ = |D/m| and ¥ be the defining valuation of D. By definition, M, € spec(Int(D)),
and M, N D = m is principal. By Theorem 2.3.4 we obtain 9, € max(Int(D)), Int(D,m) C M, and
Int(D)/M, = D/m.

Ifa pe D and « # [3, then there exists a continuous function : D — D such that p(a) =0
and ¢(3) = 1. Let f € Int(D) be such that o(f(z) — ¢(z)) > 1 for all z € D. Then f(a) € @ and
f(B) € 1+m, hence f €M, \ Mg, and thus M, # Mg.

Assume now that, contrary to our assertion, there exists some P € spec(Int(D)) such that PND = m,
hence Int(D,m) C B by Theorem 2.3.4, and P # M, for all « € D. Consequently, for all « € ﬁ, there
exists some function f, € 9B such that f,(a) ¢ m. Since ﬁ\ﬁi is open, there exists a clopen neighborhood

U, of o in D such that f,(z) ¢ @ for all z € U,. Since D is compact, the open covering (U,) _7 has a

a€D
finite iubcovering. Hence there exist open subsets Uy, ...,U,, C D and polynomials fi,..., f,, € P such
that D =U;U...UU,, and fj(z) ¢ m for all j € [1,m] and z € U;. For j € [1,m], we set g; = f;-]_l.
Then g; € B, g;(x) =0 or 1 mod m for all z € D, and gj(z) =1 mod m for all € U;. Now we obtain
gzl—H(l—gj)e‘B, and g(z)—1lem foral zeD.
j=1
Hence it follows that g — 1 € Int(D, m) C 3, a contradiction.

It remains to prove that the ideals 90t, are not finitely generated. Indeed, assume to theAcontrary
that & € D and My = 1m0y (f15---» fm)- Then fj(a) € m for all j € [1,m], and as m C D is open
and f;: D — D is continuous for all j € [1,m], it follows that there is some k € N with the following
property: If 3 € D and 9(8 — a) > k, then f;(3) € m for all j € [1,m], and thus f; € Mgz for all
J € [1,m], a contradiction if 8 # «.

2. Since K[X] = D*~!'Int(D) = Int(D)o, the map

[ € spec(Int(D)) | 1D =0} — spec(K[X]), s PE[X],
is bijective, and its inverse if given by £ — Q N Int(D). Since the map
{9 € K[X] | g monic and irreducible } — spec(K[X])\ {0}, g+ gK[X]
is also bijective, it follows that © is bijective.

Let now g € K[X] be monic and irreducible and o € D. If g(a) = 0, then f(a) = 0 for all
f € Py, and thus P, C M,. Thus suppose that g(c) # 0, let d € D* be such that dg € D[X], and set

3(dg(a)) = n € Ny. Since Bog: D — Ng U {oo} is continuous, there exists some clopen neighborhood
U C D of a such that v(dg(z)) = n for all 2 € U. By the Corollary to Theorem 2.3.6, there exists some



2.3. INTEGER-VALUED POLYNOMIALS 63

h € K[X] such that 5(h(z)) = —n for all z € U, and t(h(z)) = 0 for all z € D\U. Then 9(dg(z)h(z)) = 0
for all € U, and v(dg(x)h(z)) = v(dg(z)) > 0 for all 2 € D\ U. Hence dggh € Int(D), hence dgh € By,
but dgh(a) # 0 and therefore dgh ¢ M. O

Theorem 2.3.8 (Prime ideals of Int(Z)). For a prime p € P, let Z,)y = Zyz the domain of p-
integral rational numbers and Z, = Z/(\p) the domain of p-adic numbers. For p € P and o € Zy, we
set Mpo = {f € Int(Z) | f(a) € pZy}, and for a monic irreducible polynomial g € Q[X], we set
B, = gQIX N Int(Z).

