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CHAPTER 1

Supplements to Field Theory

1.1. Normal field extensions

Definition 1.1.1. Let K be a field, f € K[X]\ K, ¢ € K* the leading coefficient of f and
L D K an extension field. We say that f splits in L if there exist aq,...,a, € L such that
n
f = CH(X - ai) )
i=1
and if L = K(aq,...,ay), then L is called a splitting field of f.

Remark 1.1.2. Let K be a field and f € K[X]\ K. Then f possesses a spitting field, and
for any two splitting fields L, L’ of f there exists a K-isomorphism L = L'.

Proof. Let ¢ € K* be the leading coefficient of f and K an algebraic closure of K. There
exist aq,...,a, € K such that f = ¢(X —aj) ... (X — ), and then L = K(aq,..., )
is a splitting field of f. To prove uniqueness, let L’ be another splitting field of f and L’ an
algebraic closure of L. Since L'/K is algebraic, it follows that L’ is an algebraic closure of K,
and therefore there exists a K-isomorphism ¢: K = L. Let ¢1K[X] — L'[X] be the trivial
extension of ¢ to the polynomial rings. Then

n

f=e1(f) = c[[(X = ()

i=1
Since f splits in L', it follows that ¢(«;) € L' for all i € [1,n], hence L' = K(¢p(a1), ..., d(an)) =
#(L), and p = ¢| L: L = L' is the desired K-isomorphism. O

Theorem and Definition 1.1.3. Let L/K be an algebraic field extension and K O L and
algebrically closed extension field.

1. The following statements are equivalent:
(a) For every K-homomorphism : L — K we have ¢(L) C L.

(b) Every irreducible polynomial f € K[X]\ K which has a zero in L already splits in
L.

If [L: K] < oo, then there is also equivalent:

(¢) L is the splitting field of some polynomial f € K[ X]\ K.
If these conditions are fulfilled, then the extension L/K is called normal. If L/K is
normal and separable, then L/K is called galois.

3



4 1. SUPPLEMENTS TO FIELD THEORY

2. L/K is a finite galois extension if and only if L is the splitting field of a separable
polynomial f € K[X]\ K.

3. The fields ¢(L) for ¢ € Homg (L, K) are called the conjugate fields of L (over K in
K ), and its compositum

I= JI ew=£( U ew)

pcHomg (L,K) pEHomg (L,K)

is called the normal closure of L/K (inside K). If L/K is separable, then L is called
that galois closure of L/K (inside K).

L is the smallest subfield of K such that L C L and E/K is normal. If L/K is
separable, then L/K is galois, and if [L: K| < oo, then [L:K] < occ.

ProoF. 1. (a) = (b) Let f € K[X]\ K be irreduzible, « € L and f(a) = 0. Then

n
f= cH(X —a;), where ¢ € K* is the leading coefficient of f and a = ay,...,a, € K.
i=1

For i € [2,n], let a;: K(a) — K be the unique K-homomorphism such that ¢(a) = «;, and let
¢i: L — K be a homomorphism such that ¢; | K(a) = ¢;. By assumption, we have ¢;(L) C L
and thus a; = ¢i(o;) € L for all i € [2,n]. Hence f splits in L.
(b) = (a) Let ¢: L — K be a K-homomorphism, o € L and f € K[X] the minimal
polynomial of o over K. Then f splits in K, and since f(¢(«)) =0, we obtain p(«) € L
(b) = (c) Since [L: K] < oo, we obtain L = K(ai,...,qm) for some m € N and
ai,...,am € L. For j € [1,m], let f; € K[X] be the minimal polynomial of a; over K,
and f = f1-...- f,. By assumption, every f; splits in L. Hence f splits in L, and as L arises
from K be adjoining zeros of f, it is a splitting field of f.
(¢) = (a) Let L be a splitting field of some f € K[X]\ K, say
n
f :cH(X—aZ-), where ¢ € K* and L = K(aq,...,ay).
i=1

Let ¢ € Homg (L, K) and ¢;: L[X] — K[X] its trivial extension to polynomial rings. Then
n n
F=e1(f) =c][(X = plai)) = ¢ ] [(X — w),
i=1 =1

hence {90(061), ceny Qp(an)} = {alv s ,Oén}, and (P(L) = K(SO(OH)7 ) gD(Oén)) = K(ah SRR Oén) =
L.

2. If L is the splitting field of a separable polynomial, then L/K is separabel and normal,
hence galois. Assume now that L/K is a finite galois extension. By 1., L is the splitting field of
some polynomial f € K[X]\ K. Let f = f{*...- f&*, where r ¢ N, fi,..., fr € K[X]\ K are
distinct irreducible polynomials, and ey, ...,e, € N. Then L = K(C), where C' is the set of all
zeros of f1-...- f.in L. Hence L is the splitting field of f* = f1 -...- f,., each f; is separable,
and thus f* is separable, too.
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3. L/K is normal: Let ¢ € Homg(L,K). If ¢ € Homg(L,K), then it follows that
(L) C L, hence ¢poyp € Homg (L, K), and therefore ¢(p(L)) = pop(L) C L. Consequently,

o(L) = K( U gb(go(L)) C L, and thus L/K is normal.
pE€Homg (L, K

Let now L' C K any subfield such that L C L' and L'/K is normal. For every ¢ € Homy (L,K),
there is some ¢’ € Homg (L', K) such that ¢'| L = ¢, and since ¢'(L') C L', it follows that
¢(L) C L'. Hence

E:K( U @(L)) cr.

p€Homg (L,K)

If L/K is separable and ¢ € Homg (L, K), then ¢(L)/K is separable, say ¢(L) = C,,, where
Cy, C K is a set of separable elements over K. Then it follows that

L= K( U o(L) = K( U C@> is separable over K.

peHomg (L,K) peHomg (L,K)

If L/K is finite, then Homg (L, K) = [L:K]s < [L:K] < oo, and therefore L/K is finite. O

Theorem 1.1.4 (Primitive Element Theorem). Let L/K be a finite field extension, n € N,
and L = K(a1,...,qp), where ag,...,q, are separable over K. Then there exists some o € L
such that L = K(«).

PrOOF. If K is finite, then L is finite. Hence L* is cyclic, and if L* = (w), then L = K(w).

Thus let K be infinite, and proceed by induction on n. For n = 1, there is nothing to do.
Thus suppose that n > 2. By the induction hypothesis, there exists some o« € L such that
K(ay,...,an—1) = K(a), and we set f = ay,. Then L = K(«, 3), [ is separable over K, and
we shall prove that there exists some ¢ € K such that L = K (o + ¢f).

Let K D L be an algebraically closed extension field, let f € K[X] be the minimal polynomial
of @ and g € K[X] the minimal polynomial of 5. Suppose that

s

f=]](X —) e K[X] and g=]](X -3 eK[X],
i=1 j=1

where a = a3, Q9,...,q,, B = (1,02,...,0s, and (1,...,0s are distinct. Since K is infinite,
there exists some ¢ € K such that «; + ¢f; # o+ ¢f for all i € [1,7] and k € [2,s], and we
set 9 = a+ ¢f. Then g(8) =0, f(¥—cB) =0, and § is the unique common zero of g and
f(¥—cX) e K(9)[X], since ¥ — cfr, = a+cfB—cfi ¢ {a1,...,a,} for all k € [2,s]. since (3 is a
simple zero of g, it follows that X — 5 = ged(g, f(¥ —cX)) € K(9)[X] (note that the ged of two
polyomials can be calculated by the eucidean algorithm). Hence 8 € K(¥), and consequently



6 1. SUPPLEMENTS TO FIELD THEORY
1.2. Roots of unity

Remarks and Definitions 1.2.1. Let K be a commutative ring and n € N.
1. An element ¢ € K is called an n-th root of unity if (" = 1. We denote by pu,(K) the
set of all n-th roots of unity in K. For ¢ € u,(K) and k = k +nZ € Z/nZ, we define
¢* = ¢k If K is a field, then pu,(K) C K* is a cyclic subgroup and |, (K)| divides n.
2. An n-th root of unity ¢ € p,(K) is called primitive if ord(¢) = n. We denote by p (K)
the set of all primitive n-th roots of unity. Then

pn(C) = {2/ | k€ [Ln], (k,n) =1},
and ¢, = e2™/" ig called the normalized primitive n-th root of unity.
Let K be a field. If ¢ € pf (K), then |u,(K)| =n, char(K){n, X" —1¢ K[X]is
separable, yi3(K) = {¢* | € (Z/nZ)*}, and |;(K)| = p(n).
In particular, if K is algebraically closed and char(K) { n, then |u,(K)| = n and
|n(K)| = ¢(n) = [(Z/nZ)].

otomicpoly Theorem and Definition 1.2.2. Let K be a field, K O K and algebraically closed exten-
sion field, n € N, char(K){n and F' the prime ring of K (F =7 if char(K) =0, and F =F,
if char(K)=p>0).

1. If ¢ € ui(K), then K(C) is the splitting field of X™ — 1,
®,, = H (X —¢) e F[X], and X"—1:H<1>d.

Cepy(K) dln
The polynomial ®,, € F[X] is called the n-th cyclotomic polynomial in characteristic
char(K).
2. In characteristic 0, the polynomial ®,, € Z[X] is irreducible.

PRrOOF. 1. By definition,

xt—1= ] &x-9=11 I &x-9=]]%.
éeun(K) dln cepn(K) d|n
ord(£)=d

since, for d|n, pa(K) = {€ € () | ord(€) = d}. T ¢ € pi5(K), then un(EK) = (¢), and
therefore K(() is the splitting field of X™ — 1.

Now we prove ®,, € F[X] by induction on n. Clearly, ®; = X — 1 € F[X]. Suppose that
n >1and &, € F[X] for all d < n. Then

X" -1

B Hd|n ¥
d<n

o, € FIX]
since the polynomial division of monic polynomials can be performed in F[X].

2. Let ¢ € p(C) and f € Q[X] the minimal polynomial of ¢ over Q. Then X™ —1 = fh
for some monic polyomial h € Q[X], and by Gau’ Lemma we obtain f, h € Z[X]. It suffices to
prove :

A. IfpePisaprime, ptn, £ € Cand f(£) =0, then f(&)=0.
B. f(§) =0 for all £ € u*(C).
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Indeed, by B if follows that @, | f, and as f is irreducible, we obtain ®,, = f.

Proof of A. Assume to the contrary that there is some prime p € P such that p { n, and
there is some ¢ € C such that f(§) =0 and f(&P) # 0. Then & and &P are zeros of X™ — 1, and
therefore h(£P) = 0. Hence ¢ is a zero of h(XP), and as f is the minimal polynomial of £, we
obtain h(XP) = fg for some polynomial g € Z[X]| (again by Gaufy’ Lemma). For a polynomial
q € Z[X], let g € F,[X] be the residue class polynomial. Since a? = @ for all a € Z, we obtain
h(XP) = K’ = fg, and therefore ged(f,h) =1 € F,[X]\ Fp. Since X™ —1 = f h, this implies
¥?| X" — 1, a contradition, since X" — T € F,[X] is separable.

Proof of B. Assume the contrary and observe that pu)(C) = {(?| ¢ € N, (¢,n) =1}. Let
g € N be minimal such that (¢,n) = 1 and f(¢?) # 0. By A, ¢ is not a prime, and thus ¢ = rp
for some prime p and r > 2. Then f(¢") =0, and by A also f(¢?) = 0, a contradiction. O

Remarks and Definitions 1.2.3. Let n € N.
1. Q™ C C denotes the splitting field of X™ — 1 over Q. If ¢ € u(C), then Q™ = Q(¢).
Q™ is called the n-th cyclotomic field, [Q™ :Q] = ¢ (n).
2. If a € Q* and «a € C is such that o™ = a, then
n—1
X"—a= ][ X—<¢o)=][(X-C),
¢€pn(C) =0
and Q™ (a) = Q(¢, a) is the splitting field of X™ — a (on account of ambiguity we
usually avoid the notation /a).

1.3. Galois theory

Theorem 1.3.1 (Dedekind’s Independence Theorem). Let K be a field, (M, ) a monoid
and o1,...,0n: H — K* distince monoid homomorphisms. Then (o1,...,0,) € Map(M, K) is
linearly independent over K.

PRrROOF. By induction on n.

n=1: o1 # 0 is linearly independent.

n>2,n—1—n: Let A\,..., A\, € K be such that \yo1 +... 4+ \yo, =0: M — K. By
definition,

i Xioi(x) =0 for all x € M.
Let y € M be such that o1(y) #Zzai(y). Then it follows that
0= z": Nioi(xy) = Zn: Xioi(x)o;(y) and 0= z”: Xioi(x)o,(y) forall z € M,
i=1 i=1 i=1
hence also

n—1

n—1
0= Z Ailoi(y) —on(y)]oi(z), and therefore 0= Z Xiloi(y) —on(y)]oi.
i=1

i=1
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By the induction hypothesis, \; [0;(y) — on(y)] = 0 for all ¢ € [1,n — 1], hence A\; = 0, and
consequently Aoos + ...+ A\yo, = 0. Again by the induction hypothesis, it follows that also
A=...= A\, =0. O

Remark and Definition 1.3.2.

1. For a field extension L/K, we denote by Hompg (L, L) the set of all K-homomorphisms
L — L, and by Gal(L/K) C Aut(L) the set of all K-automorphisms of L. If L/K is
algebraic, then Hompg (L, L) = Gal(L/K).

2. Let H C Aut(L) a subgroup. Then it is easily checked that

H_f(reL|o@)=xforalloc H} C L

is a subfield. It is called that fixed field of H.

Theorem 1.3.3 (Artin’s Theorem). Let L be a field and G < Aut(L) a finite subgroup.
Then L/LC is a finite galois field extension satisfying [L:L%) = |G| and Gal(L/L%) = G.

ProOF. We set K = LY n = |G|, G = {o1,...,0,}, and we denote by K O L an
algebraically closed extension field. It suffices to prove that [L: K] < n. Indeed, since G C
Gal(L/K), this implies

n = |G| < |Gal(L/K)| < [Homg (L, K)| = [L:K]s < [L:K] < n,

hence [L: K| = |G|, Gal(L/K)= G, L/K is normal since Homg (L, K) = Gal(L/K), and L/K
is separable since [L: K|s = [L: K]. abhaoneiskeitssats

The map S =o01+...+0,: L — L is K-linear, by Theorem %ﬂ—wegf)%m? 0, and we
assert that S(L) = K. Indeed, for all x € L and 7 € G we have 7S(x) = To1(z) + ... + 70, =
S(x), since {r01,...,70,} = {01,...,0,}, and therefore S(z) € LY = K. Hence S( ) C K,
and therefore S(L) = K. It is now sufficient to prove that any n + 1 elements of L are linearly
dependent over K.

Let y1,...,yn+1 € L. Then the system of linear homogeneous equations

n+1
ZO‘ (y,)a, =0 for i€ [l,n] has a non-trivial solution (ai,...,an11) € L™\ 0.

After renumbermg o1,...,0p if necessary, we may assume that a; # 0. As S(a;L) = S(L) = K,
there exists some z € L such that S(a;z) # 0, and we obtain

n+1 n+l n nt1
ZUZ(ZU (yv auz) > ailavz)y, = ZS av2)Yu ,
v=1 i=1
which shows the liner dependence of (y1,...,yn+1) over K. O

Theorem 1.3.4 (Main Theorem of finite Galois Theory). Let L/K be a finite field exten-
sion and G = Gal(L/K).

1. The following assertions are equivalent:

(a) L/K is galois; (b) [L:K]=|G|; (c) K=1LY.
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2. Let L/K be galois, Z(L/K) the set of all intermediate fields of L/K and U(G) the set
of all subgroups of G. Then the maps

{Z(L/K) — UG o {L{(G) — Z(L/K)
M — Gal(L/M) H — LA

are mutually inverse inclusion-reversing bijections. In particular, if M and M’ are
intermediate fields of L/K, H = Gal(L/M) and H' = Gal(L/M’), then:
e MCM < HDH.
o MM' = LH ' gnd HNH = Gal(L/MM).
o MNM = LUH) and (H,H') = Gal(L/M N M),
3. Let K C M C L be an intermediate field and H = Gal(L/M).
(a) For all 0 € G, we have Gal(L/oM) = cHo™!.

(b) Let L/K be galois. Then M/K is galois if and only if H < G, and then there is an
isomorphism G/H = Gal(M/K), given by oH — o |M for alloc € G.

PROOF. Let K O L be an algebraically closed extension field.

1. (a) & (b) Note that |G| < [Homg(L,K)| = [L:K]s < [L:K]. Here the first inequality
is an equality if and only if L /K is normal, and the second inequality is an equality if and only
if L/K is separable. Hence L/K is galois 1f and oly if [L: K] =|G|.

(b) & (c) Since K ¢ LY C L, Theorem T33 implies [L:K]=[L:L%][LY:K]=|G|[L¢
K], and therefore K = L% if and only if [L: K] = |G].

2. Assume that M € Z(L/K) and H = Gal(L/M). Since L/K is galois, L is the splitting
field of some separable polynomial f € K[X]\ K. But then L also the splitting field of f over
M, and therefore L/M is normal. Hence L/M galoissch, and M = L by 1

If H < G is a subgroup and M = L then Gal(L/Lf) = H by Theorem m Hence the
maps described in the Theorem are mutually inverse bijections, and obviously they are inclusion-
reversing. From this the extra assertions follow. Indeed, M M’ is the smallest field containing
both M and M’, and M N M’ is the largest field contained in both M and M’. On the other
hand, H N H’ is the largest subroup contained in both H and H’, and (H, H') is the smallest
subgroup containing both H and H’.

3. (a) Let 0 € G. Then we obtain, forall 7 € G: 71 € Gal(L/oM) <+—= (Vz €
M) rox = ox <= (Vz € M) o tro(x) =2 <= o 'to € H < 7 € cHo !. Hence
Gal(L/oM) =cHo !

(b) By definition, M/K is galois if and only if ¢(M) C M for all ¢ € Homg (M, K). Since
L/K is galois, the map G — Homg (M, K), defined by o + o | M, is surjective. Hence M/K
is galois if and only if cM C M (and then oM = M) for all ¢ € G. By 2., this holds if and
only if Gal(L/ocM) = Gal(L/M), and, by (a), this is equivalent to cHo~! = H for all o € G,
and thus to H < G.

Assume now that H <« G. Then the map G — Gal(M/K), defined by o — o|M, is
a group epimorphism with kernel H = Gal(L/M), and therefore it defines an isomorphism
G/H = Gal(M/K), given by cH + o | M for all o € G. O

Theorem 1.3.5 (Shifting Theorem of Galois Theory). Let K C L, M C K be fields.
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1. Let L/K be a finite galois extension. Then LM /M s also a finite galois extension, and
the map

p: Gal(LM/M) = Gal(L/LNM) C Gal(L/K), defined by p(o)=o0c|L,

is an isomorphism. In particular, [LM:M] = [L:LNM]|[L:K].

2. Let L/K and M /K be finite galois extensions and LN M = K. Then LM/K s a finite
galois extension, and the map

p: Gal(LM/K) = Gal(L/K)xGal(M/K), defined by p(c)=(c|L,0|M)
18 an isomorphism.

PRrROOF. 1. We may assume that K is algebraically closed. L is the splitting field of some
separable polynomial f € K[X]\ K, and LM is the splitting field of f over M. Hence LM /M
is finite galois. If ¢ € Gal(LM/M), then o|L € Homg(L,K) and o|L N M = idzn, hence
o|L € Gal(L/LM), and the map p: Gal(LM /M) — Gal(L/L N M), defined by o — oL, is
a group homomorphism. If o € ker(p), then o |L = idy, and as o | M = idjys it follows that
o = idpy. Hence p is a monomorphism. If H = p(Gal(LM/M)), then LN M C L¥, and if
z € L then o(z) = 2 for all o € Gal(LM/M), and therefore z € M. Hence L = L N M, and
H = Gal(L/L N M).

2. Let L be the splitting fiels of a separable polynomial f € K[X]\ K and M the splitting
field of a separable polynomial g € K[X]\ K. If ¢ = gcd(f,g), then LM is the splitting field of
the separable polynomial ¢! fg, and therefore it is a finite galois extension. Obviously, p is a
group monomorphism, and we must prove that it is surjective. Thus let (71,72) € Gal(L/K) x
Gal(M/K). By 1., there are isomorphisms Gal(LM/L) = Gal(M/K), given by 7+ 7| M, and
Gal(LM/M) = Gal(L/K), given by 7 — 7| L. Hence there exists some (o1, 02) € Gal(LM /M)x
Gal(LM/L) C Gal(LM/K)xGal(LM/K) such that o1 | L = 71 and o2 | M = 79. Hence p(cic02) =
(Tl, 7'2) . ]

Theorem 1.3.6 (Cyclotomic extensions). Let K be a field, n € N, char(K) {n, L a
splitting field of X™ — 1 over K, G = Gal(L/K) and ¢ € p}(L). For every o € G, there is
a unique k = (o) € (Z/nZ)* such that o(() = (*. The map 0: G — (Z/nZ)* is a group
monomorphism, and for all € € p,(L) and o € G we have o(€) = €99 In particular, 6 does
not depend on . If K = Q, then 0 is an isomorphism.

Proor. If ¢ € pf(L) and o € G, then o(¢) € p!(G), and thus there exists a unique
6(c) € (Z/nZ)* such that o({) = ). If o, 7 € G, then (7 = o7(¢) = () =
o(¢)?(1) = ¢0(@)0(7) " and therefore §: G — (Z/nZ)* is a group homomorphism. If o € ker(f),
then o(¢) = ¢ = ¢1*"2 = ¢, and thug g, = id. _Hence o is a monomorphism, and if K = Q,

then it is an isomorphism by Theorem W € (L), then there is some A € Z/nZ such
that &€ = ¢*, and we obtain, for all ¢ € G, (&) = o(¢)* = ¢?@* = %), Hence L¥ = LN M,
and therefore H = Gal(L/L N M). O

Theorem 1.3.7 (Cyclic extensions). Let K be a field, n € N and p),(K) # 0.
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1. Leta € K*, L a splitting field of X™ —a over K, G = Gal(L/K) and « € L such that
a™ =a. Then

X"—a= H (X—Ca), and x: G — pn(K), defined by x(o) = o(a) forall o € G,
«
CE.U'n(K)
is a group monomorphism which does not depend on the choice of a.