1. For every prime p € P, the map
Z, — {P €spec(lnt(Z)) | BNZ=pZ}, ar M,
is bijective, and the ideals M, o are mazimal and not finitely generated.
2. Then the map
0: {g € Q[X] | g monic and irreducible} — {B € spec(Int(Z)) | P # 0, PNZ =0},
defined by ©(g) =By, is bijective. If g € Q[X] is monic and irreducible, p € P and o € Z,,, then
Py C M, o if and only if g(a) = 0.
3. max(Int(Z)) = {M, o | p € P, a € Z,}, and the minimal non-zero prime ideals of Int(Z) are

the ideals PB4 for monic irreducible polynomials g € Q[X] and the ideals M, o, where p € P and
a € Z, is not algebraic over Q. In particular, dim(Int(Z)) = 2.

PRrOOF. 1. Let p € P. By Theorem 2.3.1, Int(Z) C Int(Z),z = Int(Z,)), and therefore the map

spec(Int(Zy))) — {P € spec(Int(Z)) | BNZ C pZ}, P +— PNInt(Z),
is bijective. If P € spec(Int(Z,))) and P = P N Int(Z), then P = Bpy, and PN Z = pZ if and only if
TN Z(py = pZp)- Hence we obtain a bijective map

{PB € spec(Int(Zy)) | BN Zey) = pZp} — {B € spec(Int(Z)) | BNZ =pZ}, B PNInt(Z).
By Theorem 2.3.7.1, the assignment a — M, o = {f € Int(Z(,) | f(a) € Zy} defines a bijective map
Zyp — {P € spec(Int(Zy) | BN Ze) = pZpy}, and since My, o N Int(Z) = M, o, we obtain a bijective
ma

v Z, — {P espec(Int(Z)) | PNZ=pZ}, ar— Mpy..
The ideals 9, o are not finitely generated and maximal ideals of Int(Z,)). Since M, o = (M.a)(p), the
ideals 9M,, , are likewise not finitely generated maximal ideals of Int(Z).

2. Since Q[X] = Z*~!Int(Z) = Int(Z)o, the map

{B € spec(Int(Z)) | PNZ =0} — spec(QX]), P~ PQIX],
is bijective, and its inverse if given by 9 — Q N Int(Z). Since the map
{g € Q[X] | g monic and irreducible } — spec(Q[X]) \ {0}, ¢ — gQ[X]

is also bijective, it follows that © is bijective.
Assume now that g € Q[X] is monic and irreducible, p € P and « € Z,. Then we obtain

ﬁp’a = {f c Int(Z(p)) | f(()é) € pr} = (mp7a)(p) and ﬁg = gQ[X] N Int(Z(p)) = (%q)(p)
Hence P, C M, o if and only if ﬁg C M, o, and by Theorem 2.3.7 this holds if and only if g(a) = 0.

3. If p e P and a € Z,, then M, , € max(Int(Z)) by 1. If « is algebraic over Q and g € Q[X] is its
minimal polynomial, then B, C M, , by 2., and if o is not algebraic over Q, then M, . is a minimal
non-zero prime ideal of Int(Z). It therefore remains to prove that the ideals 3, for monic and irreducible
g € Q[X] are not maximal.

Thus let g € Q[X] be monic and irreducible. We shall prove that there exist infinitely many primes

p such that g(«) = 0 for some « € Z,, (and then B, C M, »). Let d € N be such that g1 = dg € Z[X],
and let E be the (finite) set of all primes dividing d or the discriminant of g;. If p € P\ E, then the
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residue class polynomial §; = g1 + pZ[X] € F,[X] has no multiple roots. If z € F,, is a root of g, then
Hensel’s Lemma implies that there is some « € Z,, such that g1 (o) = 0, hence g(o) = 0, and a +pZ, = z.
Hence it suffices to prove that the set FF = {p € P\ E | gi(a) € pZ for some a € Z} is infinite. Let
g1=ap+a X +...+a;X? where d € N and ao, ... ,aq € Z. If ag = 0, then g1(p) € pZ for all p € P.
Thus suppose that ag # 0, and let F' be finite. If s > 2 is any product of primes, then there is some
k € N such that g;(aps®) # +ag, and then g;(aps®) = ao(1 + s*b) for some b € Z such that 14 s¥b # +1.
If p€ Pand p|1+ s*b, then pts and yet g;(ags*) € pZ, a contradiction. a

Theorem 2.3.9.