2. Let L/K be a cyclic field extension such that [L:K]|n. Then there is some o € L such
that o™ € K and L = K(a).

PRrROOF. 1. The factorization of X" —1 in L is obvious, and therefore it follows that, for every
o € G, there is some ¢ € py,(K) such that o(a) = (. Therefore there is a map x: G — pn(K)
such that ()
o(a
x(o) = 7
If a; € L is another element satisfying o = a, then a; = o for some & € u,(K), and therefore
o(n) o) &o(a) o(a)

i a Ea «

Hence x does not depend on «, and if o, 7 € G, then (7)™ = a, and therefore

xor) = 71~ TR T o),

o (07

Hence x is a group homomorphism. If o € ker(x), then o(a) = o, and thus o = id. Therefore
oisa monomorphism

2. Lej G=Gal(L/K) = (0), and [L: K] = m|n. If ¢ € u;,(K), then & = (/™ € puf,(K), by
Theorem we obtain
(mz_:lf_jaj: L— L) # 0, and thus there is some 3 € L such that Z £707(B) =a e L.
We find
ola) = E707TY(B) = iffﬁlaj(ﬂ) =<¢a, hence o(a™)=a™, andthus o™ € K.
By definition, K (a) C L, we assert that K(«) = L, and for this we prove that Gal(L/K(«)) =

{id}. Let d € [0,m — 1] be such that 0¢ € Gal(L/K(c)). Then a = 0%(a) = %, and therefore
d=0. (|

1.4. Norms, traces and discriminants

Definition 1.4.1. Let K be a field, A a commuatative K-algebra and dimg(A) =n € N.
For a € Alet p,: A — A be defined by pe(z) = az for all z € A. pu, is a K-linear map, and
we define the norm Ny x(a) and the trace Try/k(a) of a for A/K by

Na/x(a) = det(ua) and Try g(a) = trace(u,) -

Remarks 1.4.2. Let K be a field, A a commutative K-algebra und dimg(A) =n € N.
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1. Let w = (u1,...,u,) € A" be a K-basis of A. For a € A, let M, € M,(K) be the
matrix of i, with respect to w. Then au = uM,, Ny i (a) = det(M,) and Try g (a) =
trace(M,).

2. Ifa, be Aand A € K, then pqp = paOtty, fra = AMtg and g1y = g + pp. Consequently,
Na/x(ab) = N/ (a)Ng g (b), Nyjg(Aa) = A"Ny/g(a), Ny/g(Ala)=A", and
Trag(a+0b) =Tryg(a) +Trar(d), Trax(Aa) =ATryg(a), Trag(Ala) =nA.

3. Let r ¢ Nand A = Ay x...x A, the direct product of commutative algebras A1,..., A,
(A is the external direct product of the vector spaces Aj,...,A,, equipped with the
component-wise multiplication).

For a = (ai,...,a,) € A, we obtain pig = (fays - fa,): A1 X. .. XA, — ApX. .. XA,
and therefore

Na/x(a) = HNAi/K(ai) and  Try/g(a) = ZTrAi/K(ai).
i=1 i=1

Theorem 1.4.3. Let L/K be a finite field extension, [L: K| =n, q = [L:K]; the degree
of inseparability of L/K (hence [L: K| = [L:K|s[L:K];) and K D L an algebraically closed
extension field.

. Letz € L, [K(z):K]=d, g=X%+aqg 1 X" +...+a1X +ao € K[X] the minimal
polynomial of x over K and [L:K(x)] =m (hence n =md). Then

Np/k(z) = (=1)"ag" and Trp g(z) = —mag-.
2. If x € L, then
Np/k(z) = [T @' ad  Trpyr@=q >, o).

oc€Homg (L,K) o€Hompg (L, K)

In particular:

(a) If L/K is inseparable, then Trp /i = 0.

(b) If L/K is galois and G = Gal(L/K), then

Np/k(z) = H o(x) and Trp k(z) = Z o(x).

celG celG
3. If K C M C L is an intermediate field, then

NL/K:NM/KONL/M and TrL/K:TrM/KOTrL/M'

Proor. 1. u= (1,,...,2% 1) is a K-basis of K(x), and

0 0 0 —ag
1 0 0 —ai

x (1, z, ,xdil):(l,x,...,xd*I)T, where T=]0 1 0 —ao ,
00 ... ... 1 —ag,

trace(T) = —ay and det(T) = (—1)%ag. Let now (v1,...,v,) be a K (z)-basis of L. Then it fol-
lows that (viu, ..., v,u) is a K-Basis of L, and = (v1u, ..., vu) = (viw, . .., v,u) T, where
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T = diag(T,...,T) is a diagonal box matrix with det(7(™ = det(T)™ and trace(T(™ =
mtrace(T"). Hence we obtain

Nz (z) = det(T™) = ((—1)%ag)™ = (—=1)"af’ and Try/x(z) = trace(T"™) = —maq_; .

2. Letz €L, g=X%+ag_1 X'+ ... +a1X + ag € K[X] the minimal polynomial of z
over K, qo = [K(x): K]; the degree of inseparability of z over K and [L: K(x)] = m (hence
d=[K(z):K] and n = md). Let H = Homg (K (z),K). Then |H| = [K(z): K]s, qo|H| = d,
and

9 (1 k@), = (K ) LI K@K,

= [L:K(2)] = m.

Now we obtain
9= T (X - e@)®
peH
hence
ag.1=—q Y_ (@) and ag= [[(—p@)® =D [] e)®.
peH peH peH
Now it follows that

H o(z)? = H H o(z)? = H () LK@ — [(—1)dgq] LK @)sa/q0

o€Homg (L,K) »€H gecHom (L, K) pEH
o| K(z)=¢

= (=1)"ag' = NL/K(UC)

and

q
g ) o(x)=q) > o) =q[L: K@) ) w(w) = ——[L: K (z)]saq-1
o€Hom (L,K) $€H gcHomp (L,K) peH
o| K(z)=¢

=-—mag_1 = Trp k().
3. Let K C M C L be an intermediate field, z € L, ¢ = [M :K]; and g2 = [L: M];. Then
q = quq2, and

Npx() =[] ol@)?= I1 I o@

o€Homg (L,K) peHom g (M,K) oc€Homg (L,K)
o| M=y
If L ¢ K is a normal closure of L/K, then Homg (M, K) = Homp (M, L), Homg(L,K) =
Hompg (L, L) and Homy; (L, K) = Homys(L, L). Let now ¢ € Homg (M, L) and & € Gal(L/K)
such that ¢ | M = ¢.

If ¢ € Homg(L,L) and o| M = ¢, then Goo|M = idys, and therefore ¢ = GLoo €
HomM(L,z). Conversely, if ¢ € HomM(L,z), then o = go1) € HomK(L,z) and o | M = .
Hence the assignment o + ¢ = @ oo defines a bijective map {0 € Homg (L, K) | o|M =
¢} — Homy (L, K), and therefore we obtain

a1

[I o= I @ov@=m=5( JI v@®)" =eNym@)",
o€Hom g (L,K) weHom (LK) €Hom s (L,K)
o| M=
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hence
Nz/x(z) = 11 ©(NL/ar(z)" = Npg/xoNpjpr () -
pEHom g (M,K)
The assertion concerning the trace is proved in the same way. g

Remark and Definition 1.4.4. Let K be a field, ¢ € K[X] a monic polynomial, n =
deg(g) € N, L D K an extension field and a;,...,a, € Lsuch that g = (X —ay)-...- (X — ).
Then the discriminant A(g) of g is defined by

A= II (a-a)*=DE ] (0 - )

1<i<j<n i,j=1

i#]
By definition, A(g) = 0 if and only if g is inseparable. We assert that A(g) € K, and A(g) is

independent of the field L used for the definition.

Proof. Let g separable, L a splitting field of g and G = Gal(L/K). Every o € G induces a
permutation of {a,...,a,}, hence o(A(g)) = A(g), and therefore A(g) € LY = K. Let now L'
be any extension field of K such that g splits in L', and let L1 D L be any algebraically closed

field. Then there exists some ¢ € Homg (L, L1), g= (X —p(a1)) ... (X —p(an)), and
[I (elag) = (a)* = w(Al9) = Alg). D
1<i<j<n

Suppose that f=X"4+a1 X" '+ ...+ ap_1X +a,. Then
A(f) =a? —4ay if n=2, and A(f) = —4dlas + ala3 + 18arasa3 — 4a3 — 27a% if n=3.

Definition 1.4.5. Let L/K be a finite field extension and n = [L: K]. For an n-tuple
(u1y...,up) € L™ we define its discriminant A(uq, ..., u,) by

AL/K(ul, ceey un) = det(TrL/K(uiuj))i,je[l,n] .

If L/K is inseparable, then Ay (u1,...,u,) = 0 for all (u1,...,uy) € L™

Theorem 1.4.6. Let L/K be a finite separable field extension, [L: K] =n, K D L an
algebraically closed field and Homp (L, K) = {o1,...,0,}.
L. For (uy,...,un) € L™, we have Ap g (ui,...,up) = det(ay(ui))i i)’
2. If L=K(«) and g € K[X] is the minimal polynomial of o over K, then
n— 2 o
Apr(La,..a" =A@ = [] (ou@) —ou(@)® = (~1)EINL/x(g'(@) £0.

1<v<u<n

3. Suppose that w = (uy,...,uy), v = (v1,...,0,) € L™, and let T € M,,(K) be such that
u=vT. Then Apk(u,...,un) = Apjk(vi,...,v,) det(T)2.

4. An n-tuple (u1,...,u,) € L™ is a K-basis of L if and only if Ar p(u1,...,un) # 0.
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PROOF. 1. With U = (0,,(u))y, ic1,n) € Mn(K), we obtain

- (Zl UV(Ui)UV(uj )z ,i€[1,n] <Z v uzu] )z ,J€l,n] (TrL/K<uiuj))iajE[1a"] ’

and therefore Ay p(uy, ..., un) = det(Trp x (uiny)), ielln] = det(UU) = det(U)>.

2. As L=K(a), weget g = (X —o1(a)) ... (X —on(a)), and 1. implies that
1 o1(a) ... op(a)” ! 2
1y 1 oy(a) ... oa()™ 1] 2
Apji(la,... o) =det [ & T2 _ = I (ou(@ —ou()
1 opla) ... op(a)™ ! Isv<psn
=A(g) #0,

with the famous Vandermonde determinant. Now we calculate

n

g = Z H —o0;(a)), hence ¢ (o,(a))= H(al,(oz) —oi(a)) forall vel[l,n],
= =
and
N/ (g’ H ov(d'(0)) = [[ o' (0v(a)) = T] T] (ou(e) = ou(@) = (-1 A(g).
v=1 v=1 ﬁ;i
3. For v € [1,n], we have (o, (u1),...,0u(up)) = (0u(v1),...,0,(v,)) T, and therefore

2 2
Apg(ut,. . up) = det(ol,(ui))y’ie[l’n} = det(a,,(vi))y’ie[lm] det(T)?

= AL/K(”I) ey ’Un) det(T)Z .

primitiveselement

4. By Theorem [T.1.4; there exists some o € L such that L = K(«). Then (1,q,...,a"!)
is a K-basis of L, and AL/K(l,a,...,an_l) # 0 by 2. For any (u1,...,u,) € L", there is
some T € M, (K) such that (u1,...,u,) = (1,c,...,a” )T, and then it follows by 3. that
A (ut, ... up) = AL/K(l,a,...,a”_l) det(7T)%. Hence Apg(u1, ... un) # 0 holds if and
only if det(T") # 0, and this holds if and only if (uj,...,uy) is a K-basis of L. O

Definition and Theorem 1.4.7. Let L/K be a finite separable field extension.

1. For every K-Basis (u1,...,uy) of, L, there exists a unique K -basis (uj,...,u}) of L such
that TrL/K(ul *) =i for all i, j € [L,n]. Apg(ui,...,u;) = Ap/g(ut, ..., un)” L
(uf,...,u’) is called the dual basis of (ui,...,uy,).

2. Suppose that L = K(a), let g € K[X] be the minimal polynomial of « over K, and
suppose that g = (X — a)(fo + BiX + ... + a1 X", where fo, .., fn_1 € L. Then

( 50 Bn—l
7@ g

) is the dual basis of (1,c,...,a" ).
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Bewers. 1. Let (uq,...,u,) be a K-basis of L. We must prove that there exists a unique
matrix 7' € GL,(K) with the following property :
If (uf, ... up) = (u1,...,un)T, then Trp, g (uiuj) j forall i, j € [1,n].

Thus let T = (ti ), jepin] € GLn(K) and (uj,..., ) (ul,...,un)T. Then it follows that
Ak (uf, ... un) = Ap g (u1, ... up) det(T)? and

Apg(u, ... up) = det(SL/K(Uin))MG[Ln] #0
diskriminante
by Theorem [.4.6. For all 4, j € [1,n], we have

n

3

(O 5 Upty,j s
v=1

and therefore

TrL/K(uz Z TrL/K ulu,,)t,,j [(TrL/K(uiuV))i,Z/E[l,'rL] T] i
v=1
Hence Trp gk (uiuj) = 0;; for all 4, j € [1,n] if and only if T = (TrL/K(uiuj))i_;e[l ) This
implies the existence and uniqueness of T. Moreover, we obtain det(7) = Ay /i (u1, ... L)L,

and therefore Ay g (uf, ... ,ul) = Ap g (u1,. .., un) det(T)? = Ap g (u, ..., up) "t

P %

2. We must prove that

TrL/K(a g’(]a)>:5i’j for all ¢, j€[0,n—1],

and for this we show that

ZTrL/K( ))XJ X' e K[X] fiiralle i€[0,n—1].

Let K D L be an algebraically closed extensio field and Homg (L, K) = {o1,...,0,}. Then
o1(a),...,on(a) are distinct, g = (X —o1(a)) - ... (X — on(@)), and it suffices to prove that

n—1
ZTrL/K<o/ ,fja))al(ay =oy(a)" forallle[l,n] and ¢ € [0,n —1].
=0 g

We denote the trivial extensions of the homomorphisms ¢, to the polynomial rings again by o,.
Then

UV(Xg—a):X_JV Zavﬁj —H( —ok(a)) forall velln],

k=1
k#v
and then we obtain, for all ¢ € [0,n — 1],
n—1 n n i n—1
_ (5;) i ou(@)! , -
Zw«( (@) re? = 223 ) 0y o) = 3 g,y 5l

= ” (a)i - o —a 7@(& "(oy(a) =& ozi
—;g,( ) LL(n(@) = on(e)) = oy ool = anfe)t. O
k#v
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CHAPTER 2

Ideal Theory of algebraic integers

2.1. Integral elements

Definition 2.1.1. Let R C S be commutative rings.
1. An element x € S is called integral over R if there exists a monoic polynomial f € R[X]
such that f(z) = 0. In particular, every = € R is integral over R (set f =X —x).
By definition, « is integral over R if and only if there exist n € N and ag,...,ap,—1 € R
such that 2" +a,_12" ' +...+a1x+ag = 0, and every such relation is called an integral
equation for x over R.
2. clg(R) = {x € S| x is integral over R} is called the integral closure of R in S.

3. Sis called integral over R and R C S is called an integral ring extension if clg(R) = S
[equivalently, every x € S is integral over R|, and R is called integrally closed in S if
cls(R) = R.

4. A domain is called integrally closed if it is integrally closed in its quotient field.

Theorem 2.1.2. Fvery factorial domain is integrally closed.

PROOF. Let R be a factorial domain, K = q(R), and assume that there is some x € K \ R
which is integral over R. Then z = a~'b, where a, b € R, a # 0, and there is some prime
element p € R such that p|a and ptb. Let ¢ +ag 12 ' + ... + a1x + ag = 0, where d € N
and ag, . ..,aq—1 € R. We multiply this equation by a? and obtain b + ay = 0 for some y € R.
Now p | a implies p|b? and finally p|b, a contradiction. O

Theorem 2.1.3. Let R C S be commutative rings, M C S a finitely generated R-submodule
of S, x €S, xM C M, and suppose that, for all polynomials g € R[X], g(x)M = 0 implies
g(x) =0 (that is, M is R[x]-torsion-free). Then x is integral over R.

PROOF. Let M = Ruj+...+ Ruy,, where m € N and uy,...,u, € M. For j € [1,m], there
is a relation

m m
rU; = ch#uu with coefficients ¢;, € R, and thus Z(éj,ux —¢ju)uj=0.
p=1 pn=1
T = (6,7 — ¢ju)jucii,m € Mm(R), T# denotes its adjoint matrix and w = (ug, ..., un)",
then det(T)u = T#Tu = 0. Hence det(T)M = 0, and since det(T) = g(x) for some monic
polynomial g € R[X]\ R, it follows that g(z) = 0, and z is integral over R. O

17
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Theorem 2.1.4. Let R C S be commutative rings.

1. Assume that n € N, xy,...,2, € S, and S = R[x1,...,x,]. Then the following

assertions are equivalent:

(a) S is integral over R.

(b) For alli € [1,n], wx; is integral over R.

(¢) S = R|x1,...,xy] is a finitely generated R-module.

2. Let T D S be a commutative overring, let S integral over R and x € T integral over S.
Then x is integral over R. In particular, T is integral over R if and only if T is integral
over S and S is integral over R.

3. cls(R) is a ring which is integrally closed in S and integral over R.

4. Let x € S be integral over R and ¢: S — S’ a ring homomorphism. Then () is
integral over p(R). In particular, if A < S, a=ANR, and if we embed R/a C S/A by
means of the identification a+a = a+2 for all a € R, then x + 2 is integral over R/a.

PrOOF. 1. (a) = (b) Obvious.

(b) = (c) By induction on n.

n = 1: Suppose that S = R[z] and z is integral over R, say x%+aq_12% ' 4.. . +ajz+ag = 0,
where d € N and ag,...,a4-1 € R. We set M = g(l,z,...,2%1), and we shall prove that
R[z] = M. For this, we assert that 7 € M for all j € Ny, and we show this by induction on j.
For j < d, there is nothing to do. Thus suppose that j > d and =¥ € M for all v € [0,7 — 1].

From the integral equation we get @/ = —ag_127 "' — ... — a12? =4 —qgai=% € M.

n > 1, n — n+1: By the induction hypothesis, R[z1,...,z,] is a finitely generated
R-module. z,4; is integral over R, hence over R[x1,...,xzy], and therefore R[zi,...,Tp41] =
Rlz1,...,xn)[Tn41] is a finitely generated R[xi,...,zp]J-modulet. Hence R[zi,...,xn41] is a

finitely generated R-module.
aincriterion |
(¢) = (a) By Theorem EI.S, applied with M = R[x1,...,zy].
2. Suppose that z% + ag_12% '+ ... + a1z + ap = 0, where d € N and ag,...,a4-1 € S.

Then z is integral over R[ag,...,a4-1], and R|ag,...,a4-1,2] = Rlag,...,aq—1][x] is a finitely
generated Rap,...,aq—1]-module by 1. As ag,...,aq_1 are integral over R, it follows (again by
1.) that R|ag,...,aq4—1] is a finitely generated R-module. Hence R|ao,...,a4—1,z] is a finitely

generated R-module, and therefore x is integral over R.

3. Ifx, y € clg(R), then R[x,y] is a finitely generated R-module, and since z—y, zy € R|z,y],
it follows that {x — y,zy} C clg(R). Hence clg(R) C S is a subring. If x € S is integral over
cls(R), then z is integral over R by 2., and thus x € S.

4. If 2%+ ag 124 '+ ...+ a1z 4+ ag = 0 is an integral equation for z over R (where d € N
and ag, . ..,aq4_1 € R), then p(z)4+¢(ag_1)e(@)* 1 +...+p(a1)e(x) +p(ap) = 0 is an integral
equation for ¢(x) over p(R). O

Theorem 2.1.5. Let R C S be commutative rings such that S is integral over R.
1. If a € R is an ideal of R, then aS = g(a) # S. In particular, S* N R = R*, and if S
is a field, then R is a field.

2. Let S be a domain and 0 # A C S an ideal. Then AN R # 0, and if R is a field, then
S is a field.



2.1. INTEGRAL ELEMENTS 19

ProOOF. 1. Let a C R be an ideal such that aS = S. Then there exist some n Ea.iﬁ’n‘te ol
ai,...,ap € a and x1,...,x, € S such that ayx1 + ... + apx, = 1. By Theorem E.I.ZI,
R[z1,...,x,)] is a finitely generated R-module, say R[z1,...,x,] = g(b1,...,by) for somem € N
and by,...,by, € R[x1,...,2,]. Then there are relations

m m
Ty = Z cy;bj and  bjb; = Z d;; kb with coefficients ¢, j, d;;r € R,
j=1 k=1

and therefore, for all i € [1,m],

m m m m n m
b; = Z a, Z Cuj Z djixbr = Z a;kbk , where a;k = Z Z aycy jdi; € a.
v=1 j=1 k=1 k=1 v=1 j=1
Thus it follows that .
> ik —af)bp =0 forall i€ [l,m].
k=1

If T'= (dik — @ p)ike[1,m] € Mn(R) and b= (b1,...bn)", then det(T)b = T#Tb = 0. Hence it
follows that det(T)R[z1,...,z,] = 0, and therefore det(7T') = 0. Expanding the determinant,
we obtain det(7") € 1 + a, hence 1 € a and thus a = R.

Clearly, R* ¢ S*NR, and if a € S* N R, then aS = S and therefore aR = R. If S is a field,
then R®* = RN S®* = RNS* = R*, and therefore R is a field.

2. Let 0 # z € A and n € N minimal such that =™ + 12" 1+ ...+ a1z +ag = 0 for some
agy - - -, 0n—1 € R. Then ag € xSN R C AN R, and we assert that ag # 0. Indeed, if ag = 0, then
x # 0 implies 2" ' 4+ a,,_12" 2 4 ... + a; = 0, contradicting the minimal choice of n.

Let R be a field and 2 C S a non-zero ideal. Then 0 # AN R < R, henc AN R = R and thus
A =5, since 1 € A. Therefore S has no non-zero proper ideals, and thus it is also a field. O

rralclosure Theorem 2.1.6. Let R be an integrally closed domain, K = q(R), L/K a finite field
extension, and S = clg(R).

1. S is an integrally closed domain, SN K = R, and L = q(S) = {qg 'z |z € S, ¢ € R*}.
In particular, S contains a K-basis of L.

2. Let o € L and g € K[X] the minimal polynomial of o over K. Then « is integral over R
if and only if g € R[X]. In particular, if o € S, then Np k(o) € R and Trp g (a) € S,
and if (u1,...,up) € S™ is a K-basis of L, then A(uy,...,u,) € R.

3. Let R be noetherian and L/K separable. Then S is a finitely generated R-module and

a noetherian domain. If R is even a principal ideal domain, then S is a free R-module,
and every R-basis of S is a K-basis of L.

Proor. 1. By Theorem Efill?nll,icse%ntegrally closed, and since R is integrally closed, it
follows that SN K = R. Clearly, {¢7'z |z € S, ¢ € R*} C q(S) C L, and thus we must prove
that, for every z € L, there exists some g € R® such that qz € S.

Let z€ Land f= X%+ aq 1 X' +...+a1X +ap € K[X] the minimal polynomial of z
over K. If ¢ € R® is such that ga; € R for all i € [0,d — 1], then (g2)?+ (qag_1)(q2)? 1 +... +
(¢%'a1)(qz) + q%ag = 0 is an integral equation of ¢z over R, which implies ¢z € S.

2. If g € R[X], then g(a) = 0 is an integral equation of o over R, and thus a € S. Assume
now that a € S, and let f € R[X] be a monic polynomial such that f(a) = 0. Let K D L be an
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algebraically closed field, and let s, ..., o, € K be such that g = (X —a)(X —ag) ... (X —
ay). Fori € [2,n], let ¢;: K(a) = K(a;) — K be the unique K-homomorphism satisfying
vi(a) = ;. Then it follows that f(a;) = ¢i(f(c)) = 0, hence «; is integral over R. Therefore
Rlov, ..., ap] is integral over R, and ¢ € (R[aq,...,a,] N K)[X] = R[X].

3. Let (ui,...,u,) € S™ be a K-basis of L and (u],...,u}) its dual basis. We assert that
S C Ruj +...4+ Rul,. Indeed, if z € S, then z = ayu} + ...+ ayu), for some ay,...,a, € K, and
for all ¢ € [1,n] we obtain

Tro x(uiz) = ZayTrL/K(uiu;,) =a, €R.
v=1
Since R is noetherian, it follows that S is a finitely generated R-module. Every ideal of S is a
finitely generated R-module and thus a finitely generated ideal. Hence S is noetherian.
If R is even a principal ideal domain, then S is a free R-module, since it is a submodule of
a free R-module, and by 1. it follows that every R-basis of S is a K-basis of L. O

2.2. Algebraic integers

Remarks and Definitions 2.2.1. An algebraic number field is a finite extension field of
Q. By a basis of K we mean a Q-basis of K. Let in the sequel K be an algebraic number field
of degree n = [K:Q).

L. Ok :ragl(giglel)reis called the ring of integers or the maximal order of K. By Theorem

blr.ll .é, Ok 1s a noetherian domain and a finitely generated Z-module. A Z-basis
(ug,...,uy) of Ok is called an integral basis of K.

2. A complete module or full Z-lattice in K is a finitely generated Z-module M C K which
contains a basis of K. By a basis of M we mean a Z-basis of M. Note that an n-tuple
(ug,...,uy) € K™ is linearly independent over Q if and only if it is linearly independent
over Z.

3. Let M C K be a complete module and (ui,...,u,) is a Z-basis of M. Then the
discriminant A(M) = Ay /g (u1,...,u,) only depends on M and not on (ug,...,us).
A(M) is called the discriminant of M.
Indeed, let (v1,...,v,) be another basis of M. Then (vi,...,v,) = (u1,...,u,)T, where
T € GLn(Z), and Ap g (vi,...,00) = Apjg(u,... up)det(T)? = App(us, ..., un),
since |det(T)| = 1.

4. Ag = A(Ok) is called the discriminant of K. By definition, Ag € Z.

Theorem 2.2.2. Let K be an algebraic number field and [K : Q] = n. For a submodule
M C K, the following assertions are equivalent :
(a) M is a complete module in K.
(b) M is a free (Z-)module of rank n.
(¢) M is finitely generated, and QM = K.
)

(d) M is finitely generated, and for every x € K there exists some q € N such that qx € M.
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PROOF. (a) = (b) As M is a finitely generated torsion-free Z-module, it is free of some
rank m € N. Since every basis of M is linearly independent over Q, we have m < n. If
(U1, ..., up) € M™ is a Q-basis of K, then M’ = (uq,...,u,) C M is a free submodule of rank
n, and therefore n < m.

(b) = (c) By assumption, M is finitely generated. If (uj,...,u,) is a basis of M, then
(ui,...,uy) is linearly independent over Q, and therefore QM = Quq + ...+ Qu, = K.

(¢) = (d) fz € K, then x = \jv; + ...+ A\, where m € N, \; € Q and v; € M for all
j € [1,m]. If ¢ € N is such that g\; € Z for all j € [1,m], then gz € M.
(d) = (a) Let (uy,...,uy) be a basis of K, and let ¢ € N be such that qu; € M for all

i € [1,n]. Then (qui,...,quy) is a basis of K in M. O

Example 2.2.3. An algebraic number field K satisfying [K :Q] = 2 is called a quadratic
number field.

Let K be a quadratic number field. Then there exists a unique square-free integer d € Z\ {1}
such that K = Q(v/d) (we normalize v/d € C such that v/d > 0 if d > 0, and I(v/d) > 0 if
d < 0). d is called the radicand of K. Note that K/Q is galois, Gal(K/Q) = {idk,c}, and
0(Ok) = Ok. Every z € K has a unique representation = = a + bV/d, where a, b € Q, and then
o(z) = a—bVd, Trijo(x) = 2a, Ngjg(z) = a? — b?d, and X? — 20X + (a® — b%d) € Q[X] is

the minimal polynomial of x over Q.

1. If d = 1 mod 4, then (1, 1+2\/g) is an integral basis of K, and Ag = d.

2. If d = 2 or 3 mod 4, then (1,v/d) is an integral basis of K, and Ag = 4d.

Proof. 1. Let d = 1 mod 4 and w = 1+T‘/E. Then w? — w — % = 0, hence w € Ok, and

we obtain o(w) = 1—7\/3 = —w+ 1€ Ok. Clearly, (1,w) is a basis of K, and we must prove: If
a,beQand a+bw e Ok, then a, b € Z.

Thus suppose that a, b € Q and a+bw € Ok. Then (a+bw)—o(a+bw) = bv/d € Ok, hence
b2d € OxNQ = Z, and since d is squarefree, we get b € Z. Hence a = (a+bw)—bw € OxNQ = Z,
and we are done. Now we calculate

1 w

A = det (1 O_(w))Q = (o(w) —w)? =d.

2. Suppose that d = 2 or 3 mod 4. Then Vd € Ok, (1,Vd) is a basis of K, and we must
prove: If a, b€ Q and a + bv/d € Ok, then a, b € Z.

Thus suppose that a, b € Q and a+ bv/d € Ok. Then the minimal polynomial of a + bv/d is
in Z[X], which implies o’ = 2a € Z, a? — b*d € Z and thus 4b*d = a/?> — 4(a® — b*d) € Z. Since
d is squarefree, we get b/ = 2b € Z and a/> — b>d = 0 mod 4. Since d # mod 4, this implies
a’ = b =0 mod 2 and thus a, b € Z. Now we calculate

2
1 Vd

In both cases we obtain K = Q(v/Ax ), and if

o+ vVAK 1 if Ag=1 mod4,
————— where o= )
2 0 if Agx =0 mod4,
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then (1,w) is an integral basis of K. O

Definition 2.2.4. Let K be an algebraic number field and [K:Q] = n.

1. Let M C K be a complete module. Then R(M) = {x € K | xtM C M} is called the
ring of multipliers of M.

2. A subring R C K is called an order in K if it is a complete module.

letemodules Theorem 2.2.5 (Main Theorem on complete modules and orders). Let K be an algebraic
number field, M C K a complete module and R C K an order in K.

1. Let N C K be another complete module in K. Then there exists some q € N such that
qM C N, and if M C N, then A(M) = A(N) (N:M)?2.
2. If A€ K*, then AM is a complete module,
ROAM) =R(M), and AAM) = Ng/g(X\)>A(M).

3. If A€ R(M)®, then (M:AM) = [Ng/g(N)]-

4. Let 0 £ C C K be a finitely generated R-module. Then C is a complete module in K,
and R C R(C).

5. R(M) is an order in K, R(M) C Ok, and M NN # 0.

6. R is a noetherian domain, and R = R(R) C Ok. If0 # 0 C R is an ideal, then
(R:a) < 00, and every non-zero prime ideal of R is maximal.

PRrROOF. Let (uq,...,uy,) be a basis of M.

1. If ¢ € N is such that qu; € N for all 7 € [1,n], then ¢gM C N.

Assume now that M C N. Then there exist a basis (vy,...,v,) of N and ey, ..., e, € N such
that (eqvi,...,e,vy) is a basis of M. Since (ejvq,...,e,v,) = (v1,...,v,)D with the diagonal

matrix D = diag(ey,...,ey,), it follows that
A(M) = Agjglervr, ..., eqvn) = det(D)QAK/Q(vl, ..., up) = det(D)?A(N),
and
(N:M)=(Zv1 & ... 0 Zvuy:Zeivi & ... B Zepvp) =€ - ... e, =det(D).

2. If A € K%, then (Aug,...,Auy,) is be a basis of AM, and therefore AM is a complete
module. If z € R(M), then xAM C AM, which implies x € R(AM). Hence R(M) C R(AM),
and since M = A~} (AM), equality follows.

Let now Homg(K,C) = {o1,...,0,}. Then

2 2
AGM) = Aggggur, o, M) = det(o, ()2 o = (T] 0w det (o, 0w)),, ey )

v=1
2
= NK/Q(A)2 det(ay(ui))V,’iE[l,n] = NK/Q(A)2AK/Q(U1, . ,’U,n) = NK/Q()‘)QA<M) .
3. If A € R(M)*, then AM C M and, by 1. and 2., A(AM) = Ngg(A)*A(M) = A(M) (M:
AM)?. Hence it follows that (M:AM) = [N q(N)]-

4. As R is a finitely generated Z-module and M is a finitely generated R-module, it follows
that C' is a finitely generated Z-module. If (v1,...,v,) € R™ is a basis of K and ¢ € C*, then
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(cuq,...,cuy) € C™ is a basis of K, and thus C is a complete module. Obviously, RC = C
implies R C R(C).

5. Ifz, y € R(M), then (x—y)M C xM +yM C M and zyM C M C M. Hence it follows
that {z —y, zy} C R(M), and therefore R(M) C I is a subring. If z € R(M), then zM C M,
and therefore z € clg(Z) = O by Theorem 2.1.3. Hence R(M) C Ok, and therefore R(M) is
finitely generated.

If x € K*, then xM is a complete module, and there exists some ¢ € M such that qzM C M.
Hence gz € R(M), and therefore R(M) is a complete module.

It remains to prove that M NN # 0. Let z e M° and ¢ € N such that gz € R(M). Then
0 # gzR(M) C R(M) and, by Theorem E .5, qui M)NZ # 0. Since qgrR(M) C M, the
assertion follows.

6. Since R is a finitely generated Z-module, every ideal of R is a finitely generated Z-module
and thus a finitely generated ideal. Hence R is noetherian. Since RR = R, it follows that
R C R(R), and if z € R(R), then z = 21 € R, and therefore R(R) = R.

If 0 # a C R is an ideal and A € a®, then AR C a C R, and (R:a) < (R:AR) = [Ng /()] <
oco. If 0 # p C R is a prime ideal, then R/p is a finite domain, hence a field, and thus p is a
maximal ideal. 0

Theorem 2.2.6 (Basis Theorem for complete modules). Let K be an algebraic number field
of degree [K : Q) = n, M C Ok a complete module, (vi,...,v,) € M™ a basis of K and
d = [Ag(vi,...,vn)|]. Then d € N, and we set d = d3dy, where do, di € N and dy is
squarefree. For i € [1,n], let bj; € N be minimal such that

1 A
Uy = % ij7ivj eM f07’ some bl,ia R 7bi—1,i €EZ.
=1

Then (uq,...,uy) is a basis of M.
In particular, M has a basis (u1,...,uy) such that u; = min(a NN), and every order in K
has a basis (u1,...,u,) such that up = 1.

PrROOF. Let My = Zvi + ...+ Zv, C M C Ok. Then it follows that A(M) € Z, and
d= Ak, .., vn)| = |A(Mo)| = [A(M)] (M:My)? € N.

In particular, (M : My)?|d, hence (M : My) | do, and therefore dgM C My. By assumption, we
have

big bip bn,
) 0 boo bn2
(U1, un) = (V1o vn) B mit B = - 0 0 ... . - [ eGL,(Q).
0 .
0 0 ... 0 byn
Hence (ug, ..., uy,) is a basis of K, and Zuj +. ..+ Zu, C M. To prove equality, we use induction

on i to prove the following assertion for all i € [0,n]:

A. Ifcl,...,ciEZaresuchthatx:d61(01v1+...+civi) € M, then x € Zuy + ...+ Zu;.
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Once A is proved, the assertion follows. Indeed, if z € M, then dox € My, and therefore
there exist c1,..., ¢, € Z such that x = dgl(clvht. ..Fepun). By A weinfer © € Zui+. .. Zuy,.

Proof of A. For i =0, there is nothing to do.

1>1,i—1—14: Let ¢1,...,¢ € Z be such that x = dal(clvl—l—...—{—cwi) € M, and set
¢; = kb;; +r, where k € Z and r € [0,b;; — 1]. Then we obtain

1 J
7 —ku; = o > (ej—kbij)v; € M and ¢ — kbi; =7 € [0,b;; — 1].
j=1

By the minimal choice of b; ;, it follows that ¢; —kb; ; = 0, and therefore x—ku; € Zui+. . . +Zu;—1
by the induction hypothesis. Hence = € Zuq + ... + Zu;.

If (v1,...,vy) is chosen such that v; = min(a N N), then u; = v;. O

Theorem 2.2.7. Let K be an algebraic number field, and suppose that [K :Q] = n = r1+2rq,
where Homg (K, C) = {o1,...,0,} such that o;(K) C R forallj € [1,71], and 0y, 41045 = Ori45
forall j € [1,r2]. Then sgn Agg(u1,...,un) = (=1)" for every basis (u1,...,un) of K, and,
in particular, sgn Ag = (—1)".

PROOF. Let d — det(O'y(Ui))ye[l,n] = a + bi, where a, b € R. Then AK/Q(U1, CeyUp) = d2»
and the matrix (o, (u;) )

arises from (Ul,(ul-)) | by interchanging ro rows. Hence it

v,i€[1,n] vi€lln
follows that a — bi = det( o, (u;) )”6[1 n = (=1)"2d. If ry is even, then b = 0 and d? = b > 0.
If ro is odd, then a = 0 and d? = (ib)? = —b? < 0. O

Theorem 2.2.8. Let K and L be galois algebraic number fields, [K:Q] =n, [L:Q] = m,
KNL=Q, N=KL and (Ag,Ar) = 1. Let (w1,...,wn) be an integral basis of K and
(M1, -+ mm) and integral basis of L. Then (winj)(jelinx1,m] S an integral basis of N, and
Ay = ATAD.

aloisshiftin,
ProoF. By Theorem i.3.5, N/K is galois, and there are isomorphisms

Gal(N/L) — Gal(K/Q), givenby oc+—o|K,

Gal(N/K) — Gal(L/Q), givenby o+ o|L
and

Gal(N/K) = Gal(K/Q)xGal(L/Q, givenby o+ (o|K,o|L).

Then (win;)(ij)e1,nx(1,m] is a basis of N, since N = o((winj)(ij)e[1,nx1,m)) and [N:Q] = mn.
Let Gal(N/L) ={o1,...,0n} and Gal(N/K) ={71,...,Tm}. Let a € Op, say

n

m
a= Z Zai,jwiﬁj , where a;; €Q forall (i,j5) € [1,n]x[1,m].
i=1 j=1

Since {win; | (i,7) € [1,n]x[1,m]} C Oy, it suffices to prove that a;; € Z for all (i,j) €
[1,n]x[1,m]. For j € [1,m], set

n m m
B = Zamwi € K, which impies « = Zﬁjnj and 7,(a) = Zﬂjm(nj) €On.
i=1 j=1 j=1



>isensteinl

2.2. ALGEBRAIC INTEGERS 25
We set T = (7.(1;))j,ue[1,m)- Then T# € My,(Z), and therefore

(110, .. T @)T? = (B, ..., B)TT? = (B1, ..., 0m) det(T) € OF.

Since Gal(L/Q) = {1 |L,..., 7| L), we obtain det(T)* = Ag/g(n1,--.,7m) = Az and thus it
follows that B;Ar € Oy N K = Ok for all j € [1,m]. But now

BiAL = Zai,jALwi forall je[l,m| implies a;;Ar €Z forall (i,7) € [1,n]x[1,m].
i=1
By interchanging the roles of L and K, it follows that a; jAx € Z for all (¢,j) € [1,n]x[1,m],
and since (Ax,Ar) = 1 this implies a; ; € Z for all (4, ) € [1,n]x[1,m].
Now it follows that

2 m n 2 mA”n
Ay = det(U”T“(wmj))(u,u),(i,j)e[l,n}x[l,m] = [det(aywi)y’ie[lm] det(Tunj)u,je[l,m]] = ARAT .

Calculation of the determinant: Let A = (ai);ve1,n) € Mn(K), B = (bju)juelin € Mm(K),

and define A® B = (ai»”bj’”)(i,j),(u,u)e[l,n]x[l,m] € My (K). Then

a1B ai2B ... a1,B a1l aroly .. ainln B ...
AeB=| . S 0 . 0
an1B an2B ... app,B an1lm an2lm ... Gpnlm 0 --- B
and we may apply the product formula for determinants. O

Theorem 2.2.9 (Eisenstein criterion). Let K be an algebraic number field, [K : Q] = n,
a €K and f=X"+a, 1 X" P+ ... +a1X +ap € Z[X] the minimal polynomial of .
Let p € P be a prime such that p|a; for all i € [0,n — 1] and p* { ap [such a polynomial is
called a p-Eisenstein polynomial]. Then f is irreducible, and Zla] C K is an order satisfying
(Ok:Zla]) { p.

PrOOF. We show first that f is irreducible. Let Z[X] — Z/pZ[X] = Fp[X], h — h be
the residue class map, and suppose that f = gh for some polynomials g, h € Z[X]\ Z. We
may assume that both ¢ and h are monic, and since f = X™ = gh, it follows that § = X" and
h = X% where 7, s € N and r + s = n. But this implies that ag = ¢g(0)h(0) = 0 mod p?, a
contradiction.

Since deg(f) = n, Z[a] C K is an order, and we assume that p|(Og : Z[a]. Then there
exists some & € Ok \ Z[a] such that p¢ € Z[a], say p€ = by + by + ... + b1, where
bo,...,bp—1 € Z, and p t b; for at least one j € [0,n — 1]. Let j € [0,n — 1] be minimal
such that p { b;. Then p& = pn + bja? + o/ 16 for some 1,0 € Z[a], and therefore bja™ ! =
p(€ — a7t + a"f. Since a" = —ag — a1 — ... — a1 ' € pZla], it follows that
bjo" ! € pOk, and Ng g(bja" ') € p"Z. Since N g(bja ) = b?NK/Q(oz)”_l = :I:b;?ag_l
and p { bj, we obtain p" |af~! and therefore p? | ag, a contradiction. O
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Theorem 2.2.10. Let n € N, n >3, ¢, € p(C) and Q™ = Q(¢,) the n-th cyclotomic
field. Then Ogm) = Z[Cn), (1,¢a, C2, .. .,C,f(n)) is an integral basis of QU and

Agm = (—1)¢(M)/2pe(n) [H pgo(n)/(pfl):|
pln

-1

[diskriminantenvorzeichen

PROOF. As n > 3, there is no o: Q) — R, and by Theorem 2.2.7 we obtain 15 = @(n)/2
and therefore sgn(Agm)) = (—1)¥(m)/2,

CASE 1: n =p°® > 3 is a prime power, ( = (e, N = QW) :Q] = ¢(p¢) = p*(p — 1), and
(1,¢,...,¢N71) is a basis of Z[¢] = Z[¢ — 1]. The polynomial

e -1
Xp - 1 R e—1
— — — p v
D=y = o = EOX
v=

is the minimal polynomial of {, ®; = ®(X + 1) is the minimal polynomial of ( — 1, and we
assert that @, is a p-Eisenstein polynomial. Indeed, let 7: Z[X] — Z/pZ[X] be the residue class
homomorphism. Then

7T((X—|—1)p671 —1)m(®) = 77((X—|—1)pe —1), hence Xpeilﬂ'(@l) = X" and 7(®;) =XV,
Since ®1(0) = ®(1) = p, ®; is a p-Eisenstein polynomial, and therefore (Oge):Z[(]) 1 p-

Next we calculate A(Z[(]) = (—1)N(N_1)/2NQ(pe>/@(<I>’(C)). We have

p—1 p—1
V() =Y p T =TI Y e where €= ¢P € ().
v=1 v=1
Hence it follows that
p—1 p—1 p—2
-1 = e~ 1) Y we =5 (vt = Y+ net)
v=1 - v=1 v=0 pe
—pc1 1) —£— v+1\ _ e () —
(-1 ¢ > ) =2, ©=e-
and v v
N o(®'(C)) = > = r

Noee) o(ONgwe) g€ — 1) No(e)/(§ — 1)P
since Noe) /g(¢) = ®(0) = 1 and [QP7):Q(¢)] = p*~*. The polynomial

(X +1)P—1

= XP L pxP2 4 .
X+1) -1 LRSI 4

(I)p(X + 1) =

is the minimal polynomial of & — 1, and therefore NQ(S)/Q(f — 1) = (=1)»"'p. Putting all
together, we obtain
A(Z[C]) = (_1)N(N_1)/2(_1)(p—1)pefl)peN—p€*1 _ (_1)90(176)/2]?19671(61)—6—1)

i

hence (Oge) 1 Z[(]) is a p-power, and therefore Ogpe) = Z[¢] and Agee) = A(Z[(]).
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CASE 2: n is arbitrary. If n is odd, then Q™ = Q" and thus we assume that n % 2
mod 4. We prodeed by induction on the number of prime divisors of n, and we set n = ¢®m,
where g € P, e, m € N, m > 2 and ¢ {m. Since n # 2 mod 4, we get ¢¢ > 3 and m > 3.