1. Let D be an almost Dedekind domain such that D/m is finite and Int(D)y = Int(Dy) for all
m € max(D). Then Int(D) is a Prifer domain. In particular, if D is a Dedekind domain with
finite residue class fields, then Int(D) is a Prifer domain.

2. If Int(D) is a Prifer domain, then D is an almost Dedekind domain, and D/m is finite for every
non-zero prime ideal of D.

PROOF. 1. We assume first that D is a dv-domain with maximal ideal m such that D/m is finite.

Let D be a completion of D and ¥ the defining valuation of D. We show that every finitely generated
non-zero ideal of Int(D) is invertible. Thus let 0 # 2 C Int(D) be a finitely generated ideal.

CASE 1: AN D # 0. Assume that 2 is not invertible. Then there exists some 2 € max(Int(D))
such that 2 C AA~! C M, and since 0 AN D C MN D, we get M N D = m, and therefore M = M,
for some a € D. Suppose that 2 = p)(f1,..., fr), and let n = min{v(f(a)) | f € A}. Then it follows
that o(fo()) = n for some fo € A, and 3(fi(c)) > n for all i € [1,7]. Since f1,...,fr: D — D are
continuous, there exists a clopen set U C D such that « € U and f;(z) > n for all i € [1,7] and x € U.
By the Corollary to Theorem 2.3.6, there exists some h € K[X] such that v(h(z)) = —n if x € U, and
9(h(z)) =0if z € D\ U. Then 9(f;(z)h(z)) = 3(fi(z)) + 0(h(z)) > 0 for all z € D, hence f;h € Int(D)
for all i € [1,7], and therefore h € 2~L. In particular, foh € AA~L, but v(fo(a)h(a)) = 0 and therefore
Joh & Ma.

CASE 2: 2AN D = 0. Then AK[X] = gK[X] for some g € A\ K, and since U is finitely generated,
there is some d € D*® such that d C gInt(D). Then g~ 1d C Int(D) is a finitely generated ideal, and
d € g 'dANnD. By CASE 1, g~ 'd2 is invertible, and therefore 2 is also invertible.

Now we do the general case. Let D be an almost Dedekind domain such that, for all m € max(D),
D/m is finite and Int(D)y = Int(Dy). We must prove that Int(D)gy is a valuation domain for all
M € max(Int(D)). If M € max(Int(D)), then either MND = 0 or MND = m € max(D). In the
first case, K[X]| C Int(D)gyr. Hence Int(D)gy is a local Priifer domain and thus a valuation domain. In
the second case, Dy, is a dv-domain with finite residue class field Dy /mDy = D/m, hence Int(Dy,) is a
Priifer domain, and therefore Int(D)gy = (Int(D)wm)om,, = Int(Dy)on,, is also a Priifer domain.

2. Let Int(D) be a Priifer domain. The assignment f — f(0) defines an epimorphism Int(D) — D.
Hence D is a Priifer domain. If 0 # p € spec(D), then D, is a valuation domain with maximal ideal
pD, and residue class field D,/pD, = q(D/p). If either D,/pD, is infinite or pD, is not principal,
then Int(Dp) = Dy[X] by Theorem 2.3.3.5. By Theorem 2.3.1, Int(D) C Int(D), C Int(D,) = D,[X],
and thus D,[X] is a Priifer domain, a contradiction. It remains to prove that D, is a principal ideal
domain, and therefore it suffices to prove that pD, is the only non-zero prime ideal. Thus suppose that
0 # q C pD, is a prime ideal of D,. Then q = qD,, for some prime ideal ¢ C D such that 0 # q C p.
But then p/q is an ideal of D/q, which is finite and thus a field. Hence p = q and § = pD,. |