If (e € pge(C) and ¢, € ,u;‘n((C), then CyeCpm € 5 (C). Hence QUIQM = QM) and we
assert that @ms}uf@(m = Q. Indeed, suppose that K = Q) N Q™ and [K:Q] =d. By

T3, 5, we get

Theorem

201) _ (. k] = (@) &) (@) k) = 2D 2 @) o herefore d =1

d d d d?
. . . teilerfremdediskriminanten
By the induction hypothesis, (Ague), Agem) = 1, and we apply Theorem 2.2.8 and the in-

duction hypothesis for Q(°) and Q™). (1,Cge, - - ,C;i(qe)_l) is an integral basis of Q°), and
(L, Cm,y - - - ,Cﬁ(m)fl) is an integral basis of Q™. Hence the products Cée@]ﬁ for i € [1,p(q%) — 1]
and j € [1,¢(m) — 1] form an integral basis of Q™). Since Z[¢,] C Ogm C Z[CgeCm] C Z[Gnl, it

follows that Onm) = Z[(], and (1,(y, - - -, ;f(n)_l is an integral basis of Q. Finally,
Q
(49 ep(ge)— 29 (M) ) m _e(m)1¢(q°)
Age = AXMALT) — [(_1)903 =55 } [( m#m T p~ 5 }
plm
_ (1) IC))
e(n),e(n) Hp p—1 — pen) Hp 1
pln pln
and the assertion follows since ¢(n) = ¢(p®)e(m) =0 mod 4. O

2.3. Gaufl sums and the quadratic reciprocity law

Definition 2.3.1. Let p € P\ {2} be an odd prime. We consider the group X, =
Hom(F;,C*) (with pointwise multiplication), and we call the elements x € X, characters
modulo p. Explicitly: If x1, x2 € X, then (x1x2)(t) = x1(t)x2(t) for all t € F,, the unit
character 1 € X, is defined by 1(t) = 1 for all t € F),, and for x € X,,, we have x(t) € pp—1(C)
and x~(t) = X(t) = x(t)~! = x(t) for all t € F,. If F, = (w), then ord(x) = ord(x(w)) for all
x € X, and therefore the map X, — p,-1(C), defined by x — x(w), is a group isomorphism.
For a € Z\ pZ and x € X,,, we define x(a) = x(a + pZ). For k = k + pZ € [, and £ € p,(C),
we define £% = ¢*. Then it follows that

x_ Jp if £=1, : . &P —
,;Ff _{0 £ et Indeed, if £ # 1, then %;pg Zg 75

Let ¢, = e2m/P be the normalized primitive p-th root of unity. For y € X, and a € [, we define
the Gaufl sum by

Tp(a, x) = Z X()¢E € ZlCpp-1y, and we set  7,(x) = 7(1, x) -
teFy
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Theorem 2.3.2. Let p € P\ {2} be an odd prime, x € X, and a € F,. Then
—1 ) =0 d =1
wo=1 0 f a0 mixet o= {1 ¥ x=h
(a,x) = if a=0 and x , (x)| = ,
8 8 VP if x#1,

x(@)mp(x) if a#0,

() = Xx(=1D7(X)  and  7,(x)7(X) = x(~1)p.

PROOF. As above, we have

Tp(a,l)ZZCthZCgt—lz{p_l if a=0, and |7,(1)] =1.

-1 if a#0
teFy tely 70,

If x # 1 and F; = (w), then

p_2 —1
= — v o__ X(w)p -1 _
P00 = 2 3= 2 x(e)” = B o =0

Thus assume that a € F)f. Then F; = {at [t € F} and therefore, putting at = s and observing
x(a=ts) = x(a)x(s), we obtain
(e, x) = D> X = [ima1s) > x(a7'8)G =x(a) > x(s)¢ = x(@)7p(x) -
teFy seFy se€Fy
Hence |7,(x)| = |7p(a, x)|, and if x # 1, then 7,,(0, x) = 0. Thus, for x # 1 we obtain
(P =D = Y mla)mlax) = D xtx(s) Y ¢
a€lF, s,tGF{f a€lFy

Since

Y@t =0 if t#s, and [x(t)] =1,

aclFy

it follows that (p — 1)[7,(x)|* = p(p — 1), and thus |7,(x)| = /p. Finally, we obtain

X(=1)7p(x) = m(=1,X) = Z Y(t)Cp_t = Z X(t)q; =7(X),

teFy teFy

and consequently 7,(x)7(%) = x(~1) [, (0012 = x(~L)p. O

Remark and Definition 2.3.3. Let p € P\ {2} be an odd prime. Then there is a unique
character ¢ € X, such that ord(y) = 2. If F, = (w), then ¢ is given by ¢(w*) = (=1)* for all
k € Z. ¢ is called the quadratic character modulo p. For a € Z \ pZ, we define the Legendre

symbol by
a a+ pZ 1 if ac€ IF;2 ,
() = (“2FF) = ¢la) = |
P p —1 otherwise.




2.3. GAUSS SUMS AND THE QUADRATIC RECIPROCITY LAW 29

By definition, (%) = 1 if and only if there exists some € Z such that 2> = a mod p, and in
this case a is said to be a quadratic residue modulo p. For all a, b € Z \ pZ we have

(D)= (2)(2) wma (T)=(2).

p p

Theorem 2.3.4 (Euler’s criterion). Let p € P\ {2} be an odd prime.
1. If a € Z\ pZ, then

(2) = a2 mod p. In particular, (_pl> = (—1)(’)_1)/2 =

p

1 if p=1 mod4,
-1 4if p=3 mod4.

2. If p* = (—=1)P=D/2p, then /p* € QW).
(w), and let ¢ € X, be the quadratic character modulo p.

PROOF. Suppose that F =

1. Let k¥ € N be such that a = a + pZ = W* € Fy. Since w®=D/2 £ 1 4 pZ and

(wP=1/2)2 =1 4 pz, it follows that w®~1/2 = —1 4 pZ. Hence
() + 52 = pl) + 52 = (~1)F + 52 = (@D — Q0-D/2 _ (0112 4y,

and therefore
(ﬂ) = a1/ mod p.
p

In particular,
-1 —1
(—) = (-1)®P Y2 mod p implies (—) =
p p
2. Since ¢ =, Theorem Eéﬁu}sZssilrrrnlplies

and as 7,(p) € QP it follows that /p* € Q).

eciprocity Theorem 2.3.5 (Quadratic Reciprocity Law).
1. Let p € P\ {2} be an odd prime. Then

1 if p=+£1 mod38,

(2) — (—)P*-D/8
P -1 4 p=43 mod8.

2. Let p, g € P\ {2} be distinct odd primes. Then

q/ \p 1 otherwise.
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PROOF. 1. We calculate in Z[i|/pZ[i] and observe that —1 # 1 mod pZl[i]. By Theorem

el.ll‘er’

1+ )1 +1) = L+ = (20)(p+1)/2 = 20D/ gp+1/2 = (2) 2i(P+1D/2 1m0d pI]i] .
CASE 1: p=1mod4. Then i? =i,
Q4P+ = (i =2= (2)@) /2 mod pzf],
p

and since (2i,p) = 1, it follows that

2 2 2
) (=) D/4 = i 2) = (=) b/4 = (_\P-1)/8
<p> (—1) =1 mod pZ[i], hence (p> (—1) (-1) .

CASE 2: p=3 mod 4. Then i = —i,
2

(1+ip)(1+i):2z<p

>2i(p+1)/2 mod pZl[i],
and since (2,p) = 1, it follows that

2 2 2
2Y (=) PtD/4 =1 mod pZli hen 2) = ()4 = (P -1/
( ) (—1) 1 mod pZli], ence ( ) (—1) (—1) .

2. Let ¢ € X, be the quadratic character modulo p. Then ¢ =@, 7,(¢)? = (—1)P~1/2p,

(g +pZ) = (%) p(—14pZ) = (~1)"V2 and (g) =p7"/? mod q.

We calculate the Gauss sum 7,(x) € Z[(p] modulo ¢Z[(,]. Since

(o) = (2 e16)" = X oG = e +p2.9) = () () mod 4Z(G),

teFy teFy
it follows that

()" = (1) (~10Pp mod gZ(g).

On the other hand,
m(e) ! = [ ()]0 = (<1) T P2 = ()" p (T) mod Z[G)

and thus we obtain

(%) (—1)P=D2p = (=)= Tp (g) mod ¢Z|[(p)] .

Since ((—1)P=1/2p q) =1, it follows that

(g) = (_1)%1 = <§) mod ¢Z[(p], hence <§> (%) = (—1)% ol 0
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2.4. Dedekind domains

Definition 2.4.1. Let R be a domain and K = q(R).
1. For R-submodules a,b C K we define a=! = (R:a) = {z € K | za C R},

atb={atb|laca beb} and ab:{Zaibi
=1

neN, a; €a, biEb}.
Obviously, a™!, ab and a + b are R-submodules of K. The operations + and - are
associative and commutative, and a(b + ¢) = ac + bc for all R-submodules a, b, ¢ C K.
Moreover, aa~' C R, and a C b implies a=! D b~ L.
2. An R-submodule a C K is called a fractional ideal of R if a # 0 and a~! # 0. We
denote by
e F(R) the set of all fractional ideals of R, and by
e J(R) ={a € F(R) | aC R} the set of all non-zero ideals of R.
3. For a € K* we call Ra € F(R) the fractional principal ideal generated by a, and we
denote by (K*) C F(R) the set of all fractional principal ideals of R.

4. A fractional ideal a € F(R) is called (R-)invertible if aa=! = R.

Lemma 2.4.2. Let R be a domain and K = q(R).
1. Let a C K be an R-submodule.
(a) a € F(R) if and only if aa € I(R) for some a € R®.
(b) If ais a finitely generated R-module and a # 0, then a € F(R).
(¢) If R is noetherian and a € F(R), then a is a finitely generated R-module.
2. If a and b are fractional R-ideals, then a+ b, ab and a=' are also fractional R-ideals.
3. Let K be an algebraic number field.
(a) If M C K is a complete module and R C K an order such that R C R(M), then
M € F(R).
(b) If R C K is an order and M € F(R), then M C K is a complete module.

PRrOOF. 1.(a) If a € F(R), then a # 0 and there is some z € K* such that xa C R. Let
¢ € R® be such that a = cx € R. Then 0 # aa = cxa C R is a non-zero ideal of R.

Conversely, if a € R® is such that aa € J(R), then a # 0 and a € a~!. Hence a=! # 0, and
a€ F(R).

(b)Let 0 # a = g{ay,...,a,) C K. Then there is some a € R® such that aa; € R for all
i € [1,n], and it follows that aa C R, hence a € a=!, and thus a € F(R).

(c) Let R be noetherian and a € F(R). By (a), there is some a € R® such that aa € I(R).
Then aa = g(ai,...,a,) for some ay,...,a, € R, and therefore a = g(a~1a,...,a ta,).

2. Let a,b € F(R), a € a®, beb®andc, de R® such that ca C R and db C R. Then
a € a+b and cd(a+b) C R, hence a+b € F(R). Since (ca)(db) € (anb)® and 0 # a~! C (anb) ™,
it follows that aNb € F(R). Since ab € ab and cdab C R, it follows that ab € F(R), and finally
0#ac (a=')~! implies a=! € HT(R%.

completemodules

3.(a) By Theorem bZ%G,_Rmetherian, and as M # 0 is a finitely generated Z-module,

it is a finitely generated R-module. Hence M € F(R) by 1.(b).
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(b) If R is an order and Z\ﬁco% F{ ), then R is noetherian, hence M # 0 is a finitely generated

R-module, and by Theorem 2.2.5.4, C K is a complete module. O

invertible] Theorem and Definition 2.4.3. Let R be a domain and K = q(R).

1. Let a, b € F(R) and ab = R. Then a is invertible, and b = a~'. In particular, (F(R),")
is a commutative monoid with unit element R, F(R)* = {a € F(R) | a is invertible },
and if a € F(R), then a~! is its inverse in F(R)*.

2. If a € F(R)*, then a is finitely generated.

3. If a € F(R)* and c € K*, then ca € F(R)*, and (ca)~! = ¢ tat.

4. If a € K*, then aR € F(R)™, and the map

0: K* — F(R)*, defined by Oa=aR,

is a group homomorphism, Ker(9) = R*, and O(K*) = (K*) C F(R)*.
The factor group C(R) = F(R)/(K*) is called the ideal class group or Picard group of

R. For a € F(R)* we denote by [a] € C(R) the ideal class containing a. As [ca] = [a]
for all ¢ € K*, we obtain C(R) = {[a] | a € I(R)}.

Two fractional ideals a, b € F(R) are called equivalent, a ~ b if [a] = [b] € C(R).
There is an exact sequence 1 — R* — KX LA FR)* — C(R) — 1.

PrROOF. 1. If ab = R, then b € a~ !, and a=! = a~'ab C b. Hence b = a~!, and the
remaining assertions are obvious.

2. If a € F(R)*, then there exist n € N, aq,...,a, €a and c1,...,c, € a~! such that

n
Z a;C; = 1.
i=1
For all ¢ € a, it follows that c;c € R for all i € [1,n], and therefore
n
c= Zaicic € rla,...,an).
i=1

Hence a = (a1, ..., an).
3. and 4. Obvious. t

Definition 2.4.4. A domain R is called a Dedekind domain if it is noetherian, integrally
closed, and every non-zero prime ideal of R is maximal. For a Dedekind domain R, we denote
by P(R) = max(R) the set of all non-zero prime ideals of R.

lisdedekind Theorem 2.4.5. Fvery principal ideal domain is a Dedekind domain.
fac tg’r%gﬂlibs]égt R be a principal ideal domain. Then R is noetherian and factorial. By Theorem
b. [.2 R is integrally closed. Let pR be a non-zero prime ideal of R and pR C aR C R for some
a € R\ R*. Then p = ab for some b € R, and as a ¢ R*, we obtain b € R* and pR = aR. Thus
every non-zero prime ideal of R is maximal. ]

lekindlemma Lemma 2.4.6. Let R be a Dedekind domain and a € J(R).



2.4. DEDEKIND DOMAINS 33

1. There exist some n € N and py,...,p, € P(R) such that p1-...-p, C a.
2. If p € P(R), then ap™! D a.

PROOF. 1. Assume the contrary. As R is noetherian, the set of all non-zero ideals of R which
do not contain a product of principal ideals has a maximal element, say a. Then a ¢ P(R),
and thus there exist b, ¢ € R\ a such bc € a. Since a C a+ bR and a C a + cR, there exist
Ply--sPry q1,---,qs € P(R) such that p;-...-p, Ca+bR and q1-...-qs C a+ cR. Hence we

obtain pi-...-pyqi-...-qs C (a+bR)(a+ cR) C a, a contradiction.
2. Since p~! D R, we obtain ap~! D a, and we assume to the con‘Erarry that agfl = a. For all
alncriterion
x € p~! we have za C a, and thus x is integral over R by Theorem 2.1.3. Hence it follows that
p~! C R and thus p~! = R. Let a € p®, and let r € N be minimal such that p; -...-p, C aR

for some py,...,p, (this exists by 1.). Then it follows that p; -...-p, C p, and thus there exists
some i € [1,7] such that p; C p, say p1 C p, and thus p; = p. By the minimal choice of r, we
obtain pg ... p, ¢ aR. If b€ pa-...-p.\aR, then a='b ¢ R, bp C p;1-...-p, C aR, hence
a~'bp C R and thus a~'b € p~! \ R, a contradiction. O

Theorem 2.4.7. Let R be a domain. Then the following assertions are equivalent:
(a) R is a Dedekind domain.

(b) Ewvery non-zero ideal a € I(R) is invertible.

(¢c) F(R)* =TF(R).

PROOF. (a) = (b) Assume the contrary. Then the set of non-zero ideals which are not
1nvert1ble contams a maximal element. say a. Let p € P(R) be such that a C p. Then a C
ap~! C pp~! C R by Lemma 2.4.6, and Therefore ap~! is an invertible ideal. If b € F(R) is such
that ap~'b = R, then p~'b € ?(R), and thus a is invertible, a contradiction.

(b) = (c) If a € F(R), then there exists some ¢ € R® such that ca € J(R). Hence ca is
invertible, and thus a is also invertible.

ivebshprz (a) Every a € J(R) C F(R) is invertible and thus finitely generated by Theorem
b 4.3, Hence R is noetherian.

Let z e K = < SR ) be integral over R. Then R[ ] is a finitely generated R-module by
Theorem ence R[r] € F(R), and R = R[z] ' R[z] = R[z] 'R[z]R[r] = R[z] and thus
z € R. Hence R is integrally closed.

Let p C R be a non-zero prime ideal, and suppose that p is not maximal. Then there exists
some q € J(R) such that p C q, and we obtain pq~! C qq~! = R, since q is invertible. Hence it
follows that p = (pq~!)q, and as q ¢ p, we get pq~! C p and therefore q=! =p~tpg= ! Cp~lp =

R, a contradiction. O

Remarks and Definitions 2.4.8.

1. A partially ordered set (X, <) is called a lattice if any two elements a, b € X possess a
supremum sup{a, b} and an infimum inf{a, b}.

2. Let (X, <) and (Y, <) be lattices. A bijective map f: X — Y is called a lattice iso-
morphism if, for all a, b € X, a < b holds if and only if f(a) < f(b). If f is a lattice

isomorphism, then sup{f(a), f(b)} = f(sup{a,b}) and inf{f(a), f(b)} = f(inf{a,b})
for all a, b € X.
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3. A lattice-ordered group (G,-, <) is an abelian group (G, -) with a partial ordering < such
that (G, <) is a lattice and a < b implies ac < be for all a, b, ¢ € G. An isomorphism of
lattice-ordered groups is a group isomorphism which is a lattice isomorphism.

4. Let I be a set, X =ZU) = {(x;)4e; € Z' | 2, = 0 for almost all i € [} or X = N(()I) =
z) N Né For (:L‘Z')Z'e[, (yi)ig € X, we define (.jS)iej < (yi)iej if x; < Yi for all i € 1.
Then (X, <) is a lattice, and for all (z;)icr, (vi)icr € X, we have sup{(z;)icr, (¥i)icr} =
(max{w;, yi})ier and inf{(zi)ier, (vi)ier} = (min{ws, yi})ier.

5. Let R be a domain. Then (F(R),D) is a lattice, and for all a, b € F(R) we have
sup{a, b} = anb, and inf{a, b} = a+b. If R is a Dedekind domain, then (F(R)*,-, D)
is a lattice-ordered group.

dekindmain Theorem and Definition 2.4.9. Let R be a Dedekind domain.

1. Every a € J(R) is a product of prime ideals, and this product representation is unique
up to the order of the factors.

2. BEvery a € F(R) has a unique representation
a= H p*, where vy, €Z, and v, =0 for almost all p € P(R).
peP(R)
In this representation we have vy > 0 for all p € P(R) if and only if a € I(R).
For a € F(R) and p € P(R), the integer vp(a) = vy is called the p-adic value of a.
3. For each p € P(R), the map vp: F(R) — Z is a group epimorphism, vp(p) =1, F(R)
is a free abelian group with basis P(R), and the map
v=(vp)per): F(R) = ZPW) - given by v(a) = (vp(a))per(n)
is an isomorphism of lattice-ordered groups. In particular, if a, b € F(R), then
e a C b if and only if vp(a) > vp(b) for all p € P(R),
e vp(a+b) =min{vp(a), vp(b)} for allp € P(R), and
e vy(anb) =max{vp(a), vp(b)} for allp € P(R).
4. For p € P(R), the map
vp(zR) if ze K*,
o0 if =0,

vp: K — ZU{oo}, defined by vy(x) = {

is called the p-adic valuation or p-adic exponent of K. For allz, y € K and p € P(R),
we have

vp(zy) = vp(z) +vp(y) and vp(z +y) = minfvp(z), vp(y)} -
5. The following assertions are equivalent:
(a) R is factorial.

(b) R is a principal ideal domain.

(¢) [C(R)| = 1.
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PROOF. 1. Ezistence: Assume the contrary. Then the set of all non-zero ideals of R which

are not a product of prime ideals contains a maxima, eéeglel(rﬁé say a. Then a ¢ P(R), and there
exists some p € P(R) such that a C p. By Lemma Cap ! C pp~! = R, and therefore

ap~ ' =po-...-p, for some r € N and po,...pr € P(R). But then a =pap~! =ppo-... - p,, a
contradiction.

Uniqueness: Let a=p1-...-pr=q1-...-qs, for some r, s € Ng and p1,...,pr, q1,-..,0s €
P(R), and prove uniqueness by induction on r 4+ s. If rg or s = 0, then r = s = 0, and there
is nothing to do. Thus suppose that r, s € N. Then q; - ...-qs C p1, and thus there exists
some i € [1, s] such that q; C p1. After renumbering if necessary, we may assume that ¢ = 1 and
obtain pa-... P, =q2-...-qs. By the induction hypothesis, it follows that » = s and, after
renumbering again if necessary, p; = q; for all i € [2,r].

2. Let a € F(R).

Ezistence: Let ¢ € R® be such that ca € J(R). Then ca =py-...-p, and cR=gq;-...-qs for
some r, s € Ng and p1,...,pr, q1,---,qs € P(R) by 1, hence a = (cR) *(ca) = ql_1 U W T

.- pr, and, gathering equal powers, we obtain the existence of a representation as asserted.

Uniqueness: Assume that

H pr = H pt* . where vy, up € Z, and v, = pp, =0 for almost all p € P(R).
peP(R) peP(R)
Then it follows that

H p”P Hp — H p/lp*l’p7

pEP(R) peP(R)
Vp > Hp Vp <fp

and by the uniqueness in 1. we obtain v, = p, for all p € P(R).
3. Let a, b € F(R). Then
ab = H pVP H p"P H pr(a +vp (b
pEP(R) pEP(R) peP(R)

and by 2. we obtain vy(ab) = vy(a) + vy(b) for all p € P(R). Hence vy: F(R) — Z is a group
homomorphism, vy(p) = 1 by definition, and therefore vy, is surjective.

By 2., F(R) is a free abelian group with basis P(R), and v: F(R) — ZP") is a group
isomorphism. It remains to prove that v is a lattice isomorphism. We must prove that, for all
a, b € F(R), a C b holds if and only if vp(a) > vy(b) for all p € P(R).

Let a, b € F(R) and a C b. Then a = b(b~!a), and since b='a C b~1b = R, it follows that
vp(b7ta) > 0 and thus vp(a) = vp(b) + vy(b7ta) > vp(b) for all p € P(R). As to the converse,
assume that vp(a) > vp(b) for all p € P(R). Then 7, = vp(a) — vp(b) > 0 for all p € P(R),
7p = 0 for almost all p € P, hence

c=]]p* €I(R), and a=bcCh.
peP
4. If z, y € K*, then
vp(zy) = vp((zR)(yR)) = vp(xR) 4 vp(yR) = vp(z) +vp(y) ,
and if xy = 0, this holds trivially. If z, y, x +y € K*, then (z +y)R C xR+ yR, and therefore
vp(z +y) = vp((z +y)R) = vp(xR + yR) = min{vp(zR), vp(yR)} = min{vy(z), vp(y)} -
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Again, if zy(z + y) = 0, this holds trivially.

5. (a) = (b) By 1., it suffices to prove that every p € P(R) is a principal ideal. Thus let
p € P(R) and a € p*. Then a ¢ R*, and thus a = p; ... p, for some r € N and prime elements
p1,...,pr € R. Since a € p, we obtain p; € p for some i € [1,7], hence p;R C p, and since every
non-zero prime ideal is maximal, it follows that p = p; R.

(b) = (a) This is well known.
(b) < (c) By definition. O

Remarks 2.4.10 (Ideal arithmetic in Dedekind domains). Let R be a Dedekind domain.
Every non-zero ideal a € J(R) has a unique representation

H p (@ where vy(a) € Ng, and vy(a) =0 for almost all p € P(R).
peP(R)
Hence J(R) is a factorial monoid, J(R)* = {R}, and the map
IR) — N(()P(R)) , defined by a +— (vp(a))pep(r)
is an isomorphism. In J(R), divisibility is defined by
alb < b=uac forsome c€IJ(R) < bCa.

Consequently, (J(R),|) = (J(R), D) is a lattice, and the isomorphism J(R) = N(()P(
is a lattice isomorphism. In (J(R),|), we have

anb =sup{a, b} =lcm(a,b) H proax{ve (@), vi (0)}
peP(R)

R)) as above

and
a+b=inf{a, b} =ged(a,b) = [ pmnte(@w®),
PEP(R)
In particular, a + b = R if and only if aNb = ab, and every fractional ideal a € F(R) has a
unique representation a = ¢~ 1b, where b, ¢ € J(R) and b+ ¢ = R.

Theorem 2.4.11. Let R be a Dedekind domain, a € J(R) and a = p§' - ... pSr, where
reN, p1,...,pr € P(R) are distinct and ey, ...,e, € N.

1. For p € P(R), the following assertions are equivalent:

(a) pe{p1,...,pr}-
(b) acCp.

(c) vp(a) = 1.
2. Let a € J(R), p € P(R) and e € Ng. Then vy(a) = e if and only if a = p°b for some
b € I(R) such that p+b=R.

3. (Chinese Remainder Theorem) There is a ring isomorphism
R/a = R/p{'x...xR/ptr, givenby a+a — (a+p{,...,a+pc).

ProOOF. 1. and 2. are obvious, and 3. is well known. ]
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Theorem 2.4.12 (Extension Theorem). Let R be a Dedekind domain, K = q(R), L D> K
a finite field extension and S = cly(R). Then S is a Dedekind domain, L = q(S), and the map
j: F(R) — F(S), defined by j(a) = aS = g(a) is a group monomorphism.

In particular, if K is an algebraic number field, then Ok is a Dedekind domain.

Proor. CASE 1: L/K is separable. By Theorem
and a noetherian domain, L = q(5), and by Theorem 1&1t%rally closed. Let P C S

be a non-zero prime ideal and p = P N R. By Theorem 2.1. ollows that p € P(R), hence
R/p is a field, and the inclusion R — S induces a monomorphism R/p — S/%.. We identify
R/p with its image. Then R/p C S/ is an integral ring extension. By Theorem FZT§_S7}‘,ITE
a field and thus B C S is a maximal ideal. Hence S is a Dedekind domain, and L = q(5).

CASE 2: L/K is inseparable. Let p = char(K), K D L an algebraically closed extension
field and Ly C L the separable closure of K in L. Then there exists some p-power ¢ € N such
that L? C Ly and thus L C L(l)/q C K. By CASE 1, Sy = cly,(R) is a Dedekind domain, and

since the map x +— 2!/¢ defines an isomorphism L — L(l)/ it follows that Sé/ 7 is a Dedekind

?1 nitely generated R-module

domain and L(l)/q = q(S/%). Now we prove:

A. Sé/q = ClLé/q(R) (and consequently Sé/q NL=2S.)

Proof of A. If x € Sé/q, then z? € Sy, hence x is integral over Sy, and thus z is integral

over R. As to the converse, suppose that = € L(l)/ ? is integral over R, and let 2% 4 ag_jz% 1 +
..+ a1x+ ag = 0 be an integral equation of x over R, where d € N and ag,...,a4_1 € R. Then
it follows that

0=+ ag_12% " +...+arz+ag)? = (x)*+ad_ ()" +... +afz? +a.

Hence 27 is integral over R, and as x? € Ly, it follows that ¢ € Sy and x € Sl/q OJA.]

Now we prove that every non-zero ideal a € J(S) is invertible. If a € J(.S), then a = aSé/q €
J(SY9) is Sé/q-invertible. Hence there exist n € N, aq,...,a, € a and z1,...,2, € L(l)/q such
that z;a € Sé/q for all 7 € [1,n] and ayx1 + ...+ apx, = 1. For ¢ € [1,n], we have

Zams L/ for some k; € N, a;; €a and s;; € Sy,

and we obtain
n k;

n
_ ) _ q—1_gq
1—(5 azazz) E E a”smx g g a;j( 8i,j0; ; x}).
i=1

=1 j=1 =1 j=1

Thus it suffices to prove that Sl]afjlxq € alforalic [l,n]and j € [1 k;]. However,
qj z] € L, and s”aqj zla C s;(z;0)9 C s j(xia)? C Sp, and thus s”a a: ca L.

Obviously, if a € F(R), then aS = g(a) € F(95), and clearly abS = (aS)(bS) for all a, b €
F(R). Hence j is a group homomorphism. If a € Ker(j), then aS = S, hence a C SN K = R,
and thus a = R by Theorem ;n.ll egr e O

Si,5Q
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onbehavior Remark and Definition 2.4.13. Let R be a Dedekind domain, K = q(R), L D K a finite 1 40a1
field extension and 8 = clp(R). If p € P(R), then pS € J(5) and pS # S by Theorem bn.ll X —
edekindm
Hence Theorem 221.ZL9 implies
pS =P -...- P, wherer €N, Pi,...., B, € P(S) are distinct, and ey,...,e, € N.

For i € [1,r], the number e; = e(B;/p) is called the ramification index of B;/p, and the number
f(Bi/p) = dimp,, S/P; is called the inertia index or residue class degree of ;/p. Obviously,

{B1,.... B} ={BePS) | pCTP={P PSS | PNR=p} Wesay that a prime ideal
B € P(S) lies above p if PN R = p, and in this case we write P |p, and consequently we obtain

pS = H gpe(‘B/P) )
Blp

If P € P(S) and p =P N R, then P/p is called

o unramified if e(P/p) =1 and S/P D R/p is separable, and ramified otherwise;
o tamely ramified if char(R/p) te(PB/p) and S/P DO R/p is separable, and wildely ramified

otherwise.
If p € P(R), then we say that p

is ramified or ramifies in L if e(PB/p) > 1 for at least ond P € P(Or) such that P |p;
is unramified in L if e(P/p) =1 for all P € P(OL) such that P |p;

is fully ramified in L if there is only one P € P(Op) such that P | p, and e(P/p) = [L: K];
is inert in L if pOr € P(OL);

splits in L'if [{P e Op | PNR=p}>1;

splits completely in L if e(B/p) = f(P/p) =1 for all P € P(Or) such that P p.

Let K be an algebraic number field and p € P a prime. If p € P(Ok), then we write p|p
instead of p | pZ, and we say tha p lies above or divides p. Also, we set e(p/p) = e(p/pZ) and
f(p/p) = f(p/pZ). Note that f(p/p) = dimg,(Ok/p) = p/®/P) . Also, in the definitions above,
we speak of the behavior of p in K instead of that of pZ.

2.5. Quotient rings

Definition 2.5.1. A commutative ring R is called local if |max(R)| = 1, and semilocal if
max(R) is finite.

Theorem 2.5.2. A commutative ring R is local if and only if R\ R* is an ideal of R, and
then max(R) = {R\ R*}.

Proor. If R\ R* is an ideal of R, then obviously max(R) = {R\ R*}, and R is local. Thus
assume that R is local with unique maximal ideal m. If a € R\ R*, then a is containes in a
maximal ideal of R by Krull’s Theorem, hence a € m, and therefore m = R\ R*. O

-aldedekind Theorem 2.5.3. Let R be a semilocal domain. Then every invertible fractional ideal of R
1s principal. In particular, every semilocal Dedekind domain is a principal ideal domain.
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PROOF. We may assume that R is not a field and max(R) = {p1,...,p,} for some r € N.
For j € [1,r], we set

p; = ﬂ pi and obtain p; & p;.

=1

i#]
It suffices to prove that every invertible ideal is principal. Let 0 # a C R be an invertible ideal.
For j € [1,7], we have ap} ¢ ap;, we choose some a; € ap} \ ap;, and we set a = a1 +...+a,. As
aja~l C Rfor all j € [1,7], it follows that aa™! C R. If i, j € [1,r] and i # j, then a; € ap; \ ap;,
and therefore a = a; # 0 mod ap;. Hence it follows that aa™ ¢ p; for all j € [1,7], and thus
aa~! = R by Krull’s Theorem. Hence a = aR is a principal ideal. O

Remarks and Definitions 2.5.4 (Quotients). Let R be a domain, K = q(R) and L D K
and extension field. Let 7" C R® be a multiplicatively closes subset (that means, 1 € T and
TT =T). For a subset X C L, we define

T'X={t"'z|teT, xcL}.
By definition, X ¢ T~'X c T-'L = L.

1. Let S C L be a subring. Then 77'S C L is a subring, 7-'R ¢ T~'S, and q(T~'9) =
q(S) c L. If M C L is an S-module, then T~'M is a T~'S-module, and if E C M is
such that M = g(F), then T~'M = ;-15(E).

Proof. Obviously, T~'S C L is a subring, T7'R c T~'S, q(T~'S) = q(9) C L,
T7'M C L is a T-'S-module, and p-15(E) C T"'M. If £ € T~'M, where z €
M = g(F) and t € T, then x = sju; + ... + Spuy, where s, € S, wu, € E, and
=%y +...+ 2u, € pag(E) T 'M. O

2. Let V' C R*® be another multiplicatively closed subset and M C L an R-module. Then

TV C Rand T7'V € T7!'R are multiplicatively closed subsets, and

(T vy Y1 'M) = (TV) M .

Proof. Obviously, TV C R and T~'V C T~ 'R are multiplicatively closed subsets. If
x €M, t,t' €T and v € V, then the identities

x t z
L= YTand L= L
7 tv tv 1
show that (T—'V)~Y(T~'M) = (TV)~'M. -

3. If a € F(R), then T la=aT 'R e F(T'R).
Proof. 0 # T~ 'a=aT 'R C K is a T~!R-module. If ¢ € R® is such that ca C r, then
cI'ta C T7'R, and thus T~ 'a € F(T'R). O
4. If a, b € F(R), then
T Yanb)=T"tanT 6, T a+b)=T"ta+T'6, and T '(ab)=T"taT 'b.
In particular, the map
F(R) — F(T™R), definedby a+— T 'a,

is a monoid homomorphism. Consequently, a € F(R)* implies T 'a € F(T~'R)*, and
Tla ! = (T ta)~L.
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Proof. Obvious. O
5. Ifa<a R, then T"'a< T 'R, ac T"'anR, and T"'a=T"'Rif and only if anT # (.
Proof. If a < R, then obviously T 'la <« T 'Rand a Cc T"'anR. If T'a = T7'R, then
1=%¢€ T~ 'afor some a € aand t € T, and thus a = ¢t € anNT. Conversely, if ¢ € anT,
then 1= ¢ € T~ 'a and thus 7~ 'a = T7'R. O
6. fA 9T 1R, then ANR < R, and A =T"1(RANR). In particular, I(T'R) = {Tta|
a € J(R)}, and if R is noetherian, then T~!R is also noetherian.
Proof. If A < T~'R, then obviously AN R < R and A D T~1(AN R). Conversely, if
2 €9, wherea € Rand s € T, then a = s¢ € ANR and thus ¢ € T~ (AN R). Together
with 4., this implies J(T"'R) = {T'a | a € J(R)}. If a < R is a finitely generated
ideal of R, then 1. implies that 7~ 'a is a finitely generated ideal of T"'R. Thus, if R

is noetherian, then so is T7'R. ]
rimeideals Theorem 2.5.5. Let R be a domain and T' C R* a multiplicatively closed subset. Then the
maps
{p €spec(R) |pNT =0} — spec(T 'R), definedby p — T 'p
and

spec(T_lR) — {pespec(R) |pNT =0}, definedby P — PNR,

are mutually inverse inclusion-preserving bijective maps.
uotientremarks

PROOF. If P € spec(T'R), then BN R € spec(R), and P = T (PN R) by 5.5.4.6. Thus
we must prove:

A. If p € spec(R) and pNT = 0, then T~'p € spec(T"'R), and T"'pN R = p.
Let p € spec(R), and suppose that %% € T'p for some a, b € R and s,t € T. Then
for some ¢ € p and w € T. Thus we obtain abw = cst € p, and as w ¢ p, it follows that
b € p, and consequently ¢ € T~y or % € T~ 'p. Hence T~ 'p € spec(T'R).

Obviously, p € T~'p N R. To prove the reverse inclusion, let a = $erT “pN R, where c € p
and t € T. Then it follows that at = ¢ € p, and as t ¢ p, we get a € p. O

Qwle

b _ ¢
t  w
€por

@' Theorem 2.5.6. Let R C S be domains and T C R® a multiplicatively closed subset. Then
cpo1g(T7'R) = T clg(R).
In particular, if R is integrally closed, then T~'R is also integrally closed.
PROOF. Suppose that z € clp-1g(T"'R) C T~1S, say z = %, where v € S and t € T Let

z\% ag—1 (x)d—l al <:c> ao
- - e — =0
(t) +td,1 t * +t1 t +t0
be an integral equation of z over T7'R, where d € N, ag,...aq_1 € R and tg,...tq_1 € T.
Multiplying by to .. tg_1 yields an equation sl +bg_12% T 4. . .+ bz +byg =0, where s € S
and by, ...,bs_1 € R. If we multiply this equation by s%~!, we obtain an integral equation for
sx of R, which implies sz € clg(R) and thus z € T~ !clg(R).
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Assume now that = € clg(R) and ¢t € T, and let ¢+ ag_ 12+ .. 4 a1z +ap =0 be an
integral equation for x over R, where d € N and ag,...,a4_1 € R. Then we obtain

z\% ag_q1 /x\4-1 ar * ap T 1
(;) + : (;) ++td771?+t7d:()’ and thus ;ECIT—ls(T R)

Assume now that R is integrally closed and K = q(R). Then T7'K = K = q(T"'R), and
cg(T7'R) = T !(clg(R)) = T"'R. Hence T~ 'R is integrally closed. O

Theorem 2.5.7. Let R be a Dedekind domain and T C R* a multiplicatively closed subset.
1. T7'R is a Dedekind domain, and P(T~'R) = {T 'p|p € P(R), pNT = 0}.

2. Let p € P(R) be such that pN'T = 0. Then vp-1,(T'a) = vy(a) for all a € F(R), and
Vp-1p = Vp: K — Z U {oo}.

uotientremarks X uotientintegral
Proog. 1. B 5.5.25.6 7 1s noetherian, by Theorem 5.5.6 I 1s integrally closed, and by
uotientprimeideals . 71
Theorem 5.5.5 i éol ows that P(T'R) ={T"'p|p € P(R), pNT =0} and every non-zero
prime ideal of T7!'R is maximal. Hence 77! R is a Dedekind domain.

uotientprimeideals
2. If a € F(R), then, by Theorem 5.5.5,

a=p"@ [ ¢9@ implies T'a=(T"'p)*@ [ (@ '@,

qeP(R) q€P(R)
qa7p a7p, TNa=0
and therefore vp-1,(T~'a) = vp(a). If © € K*, then vp-1,(2) = vp-1,(aT'R) = vp(zR) =
vp(2). O

2.6. Localization

Definition 2.6.1. Let R be a domain, K = q(R), L D K an extension field and p € spec(R).
For a subset X C L, we call X, = (R\p) ' X the localization of X at p. If R=7 and p = pZ
for some prime p € P, we set X(,) = Xpz.

Theorem 2.6.2. Let R be a domain, K = q(R), L D K an extension field, M C L an
R-module, T C R® a multiplicatively closed subset, p € spec(R) and pNT = 0. Then T-'M is
a T~'R-module, T~'p € spec(T~'R), T'R\T 'p=T"Y(R\p), and (T~ M)p-1, = M,.

uotientremarks uotientprimeideals

ProoOF. By &WﬁT%W is a T~!R-module, and by Theorem &m@_ff:lkp €
spec(T~'R). If s T~ 'R, where a € R and t € T, then ¢ € T_lg 1i{{samd only if a € p,

fotient
and consequently we obtain TR\ T !'p =T~ (R\p). By 5.50.41.6211 Wo gef

(T M)g1p = (T'R\T 'p) " (T"'M) =T H(R\p)""(T"'M) = (T(R\ p))"'M
=(R\p) 'M=M,. O

Theorem 2.6.3. Let R be a domain and K = q(R).
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1. Let L D K be an extension field and M C L and R-module. Then

M= () M,.
pemax(R)

2. Suppose that Ry, is integrally closed for all p € max(R). Then R is integrally closed.

ProoF. 1. It suffices to prove: If x € L and = € M, for all p € max(R), then z € M.

Thus let © € L, x € M, for all p € max(R), and let J ={c€ R|cx € M}. Then J ¢ p for
all p € max(R). Indeed, then it follows that J = R, hence 1 € J and = € M. If p € max(R),
then « € M, and therefore sz € M for some s € R\ p. Consequently, s € J \ p.

2. Let z € K be integal over R. Then x is integral over Ry for all p € max(R). Hence
x € Ry for all p € max(R), and thus z € R by 1. O

zationisok| Theorem 2.6.4. Let R be a domain and p € spec(R).
1. Ry is a local domain with maximal ideal py = pR.
2. Let L C R be a field and M C L and R-module.
(a) If M is R-free with basis (u1,...,u,) (for somen € N), then M /pM is R/p-free
with basis (u1 + pM, ... up + pM).
(b) Suppose that p € max(R) and n € N. Then p"M, N M = p"M, and there is an
R-module isomorphism
v M/p"M — My/p"My, given by t(a+p"M)=a+p"M, forall ac M.
By this isomorphism, we identify M/p"M = My/p" M. In particular, we obtain
R/p™ = Rp/p" Ry.

uotientprimeideals
Proor. 1. By Theorem 5.5.5.

2.(a) Obviously, M = r(uq,...,u,) implies
M/pM = g(ur +pM, ..., up +pM) = g/p(ur + pM, ..., up +pM),

and we must prove linear independence. Thus let aq,...,a, € R be such that

n

0= Z(ai +p)(u; + pM) = Zaiui +pM € M/pM, hence x= Zaiui €pM.
i=1 i=1 i=1

Then

m
T = chyj for some m €N, c1,...,¢n €p and y1,...,Yym € M,

j=1
and for all j € [1,m] we have

n n m

Yj = Z bjiu; for some bj1,...bj, € R, and z = Z(Z bj,icj)ui,

i=1 i=1 j=1

hence

ai:ijﬂ-chp and a;+p=0€R/p forall i€ [l,n].

J=1
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(b) Obviously, p"M C p" M, N M. To prove the reverse inclusion, let ¢ € p"M, N M, say

m
aju; n
c= h - ; .
Z o> Where a; €p", u; € M and s€ R\p
J=1
Since R = p" + sR, there exist some b € p” and ¢t € R such that 1 = b+ st, and consequently

m
c=bc+ stc= bc+Zajtuj ep"M.
j=1
In particular, it follows that ¢ is injective. To prove sujectivity, let z = £ € My, where u € M

and s € R\ p. As above, there exist b € p” and ¢t € R such that 1 = b+ st. Then z — ut =
z(1 — st) = zb € p" My, and therefore z + p" M, = t(ut + p"M). O

Definition 2.6.5. A domain R is called a discrete valuation domain or dv-domain if it is
a Dedekind domain, and |P(R)| = 1.

Theorem 2.6.6. Let R be a domain and K = q(R).
1. R is a dv-domain if and only if R is a local principal ideal domain and not a field.

2. Let R be a dv-domain, P(R) = {p} and 7 € K such that vp(m) =1. Then
R={z e K |vy(z) >0}, R*={zxeK |vy(z)=0},
and p = {x € K | vp(x) > 0} = R\ R* = 7R. If x € K*, then x = 7@, where
u € R*, and if a € F(R), then a = 7 (YR,
3. R is a Dedekind domain if and only if R is noetherian and, for all p € max(R), Ry is

a dv-domain.
4. Let R be a Dedekind domain and p € P(R). Then

Ry={x € K |vp(z) >0}, vpg, =Vp: K — ZU {00},
and if a € F(R), then vpr, (aRp) = vp(a) and dimpg/(a/ap) = 1.
Proor. 1 _Let I be a dv-domain. As [P(R)| = 1, it follows that R is local and not a field.

[sémi

By Theorem 2.5.3, 215 a principal ideal domain. Conversely, if R is a local principal ideal
domain and not a field, then R is a Dedekind domain by Theorem 5.4.5, and P% rRk) =1

local
'2. .If P(R) = {p}, then R\ R =p = 1R by Theprem b.5.2, where 7 € [ is any element
satisfying vp(7) = 1 by Theorem 2.4.9. Now all assertion follow by Theorem b.ZLQ.

wotdenth &ois 8 Dedekind domain and p € P(R), then R, is a Dedekind domain by Theorem
alfé'e r_Assume now that R is noetherian and Ry, is a dv-domain for all p € max(R). By Theorem

bl

R = ﬂ R, is integrally closed,
pemax(R)
and it remains to prove that every non-zero prime ideal of R is maximal. Thus assume that
0 # p C R is a prime ideal, and let p C R be a maximal ideal such that p C p. Then
0#pRs CpRs C Ry ngigﬁgé%é}?i%%ls’ hence pRy = pRy, and p =pRgNR=pRz N R =5.
4. By Theorem B.S.? it follows that vyp, = vp: K — Z U {oc} and vpg, (aRy) = vp(a) for
all a € F(R), and by 2. we obtain Ry = {z € K | vp(z) > 0}.
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For the proof of dimp/,(a/ap) = 1, observe that R/p = R,/pR, and a/ap = aRp/apR,
llocallzatlonlégk i

by Theorem 2.6.4.2. If 7 € K is an element such that vy(r) = 1, then aR, = 7Y R, and

apRy, = WVP(“)“RP. The map Ry, — aRy/apRy, defined by = — WVP(“)x+apRp, is an Ry-module

epimorphism with kernel 7R, = pR,, and thus it defines an isomorphism R,/pR, = aRp/apRy,

as asserted. 0

2.7. Factorization in extension fields

Theorem 2.7.1. Let R be a Dedekind domain, K = q(R), L D K an extension field,
[L:K]=n, S=clp(R), pe P(R), and pS =P{ -...- P&, wherer € N, PBy,..., B, € P(5)
are distinct, e; = vy, (pS) > 1 and f; = dimpg,(S/B;) for all i € [1,r].

1. Sp = clp(Ry) is a semilocal principal ideal domain, P(Sp) = {P1Sp,...,PrSp} and
pSp = (PrSp)™ - ..o (BrSp)™. S/pS = Sp/pSp, PiSp N Ry = pRy, €i = vp,s, (pSp)
and f(PiSp/pRp) = fi for allie [1,r].

2. We have

Z eifi = dimpg/,(S/pS) <n, and equality holds if and only if Sy is Rp-free.
i=1
In particular, equality holds if L/ K is separable.

uotientintegral dedekindextension

PROOF. 1. By Theorem 550, 5y =211 (R,), and by Theorem 217" 5. 58 Dedekind
domain. Clearly pSy = (pS)p = (PB1Sp) ... (PBrSp)®, € = vp,s, (0Sp) and P Sy N Ry = pRy
for all i € [1‘,7”]. Since B D p for all P EIQIZZ@@QHXV&QQ@}&@@BQ = {PB1Sp, ..., BrSp},
and thus Sy is semilocal. By the Theorems 2.6.2 and 2.6.4, we obtain R/p = Ryp/pR, and
S,,/‘BiSp = (Sp)misp/(misp)&msp = Sgpi/‘,pngpi, which implies f; = f(‘,BZSp/pRp) forall i € [1,7"].

2. By 1., it suffices to consider R, instead of R, and thus we may assume that R is a dv-
domain and P(R) = {p}. Then P(S) = {PB1,...,Pr}, S is a semilocal principal ideal domain,
and since pS = P7* - ... P, it follows that

T

S/pS =D S/P5 .
=1

Now we proceed in three steps.

A. dimp/,(S/B;) = eif; for all i€ [1,7].

Proof of A. Let i € [1,r], e =e;, f = fi and P = PP,;. Then we have the descending
sequence of R/p-vector spaces S/P¢ D ... D PI/Pe D ... D Pel/Pe O {0} with quotient
spaces

W, = (P7/9¢) /(P /p¢) =2 7 /it =2 S/P for all j € [0,e — 1] by Theorem 5%.6.

Consequently,
e—1
dimpp(S/pS) =) dimp,(W;) = e dimp/,(S/P) = ef . O[A.]
j=0

B. If S is a free R-module, then S/pS is a free R/p-module of rank n, and if L/K is
separable, then S is a free R-module.
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Llocalizatidimsegralclosure
Proof of B. By the Theorems 2.6.4 and 2.1.6. O[B.]

C. Let m = dimpg/,(S/pS) and uy,...,uy € S such that (ug +pS,...,um + pS) is an
R/p-basis of S/pS. Then (uq,...,uy) is linearly independent over R, m < n, and
m = n if and only if S is R-free.
Proof of C. Suppose that p = 7R.
Assume that (ug,...,un) is linearly dependent over R, let ¢i,...,¢, € R be such that
iUy + ... + ety = 0, and k = min{vyp(c;) | j € [1,m]} = vy(c1) < oo. Then 7 ey +p # 0,
and

m m
Z c]+p (uj +pS) = Zw‘kcjujerS:OES/pS,
3*1 Jj=1
a contradhctloillz £ free then it has a basis consisting of n elements, and thus m = n by
Theorem 2.6.4.
Assume now that m = n. Then (uq,...,u,) is a K-basis of L, and we shall prove that
S = prui,...,up). Let z € S, x =bjus + ...+ byuy, where by,...,b, € K, not all in R, and

assume that k = min{vy(b;) | 7 € [1,m]} = vp(b1) < 0. Then 7 kb € R for all j € [1,r],
7= +p # 0, and

0=nF*z+ps= Z(w_kbj +p)(u; +5) € S/pS, a contradiction. O
j=1

Theorem 2.7.2. Let R be a Dedekind domain, K = q(R), L/K a finite field extension
and K C M C L an intermediate field. Let S = clp(R) and T = cly(R) [then S = cli(T),
R=KnNS and T=MnNS]. Let P € P(S), q=PNT and p = PNR=qNR. Then
e(PB/p) = e(B/a)e(a/p), and f(B/p) = f(B/a) f(a/p).

PROOF. By definition, p7 = ¢q(¥/Pp and qS = PF/DB, where b € I(T), B € I(9),
q+b=T and P+ B =5. Hence pS = Pe/MeF/DpB and since 1 € q+b and 1 € P + B,
it follows that 1 € (q+b6)(P +B) C P+ 6B, hence P+ 6B =S and e(P/p) = e(q/p)e(B/q).

From the finite field extensions R/p C T//q C S/B we obtain

FOB/p) = [S/B:R/p] = [S/B:T/al [T/a:R/p] = f(B/a)f(a/p) . .

Theorem 2.7.3. Let R be a Dedekind domain, K = q(R), L/K a finite galois extension,
Suppose that pS = PS5t -.. .- P&, where P, ..., P, € P(S) are distinct, ey, ...,e, €N, P =P,
er =eand fi = f. Then {PB1,..., B} = {oP | 0 € G}, =eand f; = f for alli € [1,7],
and efr =n.

PROOF. Let 0 € G. Then o(S) = S, and ¢|S: S — S is a ring isomorphism. Hence
oPB € P(S),and PN R =0(PNR) =o0p =p. Since e = e(P/p), we obtain pS = PB, where
B eJS)and P+B =S5, pS = o(P)°B, and P+ 0B = o(P+ B) = 05 = S, which
implies e = e(oP/p). Moreover, o induces an R/p-isomorphism oc*: S/B — S/oP, given by
o*(a+P) = o(a) + 0P, and therefore f(oP/p) = dimp, /0P = dimp,, S/P = f.

It remains to prove that, for each i € [1,7] there exists some ¢ € G such that P; = o*B.
Assume the contrary. Then there exists some i € [2, 7] such that B; # o' for all o € G. By the
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Chinese Remainder Theorem, there is some x € S such that £ =0 mod B; and x =1 mod o8
for all o € G. Consequently, o~ 1(z) =1 mod P for all ¢ € G, and therefore

Npx@)=[[e '@ el +B)NE=1+pC1+P;.
oeG
On the other hand, x € B; implies
Np/k(r)= = H o(x) € xS CP;, a contradiction. O
UEG\{idL}

Theorem 2.7.4 (Kummer’s Weak Splitting Law). Let R be a Dedekind domain, K = q(R),
p € P(R), and consider the residue class homomorphism

Rp[X] — Ry/pRp[X]=R/p[X], g — 7.
Let L/K be a finite field extension, S = clp(R) and o € S such that Sy, = Rpla]. Let P € R[X]

be the minimal polynomial of a over K, and P = P;" -...- P.", where Py,..., P, € R[X]\ R
are monic, P1,..., P, € R/p[X] are irreducible and distinct, and ey, ..., e, € N. Forie [1,7],
let P, = pS + Pi(a)S. Then Pi,...., B, € P(S) are distinct, pS = P - ... P&, and

f(Bi/p) = deg(P;) for alli € [1,7].

PRrROOF. We set k = R/p and denote by k D k an algebraically closed extension field. For

€ [1,7], let @; € k be such that P;(@;) = 0. Next we prove:

A. For every i € [1,r], there exists a unique ring homomorphism ®;: S — k(@;) with the

following propoerty: If z € S and z = g(«) for some polynomial g € Rp[X], then
®i(z) = g(@).

Proof of A. Let i € [1,7]. Uniqueness is obvious, and if ®; is a map with the asserted
property, then it is a ring homomorphism. Thus it suffices to prove: If z € S and g, g1 € Rp[X]
are such that z = g(a) = g1(a), then g(@;) = g, (@).

If g, g1 € Ryp[X] and g(a) = g1(a), then (g — g1)(@) = 0, hence P|g—g1, P;|P|g—g; and
therefore g(@;) —gy(@;) = (7 — g;)(a;) = 0. O[A.]

If B; = Ker(®;), then P; € P(S), and as ®|R: R — k is just the residue class homomor-
phism, we get ; N R = p and f(P;/p) = dimpg,, S/P; = [k(a;) : k] = deg(F;). Therefore it
remains to prove the following two assertions:

B. For all i € [1,7], we have B; = pS + Pi(«)S.
C. pS=P7 ... - P.
Proof of B. Let i € [1,7]. Then ®;(P;(a)) = P;(@;) = 0, and therefore it follows that

pS + Pi(a)S C Ker(®;) = P;. To prove the reverse inclusion, let z € P; and g € Ry[X]
be such that x = g(a). Then g(aZ) = ®;(x) = 0, hence P;|g in k[X], say g = P;h for

some h € R[X]. Since k[X]| = Rp[X]/pRy[X], we obtain g — PliocalRELtlomsgkconsequently
g(a) — Pi(a)h(a) € pRpla] NS = pSp, NS = pS by Theorem M 6.4. Hence 1t follows that
x=g(a) € pS+ Pi(a)S. O[B.]

Proof of C. We have already proved that {Pi,....,} C {B € P(S) | PN R = p}, and
we assert that equality holds. Thus let B € P(S) be such that 8 N R = p, and consider the
residue class @ = a+ P € S/P = Sp/Pp D Rp/pp = k. Since S, = Rpla], it follows that
S/ = kla] = k(a). Since P(a) = 0, it follows that P(a) = 0, and therefore P;(@) = 0 for
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some i € [1,7]. Hence there exists a k-isomorphism S/ = k(a) = k(@;) mapping a@ — @;.
Combining it with the residue class homomorphism S — S/, we obtain a ring homomorphism
U: S — k(@;) such that ¥(a) = @;, V|R: R — k is the residue class homomorphism, and
consequently W¥(g(a)) = g(a;) for every polynomial g € Ry[X]. Hence it follows that ¥ = ®;,
and P = Ker(¥) = P;.

Since {P1,..., B} = {PB € P(S) | PN R = p}, there exist €},...,e,. € N such that
pS = ‘,Bi/l -...-‘Bf:", and we must prove e, = e; for all ¢ € [1,r]. Since P{'-...- P — P € pR[X]
and P(a) =0, it follows that

Pi(a) - ... Po(a)® = (PP - ... P& — P)(a) € SNpRla] € SNpS, = pS = P51 ... P&

T

and therefore
T

135 = [[rS + Pi@)s) ¢ pS+][Pi()®S c pS+]]%7 = [[B
i=1 i=1 i=1 i=1 i=1
Hence it follows that e; > e for all i € [1,7], and since Sy, = Ryla] is Ry-free, we obtain

[L:K] = eif(Pi/p) <D eif(Pi/p) = deg P = [L: K],

i=1 i=1
and thus it follows that e; = ¢} for all ¢ € [1,7]. O

Corollary 2.7.5. Let p € P a prime. For a polynomial h € Z[X], let h € F,[X] be the
residue class polynomial. Let K be an algebraic number field, « € Ok and p t (Ok :Z[a]). Let
P € Z[X] be the minimal polynomial of «, and suppose that P = P{"-...- P," € Fp[X], where
reN, Pi,...,P. € Z[X] are monic, and Py,..., P, € F,[X] are distinct and irreducible.

Then pOg = P - ... - P&, where P; = pOk + Pi(a)Ok € P(Ok) for all i € [1,r].

kummersplittin
PRrROOF. By Theorem b??l,_lfps—uﬁ?cegs to prove that Ok, ) = Zy[a]. Obviously, Z[a] C Ok
implies Z,) [a] C Ok, p)- To prove the revers inclusion, suppose that z = { € Of (), where
c € Ok and s € Z \ pZ. Since p t (O : Z[a]), there exists some m € N such that p f m and
me € Z[a], which implies z = ¢ € Z,[al]. O

Theorem 2.7.6 (Splitting law for quadratic number fields). Let K = Q(v/d) be a quadratic
number field, where d € 7\ {1} is squarefree, and let p € P be a prime.

1. If p#£ 2, (g) =1 and a € Z is such that a®> = d mod p, then pOx = p,p_, where
pr =pZ+ (Vd+a)Og = o, (p,Vd+a) € P(Og) (p splits in K).
2. If p#2 and (%) = —1, then pOk € P(Ok) (p is inert in K).

3. If p|d, then pOx = p?, where p = pZ +Vd Ok = 0, (p,Vd) (p ramifies in K).
4. If p=2 and d = 3 mod 4, then pOx = p?, where p = 2Z+(v/d—1)Ox = 0 (2, Vd—1)
(2 ramifies in K).
5. If p=2 and d =1 mod 8, then 20k = pp_, where
1+Vd 1+Vd
2 2

pr =272+ Ok = 0K<2, > € P(Ok)

(p splits in K).
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6. If p=2 and d =5 mod 8, then 20k € P(Ok) (2 is inert in K).

ummersplittin ummersplittingl
PrROOF. We apply Theorem E.?.ZI and Corollary % 7.5. Recall f%

1+d
9

Ox =Z[Vd] if d#1 mod4, and (’)K:Z[ } if d=1 mod4.

CASE 1: p # 2. Then (O :Z[Vd]) {p, X?—d € Z[X] is the minimal polynomial of v/d,
and we consider X2 —d € F,[X].
o If (%) = 1, then d = @* for some a € Z \ pZ, and X? —d = (X —a)(X +a) € F,[X].
Hence pOf = pyp_, where p = pZ + (Vd + a)Ox = o, (p,Vd £ a) € P(Ok).
o If (%) = —1, then d is not a square in F,, hence X? — d € F,[X] is irreducible, and
therefore pOg € P(Ok).
o If p|d, then X? —d = X? € F,[X]. Hence pOx = p?, where p = pZ + VdOg =
ok (p, Vd) € P(Ok).
CASE 2: p=2.
e If d =2mod 4, then O = Z[Vd], and X2 —d = X? € Fy[X]. Hence 20k = p?,
where p =27 +Vd Ok = 0, (2, Vd).
o If d =3 mod 4, then Ok = Z[Vd], and X? —d = (X —1)? € Fy[X]. Hence 20k = p?,
where p = 2Z + (Vd — 1)Ox = 0, (2,Vd — 1).
o If d =1mod4, then Og = [H'T‘/E], and f = X2 - X + 154 € Z[X] is the minimal
polynomial of 1*—2\/3.

If d=1mod 8, then f=X?-X=X(X—
where p, = 27 + 1*—2‘/3(9;( and p_ = 27 + (
pe =0, (2, 1574) € P(Ok).

If d=5 mod 8, then f = X2+ X+1 € Fo[X] is irreducible, and 20y € P(Og). O

1) € Fo[X], and therefore 20k =pip_,
1

)
+Vd _ 1) O = 27 + 17‘/3 Ok, hence

Theorem 2.7.7 (Splitting law for cyclotomic fields). Let n € Nxy and K = Q™ = Q(¢,),
where ¢, € pt(C). Let p € P be a prime and n = p®m, where e € Ng, m € N and pt m. Let
f € N be minimal such that pf =1 mod m. Then f|@(m), and if ©(m) = fr, then

pOK = (Pr- ... R)?F),
where P, ..., P, € P(Ok are distinct, and f = f(P;/p) for all i € [1,7].

lotomi
PRrROOF. By definition, f = ord(Z/m%?x ggegn%@c)fi%nd therefore f | p(m). By Theorem bc.Zc. 10(),0mlc

we obtain Ok = Z[(], and by Theorem 2.7.4 it suffices to prove that the residue class polynomial
®,, € Fp[X] of the cyclotomic polynomial ®,, € Z[X] behaves as follows.

A. T, =327,
B. ®,, is the product of r distinct irreducible monic polynomials of degree f in F,[X].
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Proof of A. By induction on m.
m =1 : Since
Qe = ;(pf_l__ll, we get (kal — 1) (XP — 1),
we obtain
(X =T ' Bpe = (X — TP and Bpe = (X — TP 7 =77,
m > 1: Assume that the assertion holds for all d < m. Since
XPM 1 = Bpe (X7 1) [ Pae s

d|m
1<e<m

we obtain, using the induction hypothesis,

m —\ e - m —me—1 - €
(X" =T =T (X" TP T 3777,

d|m
1<e<m
and therefore
iy — T e X TN e(0°) PR )
(X7 - 1)) =3, H , :‘I)n( _ )‘PP — (X™ _T)Pr) (”e)’
im 2 o,
1<e<m

which proves A.

Proof of B. Since ®,, | X™—1, it follows that ®,, is separable, and therefore ®,, = 1. . .-,
where s € N and 91, ..., € F,[X] are irreducible, monic and distinct. It suffices to prove that
deg(v;) = f for all i € [1,s], for then ¢(m) = deg ®,,, = sf, and thus s = r.

By definition, F,; = ]Fém) is a splitting field of ®,,. We shall prove that, for all i € [1, s] and
§ €Ty, if 9i(§) =0, then & € py, (F,r), hence Fr = Fp(&) and deg(¢);) = f. Thus let £ € Py
be such that ¥;(£) = 0 and ord(¢) = d < m. Since X™ — 1 = (X9 — 1)®,,h for some monic
polynomial h € Z[X], it follows that X™ — 1 = (X¢ — 1)®,,h, and since ®,,(&) = 0, it follows
that £ is a double root of X™ — 1, a contradiction. O O






CHAPTER 3

Geometric methods

3.1. Geometric lattices

Recall that a finitely generated group A is called free if A = Z™ for some n € N. Then A

possesses a (Z-)basis (u1,...,uy), and the (uniquely determined) integer n is called the rank of
A, n=rk(A).
teilersatz Theorem 3.1.1 (Main Theorem on finitely generated abelian groups). Let A be a finitely

generated abelian group.

1. Let A be free of rankn € N and B C A a subgroup. Then there exist a basis (u1, ..., u,) of
A, some m € [0,n] and e1,...,en € N such that ey |ea| ... |em, and (e1uq,. .., entm)
is a basis of B.

In particular: B is free, tk(B) <rtk(A), A/B =X Z" " ZL/eiZ® ... d7L/enZ, and
(A:B) < o0 if and only if tk(A) = rk(B).

2. There exist (uniquely determined) numbers r,t € Ny and e1,...,e; € N such that
l<eilex|...lecand A= 72" ®ZL/e1Z @ ... DL/ei7.

3. Let A be free, B C A a subgroup and tk(A) =1k(B) =n € N. Let u € A™ be a basis of
A, v € B" a basis of B and T € M, (Z) such that v =uT. Then (A:B) = |det(T)|.

ProOOF. Elementary Algebra. O

Definition 3.1.2. Let V be an R-vector space and dimg (V) =n € N.

1. A subset I' C V is called a (geometric) lattice if there exist some m € [0,n| and R-
linearly independent vectors vj ..., v, € I such that I' = Zv; + ...+ Zv,, [then T is a
free abelian group, and (v1,...,vy) is a basis of I']. We denote by RI" the R-subspace
of V spanned by I'. Then dimg RI' = rk(I') = m, and I is called complete (in V') if
RI'=V.

2. Let T' C V be a lattice, m € [0,n] and (v1,...,vs) a basis of I'. Then the set

g:{ixjvj}xl,...,mmG[O,l)}
3=0

is called a fundamental parallelotope of T'. Obviously, G depends on (v1,...,v,), and
RF:L-IJ{W—I—F|7€Q}=L—|j{u+g|uel“}.
In particular, G is a system of representatives of RI'/T" in RT".

51
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3. Let now V be an euclidean vector space, I' C V' a complete lattice and G a fundamental
parallelotope of I'. The n-dimensional elementary volume vol(T') = vol(G) is called the
volume of I'. If (vy,...,v,) is a basis of I, then vol(I") = | det(vy,...,v,)|.

Theorem 3.1.3. Let V' be an R-vector space, n = dimg(V) € N and I' C V' a subgroup.
1. The following assertions are equivalent:
(a) T is a lattice.
(b) 0 ¢ T (0 is not an accumulation point of T').
(¢) T' CV is a discrete subset (that means, I' =10).
2. Let T be a lattice. Then T is complete if and only if V/I' has a bounded system of

representatives in V[ that means, V = J{I'+m | m € M} for some bounded subset
McV].

ProOF. By the Norm Equivalence Theorem, any two norms on V' are equivalent. Hence we
may investigate the topological notions with any suitable norm.

1.(a) = (b) Let m € [0,n], (u1,...,upy) abasis of I', w = (u1,...,Umn, Um+1,--.,Up) anl
R-basis of V' and ||-||: V' — R the norm defined by [[Au1 +...+ Aup| = max{|A1],..., | \n|}
for all (A1,...,An) € R™. Then it follows that TN {z € V | ||| < 1} = {0}, and consequently
0¢ I

(b) = (c¢) Assume the contrary, let ¢ € I and (x,),>0 a sequence in I' \ {c} such that
(Tn)n>0 — ¢. Then (zp41 — Tn)n>0 is a sequence in I' such that (zp4+1 — n)n>0 — 0, and since
0 ¢ I, there is some m > 0 such that x,, = 2,41 for all n > m, a contradiction.

(¢) = (a) Let Vj = RT' C V be the subspace of V spanned by I, dimg Vy = m € Ny
and (u1,...,uy) € ' an R-basis of Vj. Then T'y = Zuj + ... + Zu,, is a lattice in V),
Go={ u1+ ...+ At | A1,..., A, € [0,1) } is with fundamental parallelotope of I'g, and

I cVo=|J{u+To|ucGo} implies I'=|J{u+To|ueclNGo}.

The set ' NGy C Vj is discrete and bounded, hence finite, and therefore d = (I':T'y) < co. Thus
we obtain dI' C T, hence T' C d~'T'g, and since d~'T is free with basis (d~tuy,...,d tuy),
it follows that I' is a free abelian group of rank rk(I') = k < m. If (v1,...,vx) is a basis of T,
then V) = RI' = Rvy + ... + Rug. Hence it follows that k£ > dimg Vy = m, and we finally obtain
k = m, and that (v1,...,v,,) is linearly independent over R.

2. If T' is complete, then every fundamental parallelotope of I' is a bounded system of
representative of V/I'. Let now M C V be a bounded system of representatives of V/I'. Then
V=T_T+4+M, we set Vj = R[' C V, and we shall prove that V) = V. Thus let v € V. For
k € N, we set kv = uy, + my, where vy € I and my, € M. Then v = k™ 'u, + k~'my,, and as M
is bounded, we obtain (k_lmk)kzl — 0. Hence it follows that (k_luk)kzl — v, and therefore
v € Vp, since kluy, € R[' =V, for all k € N and Vy C V is closed. ]

Corollary 3.1.4. Let W C R be a ( multiplicative) subgroup. Then the following asser-
tions are equivalent:

(a) W is discrete. (b) W is cylic. (c) 1¢W'.

If these conditions are fulfilled, then W = (p), where p = min{x € W | z > 1} (then it follows
that W = (p~!) and p~! = max{zr € W |z < 1}).
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PROOF. log: R.y — R is a topological isomorphism. Hence W C Ry is discrete if and only
if log(W) C R is discrete, W is cyclic if and only if log(W) ¢; R is a lattice, and 1 € W’ if and
only if 0 € log(W)’. Now the assertions follow by Theorem E 3 O

Theorem 3.1.5 (Minkowski’s Lattice Point Theorem). Let n € N, T' C R"™ a complete
lattice and X C R™ a convex subset such that —X = X and A\(X) > 2"vol(I') (where A\(X)
denotes the Lebesque measure of X ). Then X NI # {0}.

PROOF. We prove that there exist v1, vo € I' such that
1 1
v1 # vy and (§X+v1) N (*X-F’UQ) #0.

If this is done, then there exist x1, xo € X such that %xl + v = %xg + v9, and we obtain
07'51)1—1)2:%[x2+(—$1)] e XNT.

Let G be a fundamental parallelotope of I'. We assume that, contrary to our assertion,
(%X + U)U cr s a family of pairwise disjoint sets. Then

:H—J{Q—MDGF} implies X U{ —v)N X‘UEF}

and since A is o-additive and translation—invarlant we obtain
1
SAX) = ( ) ZA( ) Zx(gm X—I—U)) < A(G) = vol(I),

a contradiction. O

3.2. Minkowski theory of algebraic number fields

Definition 3.2.1. Let K be an algebraic number field and [K : Q] = n = ry + 2ry, where
r1, ro € Ng, and Hom(K,C) = {o1,...,0,} such that
oj(K)CR forall jell,r], and o0y 4rtj =04, forall je[l,r.

Then we call o1,...,0,, the real embeddings and (0p,4+1,0m+1); - (Try+rys Ortry) the pairs
of conjugate complex embeddings of K. The fields o1(K),...,00(K) C R are called the real
conjugates and the field o, 11(K),..., 00 +r,(K) are called the complex conjugates of K. The
algebraic number field K is called totally real if ro = 0, and totally imaginary if ry = 0.

The map ¢: K — R", defined by

o) = (01(2), -, 00y (2), STy 41(2), -+ o, $Opy 115 (2), ROy 11(2), -+ o, ROy 0y ()" € R
is called the geometric embedding of K. It is a Q-vector space monomorphism.

Theorem 3.2.2. Let K be an algebraic number field, [K :Q] = n = ry + 2r2, and suppose
that Hom(K,C) = {o1,...,0,}, where 0;(K) C R for all j € [1,71] and 0y, 4ry4j = Gri4; for
all j € [1,r9]. Let p: K — R™ be the geometric embedding and M C K a complete module.

1. o(M) C R™ is a complete lattice, and vol(p(M)) = 27"2/|A(M)|.

2. For every C € Rsy, there are only finitely many o € M satisfying |o, ()| < C for all
€ [1,n].
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3. There exists some a € Ok such that K = Q(a) and |o,(a)] < 2" Ag|+ 1 for all
v e [l,n].

PRrOOF. 1. Let (ug,...,uy) be a basis of M. Then /|A(M)| = ]det(ay(uj))uje[l n]\ # 0,
and we shall prove that

[det(p(un). ... p(un))| = 277 det (3 (7)), -

Then (p(u1),...,p(uy)) is linearly independent over R, (M) = Zo(uy) + ... + Zp(u,) C R™
is a complete lattice, and vol(¢o(M)) = |det(p(u1),...,e(un))] =272/ |A(M)].

For j € [L,n], let S; = (1(uy),- .-, 0 (u;))" and Tj = (0 +1(tj), - Opy4ry (1)) Then
(01(uy), - -, onluy))" = (85,15, T;)" € C",

S; I 0o 0\ /S I 0 o0
o(uj) = | % (T} =T =10 %[ —a1 Tj ] €C”, and det |0 %I —3I| =27,
5 (T +T) 0 31 i1 ) \T; 0 i1 i1
This proves our assertion.
2. Let || - || be the maximum norm of R". Then ||¢(z)| < max{|o1(z)|,...,|on(x)|} fiir all

v € K. If C € Ry, then o(M¢) C {z € o(M) | ||z]| < C}, but this set is bounded and discrete
and therefore finite.

3. Let B = 2" Y Ag| + 5 and X = [-B, B] x (—%,%)n_l C R™. Then X is convex and
—X =X. By 1., p(Ok) C R" is a complete lattice, and since

2"vol(p(Ok)) =2"""2/|Ak| < 2" |Akg|+1 =2B = X\(X),
itterpunktsatz . .
Theorem E% [.5 1mplies that there is some o € OF mit ¢(a) € X. We shall prove:
K = Q(a), and |oj(a)] < 2" HAk| + 1 for all j € [1,71 + 72].
Let m = [K:Q(«)]. Then there are m distinct embeddings 71, ..., 7, € {o1,...,0,} such that
7j(a) = o1(e) for all j € [1,m)].
CASE 1: 7y > 0. Then |o1(a)| < B < 2" HAg|+ 1, |oj(a)] < 3 <27 Hdg|+ 1 for all

j € [2,m], and |0y 45(@)] < [Sor4i(@)| + [Rop (@) <1 < 277 Y dg| + 1 for all j € [1,79).
Since

72
1 < [Ng/g(@)] = |oi(a)] H i) [] lovi+i(@)* < loi(a)]
i=1

it follows that o7 is the unique complex embeddlng of K satisfying |o1(a)| > 1, and therefore
we obtain m =1 and K = Q(«).
CASE 2: 71 = 0. Then [Soy(a)| < M, [Roi(a)] < 3, |o1(@)] < M+ 3 =2""HAg|+1,
and |o;(a)] < |Soj(a)| + [Roj(a)] <1 < 2" HAk|+ 1 for all j € [2,79]. Since
— 1 1
1 < |Ngjgla)|l = lo1(a)]? H loi(@)? < |o1(a)]? < |Soi(a)]? + 1 Ve obtains  |Soq ()| > 3
=2
Hence |So, ()| > 1 holds only for v € {1,75 + 1}. But since Soy,11(a) = —So1(a) # So1(a),
we get again m =1 and K = Q(«). O
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ctanwendung Theorem 3.2.3. A. Let r1, 79 € Ng and n = r1 + 2ro € N. For a € Ry, we denote by
Ur,ry(a) the set of all (x1,...,x,) € R™ such that

1 o
’ S il 42> iz gy + Tl <a,
j=1 j=1

and for ¢ = (c1,...,¢r4ry) € RIS, we denote by W(c) the set of all (z1,...,z,) € R" such
that |z < ¢; for all j € [1,71], and iy, +j + Tri4rotj| < 45 for all j € [1,73].

Then Uy, yo(a) = =Uyy po(a), W(c)=—-W(c), Uy, r(a) and W(c) are convez,
7r>7“2 a”

AUry ro(a)) =2 (f

T2
5 and AXW(c)) =2"7"[c], where [c]= H cj H 012"1+j .
j=1 j=1

nl’

B. Let K be an algebraic number field, [K :Q] = n = r1+2re, and Hom(K,C) = {o1,...,04,}
such that o;(K) C R for all j € [1,71], and 0y 41yt = Or45 for all j € [1,r9). Let M C K be a
complete module.

L. If e=(c1,... Critry) € RIS s such that

el > (2)" ViAo,

then there exists some a € M*® such that |oj(c)| < ¢; for all j € [1,71 + 12
2. If a € Ryq is such that

a" > n‘(%) IA(M)],

then there exists some 3 € M*® such that
71 T2 a\”"
Z lo; (B)] + 22 |01 (B)] <a, andthen |Ng(B)| < (ﬁ)
j=1 J=1

3. There exists some o« € M*®, so dass

Nija(e)| < B="2(2)" /[a@a).

n" \mw
BEWEIS. A. This is an exercise in analysis (use induction on 7 and 7).
%oer?ereinbettung
B. 1. By Theorem B.2.Z we obtain
AW (c)) = 2" 7" [e] > 2772 \/|A(M)] = 2"vol(p(M)),
itterpunktsatz .
and by Theorem Satz P% ['5 this implies W(c)N@(M) # {0}. Hence there exists some a € M*®
such that o;(a)| < ¢; for all j € [1,71 + 7).
oerpereinbettun,
2. By Theorem %2§ we obfain
m\"2a"
)‘(Um,rz(a)) =2" (*) I > QM \% ’A(M)’ )
n!

2

itterpunktsatz X
and by Theorem Satz E%.I.S this implies U,, r,(a) N (M) # {0}. Hence there exists some
B € M® such that

Yo loiB)+2) lon+i(B)] < a,
j=1 j=1
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and by the mean inequality this implies

o) = | TN Lo @F < (S lon(B) +23 lonsil®)) < 2.
=1 =1 =1 =1

3. If ¢ € N is such that ¢M C Ok, then Ng/g(a) C NK/Q(q_lOK) C ¢ "Z, and therefore
there exists some n € R+ such that

min{|Ngg(e)| | @ € a, [Ng/g(e)| > B} =B+n, and weset a= {/n"B+n.

Since a™ > n"B, 2. implies the existence of some o € M*® such that

Nijola)| < (2)" =250

<B+mn, andthus [Ngg(a)]<B. O

n

Theorem 3.2.4 (Discriminant Theorem of Hermite and Minkowski).

1. Let K be an algebraic number field and [K:Q] =n =ri + 2ry > 2 such that K has rq

real embeddings and ro pairs of conjugate complex embeddings. Then
n

stz (37 ()

2. For every C € Ry there exist only finitely many algebraic number fields K such that
|Ag| < C.

itterpunktanwendun . Lo
ProOF. By Theorem E%.Z.Bé, applied With M = Ok, there exists some o € OF; satisfying

L rdNT
Nk < = (=) VIdx].

and since [Ny ()| > 1, this implies
T\ 2r2 rn™\2 T\ /n™2 dn+1) = 1\2n
acl= ()7 (%) =2 (5) (%) =em), aa ZI 2 =T(14-)" >2.
Al = 4 n!/ — \4 n! (n), an d(n) 4 + n ”
Since ®(2) > 2, it follows that ®(n) > 1 for all n > 2, and
lim ®(n) = co.

In particular, this implies 1., and for 2. we must prove:

For every n € N und B € Ry there exist only finitely many algebraic number fields
K C C such that [K:Q] =n and |Ag| < B.

For B € Ryo and n € N we denote by T'(B,n) the set of all algebraic integers a € C of degree . o iun
n with conjugates a = a1, ..., a, € C such that |a,| < B for all v € [1,n]|. By Theorem %T%B—g
it suffices to prove that, for all B € Ry and n € N, the set T'(B,n) is finite.

Thus suppose that B € Ry, n € N, «a € T(B,n) with conjugates a1,...,a, € C, and
let f=X"+a; X" ' +...4a,1X +a, € Z[X] be the minimal polynomial of a. For every

i € [1,n], we obtain
n .
|a,;\:’ E Quy s Oy, <<i>Bl,

1<vi<..<y;<n
and there exist only finitely many polynomials in Z[X] whose coefficients satisfy these inequali-
ties. U
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Definition 3.2.5. Let K be an algebraic number field. Two complete modules M, N C K
are called equivalent, M ~ N if there exists some A\ € K™ such that N = AM.

In particular, two fractional ideals a, b € F(Of) are equivalent if and only if they lie in the
same ideal class C' € C(Ok).

classenzahl Theorem and Definition 3.2.6 (Finiteness of the class number). Let K be an algebraic
number field and R C K an order. Then the set of equivalence classes of complete modules M
such that R(M) = R is finite.
In particular, the group C(Ok) is finite. The group Cx = C(Ok) is called the class group and
hi = |Ck| is called the class number of K.

itterpunktanwendun
PrOOF. Let M C K be a complete module and R(a) = R. By Theorem E%.Z.S Phiere exists
some o € M*® such that

|A(a) ) n! r4\r2
N < BY——= B=—|(- A .
Nijglo)| < BYZms mit BT (>) Viam)
Then Rae C M, hence R C a~'M, and by Theorem E?Zm.%lex?x?em%dBuflz;sh
01_1A41}%) — Vs(}%ﬂ — |N](ﬂQ(a)| |Z&(}%”
|A(a! M) AM)]

Hence it suffices to prove:

For every N € N, there are only finitely many abelian groups A such that R C A C K
and (A:R) < N.

If Ne Nand R C A C K is an abelian group such that (A: R) < N, then N!A C R, hence
RC AC N!"'R, and as N!"'R/R is finite, there are only finitely many abelian groups A with
this property.

By definition, Ck is the set of equivalence classes of complete modules M C K such that
R(M) = Okg. O

>solutenorm Theorem and Definition 3.2.7. Let K be an algebraic number field. For a fractional ideal
a € F(Ok) we call

N(a) = H (O :p)" @ € Qsg  the absolute norm of a.
peP(Ok)

1. If peP, peP(Ok) and p|p, then N(p) = p/ /).

2. N: F(Ok) — Qs¢ is a group homomorphism, N(a) = (O :a) for all a € I(Ok), and
N(xOk) = [Ng/g(z)| for allx € K*.

3. For all B € R<y, there are only finitely many a € J(Ok) such that N(a) < B.
PROOF. 1. If p € P, p € P(Ok) and p|p, then N(p) = (O :p) = p™ee (O /P) — p/(0/p),

2. By definition, M: F(Ox) — Q=0 is a group homomorphism. To prove (a) = (Ok :a),
we use induction on (O :a). If a = O or a € P(O), there is nothing to do. Thus suppose
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that a = bp, where b € J(Ok) is such that 91(b) = (Ok : b) by induction hypothesis, and
p € P(Ok). Then b/a=0b/bp = Ok /p by Theorem 2.6.6, and therefore
N(a) = NO)N(p) = (Ok:b)(Ok:p) = (O :b)(b:a) = (Ok:a).
If r € KX, we set z = u~'z, where u, 2 € O}, and we obtain

N(z0k)  (Ok:20k)  INgsg(2)| Neo(e)
NuOk) (Or:uOk) |NK/Q(U)| — INK/Q .

3. Obvious. O

DT(xC?K) =

Theorem 3.2.8. Let K be an algebraic number field. In every ideal class C' € Cy there
exists some ideal a € I(Ok) such that

) < = (3)"V/Iax].

n?’l
itterpunktanwendung

PROOF. Let C € Cx and b € J(Ok) such that b € C~!. By Theorem E.Z.d, there exists

some « € b® such that 4
n. T2
Nig@)l < = (=) VAE).

s
Since |A(b)| = |A(Ok)[M(b)2, we obtain /|A(b)] = /|[Ag|N(b), and if a = ab~!, then
a€J(Ok), aeC, and

n!
n

(e = N Nigjale) < o (5) VB, 0

Theorem 3.2.9 (Dirichlet’s Unit Theorem). Let K be an algebraic number field, R C K
an order and [K : Q] = n = 11 + 2ry, where r1 denotes the number of real embeddings and 1o
denotes the number of pairs of conjugate complex embeddings of K.

L. R* consists of all « € R such that |Ngg(a)| = 1.
2. u(R) is a finite cyclic group, and R* = p(R)xZ"+2=1. Eaxplicitly: There exist some

Cep(R) and e1,...,6r,4ry—1 € R* such that every e € R* has a unique representation
ri+reo—1
d k;
Oe =¢ H e;"  where de0,ord(¢) —1] and ki,...,ky4ro—1 €Z.
i=1
Every such (r; +rg —1)-tuple (e1,...,&r,4r,—1) is called a system of fundamental units

of R [or of K if R = Og].

PRrOOF. 1. If a €, then a € R* if and only if 1 = (R:aR) = [Ng/g(a)|.

2. Let Hom(K,C) = {o1,...,0,}, where 0;(K) C R forall j € [1,r1] and oy 4r,4j = 0115
for all j € [1,72]. We wet r = r; + ry define the logarithmic embedding A: K — R" by

{1 if jell,r],

AMz) = (M(x),..., (), where Mj(x)=1llogloj(z)] and I 2 i jefm + L]

and we consider the hyperplane H = {(z1,... E%El greIEgbL t%‘&ng ...+ z, =0} C R". Then

dimgp H =7 —1, and A(R*) C H. By Theorem B.2.2; the sets
{a€eR||oj(a)| <C forall je[l,r]} and {aeR||\(a)|<C foralljell,r]}
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are finite for every C' € R-o. Hence A(R*) C H is a discrete subgroup, and thus a lattice, say
A(R*) =2 Z*° for some s € [0,7 — 1]. The map A|R*: R* — A(R*) is an epimorphism, and
since A(R*) is free, there exists a homomorphism j: A(R*) — R such that Aoj =idygx). In
particular, R* = Ker(A| R*) xj(A(R*)) = Ker(A | R*) x A(R*).

Since Ker(A|R*) = {a € R* | AMa) = 0} C K* is a finite subgroup, it follows that
Ker(A[R*) = p(R) is cyclic. Thys it remains to prove that s = r — 1, that is, A(R*) C H is
a complete lattice. By Theorem %wae must prove that H/A(R*) has a bounded system of
representatives in H.

For x = (z1,...,2,) € R{; and o € K* we define

ﬁ(w) = (ll logwla .. ')lT 1Og$7«) ) Hm" = Hl‘ﬁz y QL = (’0'1(04)‘%1, RN |O‘7«(Od)|l'7-) )
=1

and we obtain [az| = [Ng/g(a)| [z] and L(ax) = A(a)+ L(x).
Now we consider the set S = {x € RL, | [x] = 1}. By definition £(S) = H, and ¢S = S
for all e € R* ist. We shall prove:

A. There exists a bounded set T' C S such that
S = U el .
eERX
Proof of A. Let ¢ = (c1,...,¢) € Ry, and a1,...,an € R® such that
2\ "2
el > ()" VIA@,

and {aqR,...,anR} is the set of all principal ideals a C R satisfying (R:a) < [c]. Now we set

T N
X =]J0,e) cRL, and T=5n]Je,'XCS.

i=1 v=1

Then T is bounded, eT" C S for all e € R*, and it suffices to prove that

S C UeT.

e€RX

Thus suppose that y = (y1,...,9,) € S. Then

S TR 2\

[T e =lel > (=) VAR,

i=1 g
itterpunktanwendung

and by Theorem %.2.5 there exists some o € R® such that |o;(a)| < y; '¢; for all i € [1,7]. But
then it follows that ay € X, and

(R:aR) = INg/g(a)l = [T loa(e)" < JJ (s e = [el.
i=1 i=1

Hence there exists some v € [1, N] such that aR = «, R, which implies ¢ = a~'a, € R*, and
since e la,y = ay € X it follows that y € ea,; ' X NS C eT. O[A.]
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Now it is easy to finish the proof. Since T' C S is bounded, there exists some B € R+ such
that T C [B~!, B]". Then £(T) C R" is also bounded, and as

H=L(S)= | £en) = |J UM+ LB} =R +L(T),

e€RX eeR* teT
we see that £(T') C H is a bounded system of representatives of H/A(R*). O

Theorem 3.2.10 (Quadratic orders). Let A € Z be not a square, A =0 or 1 mod 4 and
K =Q(VA). Then

A
(’)A:{u—i_;\r‘u,vez, u=vA mod 2}
is the unique order in K with discriminant A. If (O :0p) = f, then A = Ag f?, and
A
(’)Z:{U_F;J\F‘U,UEZ, \uQ—AUQIZZL}.
1. If A <0, then OX = u(Oa), and
6 if A=-—3,
OX| =44 if A=—-4,
2 gif A< —4.

2. If A>0 and eax =min{e € O} | e > 1}, then OX = (—1,ep) = Z/2ZXZL.

PROOF. Let d € Z be the squarefree kernel of A and A = d¢?, where ¢ € N. Then Ag = s%d
and A = A f2, where

_J1 if d=1 mod 4,
12 if d#1 mod4,

Let now o € {0,1} be such that Ax = o mod 2, and set

. o+ VAK
—

and A= Agf?, where f:geN.
s

Then Ok = Zw] = Z + Zw, and we assert that Ok = Z + Zfw is the unique order with
discriminant A in K. Indeed, Ok y C Of is an order, and since (Ok : Ok f) = f, it follows that
A(Okf) = Agf? = A. Conversely, if R C Ok is an order of discriminant A = Ag f?, then
(Ok :R) = f, hence fw € R, Ok, C R, and as (Og:R) = (Ok:Ok,f) = f, it follows that
R = Ok y. Hence we must prove that

o= {50 o

Note that A = Agf? = fo mod 2. If x € Ok, f, then x = a + bfw for some a, b € Z, hence
+bfa+f\/AK _ 2a+bfo+bV/A
5 =

,VEZ, u=vA mod2}.

and 2a+bfoc =bA mod 2.

2 )
Conversely, if u, v € Z and ©v = vA = vfo mod 2, then
A — VA

u+;)f_u 2vfa+vfa+%ez4_sz:@&f.
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Now it follows that

05 =f{acOs| INgge) =1} ={

(observe that |u? — Av?| =4 implies u = vA mod 2).
If A < 0, then it is easily checked that, for all (u,v) € Z?, we have |[u?—v2A| = u?+v?|A| = 4
if and only if we are in one of the following cases:
o A=-3, (uv)€ {(£2,0), (£1£1), (£1,F1) };
e A=—4, (u,v) € {(£2,0), (0,£1) };
o A< —4, (u,v) € {(£2,0)}.
If A > 0, then Oa C R, hence u(Oa) = {1}, and by Theorem 5.3.5 totith 11 = 2 and
ro = 0) we get OX = (—1,e0) = Z/2ZxZ for some gy € O \ {£1}.
As {e1 € OX | OX = (—1,e1) } = {£e0,%e, '}, there exists a unique o € R-; such that
OX = (—1,ea). Then OaANRs; = {ek | n € N}, and therefore eo = min{e € O |e >1}. O

A
u—i_;j\F‘u,UEZ, |u2—AU2\:4}






CHAPTER 4

Valuations and local methods

4.1. Absolute values and valuations

Definition 4.1.1. Let K be a field.

1. A (discrete rank one) waluation of K is a surjective map v: K — Z U {oo} such that
the following properties hold for all z, y € K :

(V1) v(z) = o0 if and only if = =0.
(V2) v(zy) = v(@) + v(y).
(V3) v(z+y) > minfu(z), v(y)}.
2. An absolute value of K is amap |-|: K — R such that the following properties hold

forall x, y € K :
(A1) |z| =0 if and only if =0, and there exists some z € K* such that |z| # 1.

(A2) |zy| = |x]y|.
(A3) |z +y| < |x[+yl.

3. An absolute value |- |: K — Rxq is called non-archimedean or ultrametric if

|z +y| < max{|z|, |y|} forall z, ye K.

Otherwise |- | is called archimedean.
4. An absolute value |-|: K — Rx>q is calle%igﬁ'%z&ete if it is non-archimedean and |K*|
is a discrete subset of R+. By Corollary 3.T. is holds if and only if |K*| = (p) for

some p € (0,1).
5. If | - | is a [ (non-)archimedean, discrete| absolute value, then we call (K,|-|) a [(non-)
archimedean, discrete]| valued field.

6. Let (K,|-]) and (K’,|-|") be valued fields. A wvalue homomorphism ¢: (K,|-|) — (K',|-|)
is a field homomorphism ¢: K — K’ satisfying |p(z)|" = |z| for all z € K.

onexamples Remarks and Examples 4.1.2.
1. Let R be a Dedekind domain, K" = q(R) and p € P(R). Then vy: K — Z i {ook is a
valuation, called the p-adic valuation of K (see Theorem and Definition 2.4.9). For a

prime p € P, the valuation v, = v,7: Q — ZU {co} is called the p-adic valuation of Q.

2. Let |-|: K — R>q be an absolute value. If z € K*, then |x| > 1 if and only if |[x71| < 1,
and thus there exist z, y € K such that 0 < |z| < 1 < |y|. If ¢: Ky — K is a field
homomorphism, then |-|, = |- |op: Ky — Rx>q is an absolute value of K if and only if
there is some z € K such that |¢(z)| # 1. In particular, if Ky C K is a subfield, then

63
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| || Ko is an absolute value of Kj if and only if there exists some x € KOX such that
|z # 1.

3. The ordinary absolute value of complex numbers will be denoted by |- |~. For every
subfield K C C, |:|sx: K — R3¢ is an archimedean absolute value (we write again
| - |oo instead of |- | | K). -

4. Let K be an algebraic number field, [K : Q] = n = r; + 2re, and suppose that
Hom(K,C) = {o1,...,0,} such that 0;(K) C R for all j € [1,71] and 0y, 4rytj = Or 15
for all j € [1,72]. For j € [1,r] + rg], define

[ fooj = [ loco0y: K= Rx0 by [a|oj = [0j(a)]oo -
Then |- |oo1s---, | |ooyi+r, are distinct archimedean absolute values of K [indeed, if
i,j € [1,71 + ro) and i # j, then there is some a € K such that o;(a) # oj(a) and
oi(a) # oj(a). Hence there exists some g € N such that |g + 0(a)| # |9 + 0j(a)|oo,
and consequently [g + a|oo;i 7 |9 + @loo,; |-

5. Let K be a field, v: K — Z U {co} be a valuation and p € (0,1). Then

| |vp: K — Rsq, defined by |al,, = P’ @ (with p>® =0)

is a absolute value. We call |- |, , an absolute value associated with v .

If R is a Dedekind domain, K = q(R) and p € P(R), then we set |- |,, = |-|y,, and
call |-|p, a p-adic absolute value.

If p € P is a prime, then the absolute value |- |, = |- |,z,-1: Q — R>q is called the
p-adic absolute value. For a € Q*, we have |a|, = p~¥»(@_ In particular, we have the
product formula

H lalp =1.

pEPU{c0}

Let K be an algebraic number field. For p € P(Ok), we define the normalized p-adic
absolute value | -|p: K — R by

lalp = N(p)™*@ forall acK.
6. Let (K,|-|) be a discrete valued field and p € (0,1) such that |[K*|= (p). We define

1
v: K - ZU{o0} by v(a):fgw (=00 for a=0) foral ae€K.
og p
Then v is a valuation and |-|=|-|,, is an absolute value associated with v. We call v

the valuation associated with | - |.

Theorem 4.1.3 (Elementary properties of absolute values and valuations). Let K be a field.
1. Let |-|: K — R>q be an absolute value.

(a) | -] | K*: K* — Rsg is a group epimorphism, |z| = 1 for all z € p(K), and
|—al =la| forallae K.

(b) For allz, y € K, we have ||z — |y|| < |z —y| < |z|+ |yl

(c) If | -| is non-archimedean, x, y € K and |z| # |y|, then |z + y| = max{|z|, |y|}.

(d) If | - | is non-archimedean, n € N>o, x1,...,2, € K and 1+ ...+ x, =0, then
there exist i, j € [1,n] such that i # j, and |x;| = |z;| = max{|z1],...,|zs|}.
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2. Let v: K — ZU{oc} be a valuation.

(a) v K*: K* — 7Z ‘s a group epimorphism, and v(z) = 0 for all z € u(K). In
particular, v(1) =0 and v(—a) =v(a) for alla € K.

(b) If z,y € K and v(x) # v(y), then v(z +y) = v(z —y) = min{v(z),v(y)}.

(¢) If n € N>o, x1,...,2y € K and z1 + ...+ x, = 0, then there exist i, j € [1,n]
such that i # j, and v(z;) = v(z;) = min{v(z1),...,v(z,)}.

PRrOOF. 1.(a) By definition, |-| [ K* is a homomorphism. If z € u(K) and n € N is such
that z" = 1, then 1 = |2"| = |z|", and thus |z| = 1. If a € K, then |—a| = |— 1] |a| = |a].

(b) Let z, y € K. Then |z —y| = |z 4+ (—y)| < ||+ |—y| = |z| + |y|. On the other hand,
lz| = |(x —y) + y| < |z —y| + |y| implies |z| — |y| < |x — y|, and if we interchange x and y, we
get |yl — |z < |y — 2| = |z — y|. Hence [|z] —[y[| < |z —yl.

(c) Assume that x, y € K and |z| < |y|. Then

lyl = [(z +y) + (—2)| < max{|z +yl, [z[} <max{|z[,[y[} = [yl
and thus equality holds.

(d) Assume the contrary. Then there exist x1,...,x, € K such that =1 +...+ 2z, =0, and
there is some 7 € [1,n] such that |z;| < |z;| for all j € [1,n]\ {i}. We may assume that i = 1.
Then |zo+...+zp| <max{|zal,...,|zs|} < |z1|, and therefore 0 = |x1 + (z2+. ..+ x,)| = |21],
a contradiction.

2. Consider an associated absolute value and apply 1. ]

Theorem 4.1.4. Let K be a field and F C K its prime ring.

1. Amap |-|: K — R>¢ is a non-archimedean absolute value of K if and only if it satisfies
(A1), (A2) and

(A3") Forallx e K, if |z| <1, then |1+ x| < 1.
2. Let |-|: K — R>q be an absolute value. Then the following assertions are equivalent:
(a) (K,|-|) is non-archimedean.
(b) |x| <1 forallx € F.
(c) |F| is bounded.

In particular, if char(K) = 0, then every absolute value of K is non-archimedean.

ProoOF. 1. If |- | is a non-archimedean absolute value, x € K and |z| < 1, then it follows
that |1 + 2| < max{|1|,|z|} < 1. Conversely, suppose that |-|: K — R satisfies (A1),
(A2) and (A3’). We must prove that |z + y| < max{|z|,|y|} < |z| + |y| for all z, y € K.
We may assume that z, y € K* and |z| < |y|. Then |zy~!| = |z||y|~! < 1 and therefore
@+ yl = [yl(L+ |2y ™) < [yl <[] + [yl

2. (a) = (b) If z € F, then there exists some n € Ny such that x = +n1lp, and thus it
suffices to prove that [nlp| < 1 for all n € N. We use induction on n. For n = 0, there is
nothing to do. If n > 0 and |nlp| <1, then |(n+ 1)1p|=|nlp+1p| <1 by 1.

(b) = (c) Obvious.
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(¢) = (a) Let B € R be such that |z| < B forall z€ F, z,y € K and n € N. Then
n n
lz+y|" = |(z+y)"| = \Z <Z>xy” i< Z‘<z>1K‘ z|'|y[" " < (n + 1)Bmax{|z|, |[y|}",
i=0 i=0

and therefore |z+y| < {/(n+ 1)B max |z|, |y|}. For n — oo we get |z+y| < max{|z|, |y|}. O

Remarks and Definitions 4.1.5. Let (K| -|) be a valued field. We define
d=d: KxK — Ry by d(z,y)=[r—y|l forall z,yekK.

Then d is a metric on K. The topology, defined by d, is called the |- |-topology. For a € K and
e € Ry we consider the open e-ball B.(a) = Bi"(a) ={re K| |r—a| <e} =a+B.(0). Then
{B:(a) | e € Ryp} is a fundamental system of open neighborhoods of a in the | - |-topology.

If (zn)n>0 is a sequence in K and z € K, then (zy,)n>0 converges to z in the | - |-topology
if (Jxy, — x|)n>0 — 0, and in this case we write

(Tn)n>0 "y or |- |- lim z, =x.
- n—oo

Endowed with the | - |-topology, K is a topological field, and |- |: K — R>( is continuous. In
particular, for all sequences (25 )n>0, (Yn)n>0 in K and z, y € K the following assertions hold :

o If (@n)azo b @ and (ya)uz0 <y, then (@n £ ga)nzo > @£y and (ayn)nzo - xy.

o If (zn)n>0 — « and x # 0, then there exists some m > 0 such that z, # 0 for all

. |l -
n>m,and (z,;)p>m — 271

o If (@n)azo = 2, then (Jral)nzo — |2,
Proofs are as in elementary analysis.
If p: (K,||) — (K',|-|') is a value homomorphism of valued fields, then ¢: K — ¢o(K) is
a topological map.
Two absolute values |-|; and |- |2 of a field K are called equivalent, |-1 ~ |-|2 if they induce
the same topology.

Theorem 4.1.6. Let K be a field.
1. Let |-]1, |-|2: K — Rx>q be absolute values. Then the following assertions are equivalent:
(@) ||~
(b) Forallz € K, |x|1 <1 if and only if |z]y < 1.

(c) There exists some s € Rsg such that |-]a=|-|3.
2. Let |-|: K — R>q be an absolute value and s € (0,1). Then |-|° is also an absolute
value.
3. Let v: K — Z U {oo} be a valuation. For i € {1, 2}, let p; € (0,1) and |-|; = | |vp-
Then
|“l2=|-1], where s= Ingz.
log p1

In particular, any two absolute values associated with a valuation are equivalent. Con-
versely, equivalent discrete absolute values have the same associated valuation.
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4. Let Ko C K be a subfield and |- |1, |- |2: K — Rxq¢ absolute values of K such that
|11 Ko=1|"|2] Ko is an absolute value of Ky. Then |-|1 ~ |- |2 implies |- |1 =" |2

PrROOF. (a) = (b) If x € K and i € {1,2}, then |z|; < 1 if and only if (|2"|;)pn>0 — 0, and

this holds if and only if (2™),>0 M, However, if | - |1 ~ | - |2, then (2"),>0 140 if and only if
n |2
(3? )nZO — 0.

(b) = (¢) If x € K* and |z|; = 1, then also |z|; = 1. Indeed, otherwise it follows that
either |z|o > 1 or |27 1|2 > 1, hence |z|; > 1 or [z7!]; > 1, but never |z|; = 1.

We set S = {x € K* | |z|; > 1}. It suffices to prove that there exists some s € R+ such
that |z = |z|§ for all z € S. Indeed, if z € K* and |z|; < 1, then 27! € S, and therefore
2o = 2731 = (Jz75)"" = |#, and if |z[; = 1, then |z = 1 and thus also |z|s = |z
Hence it follows that |z|s = |z|; for all x € K.

We shall prove: For all z, y € S and r € Q, we have

log |z|1 log |z |2
log[yh log[yl2
Suppose that (A) holds. Then we obtain, for all z, y € S

log|z[1 _ loglz[z | ~ loglzla _ loglyla _
logly[r  loglylz’

< r if and only if (A)

= =sc R>0 .
log|z|1  log |yl

Consequently, it follows that log|z|s = slog|z|; and thus |z|s = |z|] for all z € S.
For the proof of (A) suppose that x, y € S and r = * € Q, where m € Z and n € N. Then
we obtain, for i € {1, 2},
log |z|;
log [yl
By (b), we have

<1.

)

n n
r=" e log |z"]; <logly™|; <— log‘x— <0 = ‘x—
n ymli ym

:L,TL
<1 if and only if ‘7
1 ym

<1,
2

3
ym
hence (A) holds, and we are done.

(¢) = (a) Obvious.

2. Obviously, | - |® satisfies (A1) and (A2). Thus it remains to prove (A3) and it suffices

to do this for z, y € K*. Thus let z, y € K* and set o = (Ja|* + |b]*)"/* € R>g. Then
b b b
Mﬁl, uﬁl, and therefore 1= (M)S—F(u)szﬂ_ku'
a

a a o a o«
Hence it follows that |a| + |b] < «, and consequently |a + b|* < (|a| + |b])* < a® = |a|® + |b]°.

3. For all x € K, we have |z|y = pgogv(z) = pilogv(x) = |z|{. Assume now that | -|; and |- |2
are equivalent absolute values of K, let s € Ry be such that |- |2 =|-|{, and |[K*|; = (p). Then

|K*|2 = (p*), and for all x € K we obtain

_loglzlz _ sloglz|i _ loglz|s

v(x) = = =

log p* slog p log p
and therefore v is a valuation associated with both | -|; and | - |2.

4. By assumption, there exists some = € Ky such that |z|; = |z]a > 1. If |- |1 ~ |- |2, then
|-]2=1"-1]] for some s € Ry, and |z|] = |z|2 = |z|; implies s = 1. O
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Theorem 4.1.7 (Weak Approximation Theorem). Let K be a field, r € N, and suppose
that |- |1,...,| - |» are pairwise not equivalent absolute values of K.

1. There exists some z € K such that |z|1 > 1 and |z|; <1 for all i € [2,7].
2. Let (z1,...,z,) € K".
(a) For every e € Rsg, there ezists some v € K such that |z —x;|; < e foralli e [1,7].
\

(b) There exists a sequence (xn)n>0 in K such that (xn)n>0 g x; for alli € [1,7].

PROOF. 1. By induction on r. For r = 1, there is nothing to do.
equivalent .

r = 2: By Theorem &Ll.()’, there exist a, 3 € K such that |al; <1, |al2 > 1, [fl2 <1 and
|31] > 1. Then it follows that z = a3 € K, |z|1 > 1 and |z]s < 1.

r >3, r—1 — r: By the induction hypothesis, there exist z, y € K satisfying |z|; > 1,
|z|; <1 forallie 2,7 —1], |y >1 and |y|, < 1.

CASE 1: |z|, <1. For n > 1, we set z, = 2"y € K. Then (|z5|1)n>1 = (|2|7 |y|1)n>1 — o0,
(Iznli)n>1 = (|2]! [yli)n>1 — 0 for all i € [2,r — 1], and |z,|, = |z[} |yl < 1 for all n > 1.
Therefore, for n > 1, z = z, has the desired properties.

CASE 2: |z|, > 1. For n > 1, we set
_
1 4an

"y

‘ yh o Iy
14 2m

T

Zn and obtain |z,|1 =

Hence (|zn|1)n>1 — |yl1 > 1, and therefore |z,|; > 1 for n > 1. Since

n
"y ‘ B ] |V < vl
+anle |l4+27, = 1— |z 1+ |zl "
it follows that |z,|, < 1 for n>> 1. For i € [2,7 — 1], we get
ey (b
i~ 1—|z|? 1 —|z|?/n>1
and therefore |z,|, < 1 for n > 1. Hence again, for n > 1, z = z, has the desired properties.

2. For every i € [1,7], 1. implies the existence of some z; € K such that |z]; > 1 and
|zil; <1 forall j € [1,7]\ {i}. Forn >1, let

|Zn|r:’1 )n21_)|y|r<1’

"y
1+ "

Ils

?/z(n) = o hence (yz(n))n>0 — 1 and (yz(n))n>0 Lo for all j € [1,7]\ {i} .

2™ = Zy](.n):pj and obtain (aj(n))n21 |—‘Z> z; forallie[l,r].
j=1

In particular, it follows that |z(™) — z;]; < e for all sufficiently large n € N and all i € [1,7]. O

Theorem 4.1.8. Let (K,|-|) be a non-archimedean valued field.
1. If R is a Dedekind domain, K = q(R) and |x| <1 for allx € R, then |-| = |-y, for
some p € P(R) and p € (0,1).
2. If K is an algebraic number field, then || ~ |- |, for some p € P(Ok).
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PrOOF. 1. We set p = {x € R | |z|] < 1}, and we assert that p € P(R). Obviously,
R\ p={x € R*| |x| = 1} is multiplicatively closed, hence p is a prime ideal, and since |z| # 1
for some z € K*, there exists some x € R® such that |x| < 1. Hence p # {0}, p € P(R), and
if 7 € p\ p? then p = |r| € (0,1) and vy(r) = 1. If z € K*, then z = 7" @)y, where u € R}
and thus u = rs~! for some r, s € R\ p. Hence it follows that |z| = |7[**®) = |z, ,, and thus
|| =1"lp,p as asserted.

2. By 1., it suffices to prove that |z| < 1 for all x € Q. Assume to the contrary that |z| > 1

for some = € Ok, and let z%+ay_ 129 1 +.. L F a0 = O be an integral equation for x, where
d € N and ay,...,a4-1 € Z. By Theorem b.I.ZI, we obtain |a;| < 1 for all ¢ € [0,d — 1], and
therefore |2|? = |ag_129 ' +. . . 4a12+ao| < max{|z|' | i € [0,d—1]} < |z|%, a contradiction. [

Theorem 4.1.9. Let ||-||: Q — R be an absolute value.
L. If || - || is non-archimedean, then || - | ~ |- |, for some prime p € P.
2. If || - || is archimedean, then there exists some s € (0,1] such that || - || =1 |-

icht hi
Proor. 1. By Theorem bn.lcl R

michtarch
2. By Theorem h.I.ZI there exists some m € N such that |[m|| > 1. Let now k, n € N be
arbitrary, n > 2, and let the n-adic digit expansion of m* be given by

mF =ag+ain+...+asn®, where seNg, ap,...,as € [0,n—1] and ags#0.
Then n® < m*, hence slogn < klogm, and since ||a;|| = |1 +...+1|| < a; <n for all i € [0, 5],
we obtain

S
k k i
lm ]| = m* | < 3~ laill 2]l < (s + 1)n max{1, [|n]*}
=0

klogm (klogm)/logn
< ( e +1>n max{1, ||n]| b

Hence

1 1
Ill < {3 (S22 4 1) max{1, /5™ 5"} and, as k= oo, [ml] < [lu]/°s™/ 8,
logn k

and therefore

L 1
[ >1 ana  loglml _loglil
logm logn

In particular, we may interchange m and n. Hence we obtain

1 1 1
og |lml| ) [l for all m,n € Nsy. and weset s= M eR
logm logn = logm
Then it follows that ||n| = n® = |n|S, for all n € N, and thus also ||z| = |z|5, for all z € Q.

Since 2° = |2|5, = ||2|| < ||1]| + [|1]| = 2, we finally get s < 1. O
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4.2. Completions

Definition 4.2.1. Let (K,|-|) be a valued field.

1. A sequence (zp)p>0 in K is called a (|- |)-Cauchy sequence if, for all € € Ry, there
exists some ng > 0 such that |z,, — x,| < e for all m, n > nyg.

2. (K,|-|) is called complete if every Cauchy sequence in K is convergent.
3. A completion of (K,|-|) is a valued field (K’,|-|") such that
e K C K' isasubfield, and |-|' [ K =]-].

e K is dense in K’ (every element of K’ is the |- |’

-limit of a sequence in K ).
Remarks 4.2.2. Let (K, |- |) be a valued field.

1. Every convergent sequence is a Cauchy sequence. [Proof: As in elementary analysis|.

2. If (xzp)n>0 is a Cauchy sequence in K, then (|z,|),>0 is a convergent sequence in R.

[Proof: By Cauchy’s convergence criterion, since ||zy| — |zm|| < |2y — | for all
m, n>0].
3. Let | -|" be an absolute value of K which is equivalent to | -|. Then a sequence in K is a

| - |'-Cauchy sequence if and only if it is a | - |-Cauchy sequence, and (K, |-|) is complete
if and only if (K,|-|) is complete. [Proof: Obvious].

(R,|-]s) and (C,|-|e) are complete archimedean valued fields.

completion Theorem 4.2.3 (Completion Theorem). Let (K,|-|) be a valued field.
1. (K,|-|) has a completion.

2. Let (K*,|-|*) be a complete valued field, f: (K,|-|) — (K* |-|*) a value homomorphism
and (K',|-|") a completion of (K,|-|). Then there exists a unique value homomorphism
(K- — (K5 |- %) such that f'| K = f.

3. Let (K1,|-]1) be another valued field and ¢: (K,|-|) — (K1,]|-|1) a value isomorphism.
Let (K',|-|") be a completion of (K,|-|) and (K1{,|-|}) a completion of (Ki,|-|1). Then
there exists a unique value isomorphism ¢': (K',|-") — (K1,|-|}) such that ¢’ | K = ¢.

In particular, if (K',|-|") and (K",|-|") are completions of K, then there exists a
unique value isomorphism ¢: (K',|-|") — (K",|-|") such that ¢ | K = idk.

4. Let (K*,|-|*) be a complete valued field such that K C K* is a subfield and |-|* | K = |-|.
Let K C K* be the closure of K in K*. Then (K,|-|* | K) is a completion of (K,|-]).
In particular, K C K* is closed if and only if (K,|-|) is complete.

5. Let (K',|-|") be a completion of (K,|-|) and s € (0,1). Then (K',|-|”®) is a completion
Of (Ku‘ ’ |S)

PROOF. 1. Let CS be the set of all Cauchy sequences and ZS the set of all sequences
converging to 0 in K. For two sequences © = (Zn)n>0, ¥ = (Yn)n>0 and o € {+,—,-}, we
define zoy = (2, ©Yn)n>0. For a € K, we denote by c(a) = (a)p,>0 the constant sequence with
value a.

I. (CS,+,) is a local ring with maximal ideal ZS, and c: K — CS is a ring monomor-
phisms.
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Proof of I. It is easily checked that CS is a commutative ring, c: K — CS is a ring
homomorphism and ZS C CS is an ideal. In order to show that ZS C CS is a maximal ideal,
we prove that, for all x € CS\ ZS, there exists some y € CS such that xzy € c(1) + ZS.

Thus let @ = (x,)n>0 € CS\ ZS. Then there exists some n € R5g such that, for all £ > 0
there is some n > k such that |z,| > n. We define y = (yn)n>0, where y,, = x, b if 2, # 0, and
yn = 0 if ,, = 0. We must prove that y € CS and x, # 0 for all n > 1. Let ¢ € Ry, and
choose some &* € (0,n) such that *(n —&*)™2 < e. As & € CS, there exists some n; > 0 such
that |z, — x| < e* for all n > m > ny. Let ng > ny be such that |x,,| > n. For alln > m > ny
we obtain |z,| > |Tn,| — |Tng — n| > 1 —€* >0 and
1 1 | — T e*

—— | = < <e€. OJ1.
Ty Tm | T T | (n—e*)? [T

Now we define K* = CS/ZS, j: K — K* by j(z) =c(z)+ZS, and |-|*: K* — R>g by

|(zn)n>0 + ZS|* = nILH;O |zn| for all (zp)n>0 € CS.

’yn - ym| =

It is easily checked that this definition does not depend on the representing Cauchy sequence
(Tn)n>0, |-|* is an absolute value and j: (K,|-|) — (K*,|-|*) is a value homomorphism.
II. If (2,)n>0 is a Cauchy sequence in K, then (j(xy))n>0 AN (xk)k>0 + ZS. In particular,
J(K) is dense in K*.
Proof of 1I. Let (zy)n>0 be a Cauchy sequence in K and ¢ € R5g. Then there exists some
no > 0 such that |z, — x| < e for all n, k > ng. Now we obtain, for all n > ny,

7 () — ((@k)ks0 + ZS)|" = [(zn — k)0 + ZS|* = m |z, —ap] <e,,

|-

and therefore (j(zp))n>0 AN (xk)k>0 + ZS. O[I1.]
ITI. (K*,|-|*) is complete.
Proof of TIL. Let (x(),>¢ be a |- |[*~Cauchy sequence in K*. For n € N, let y, € K be
such that |2 — j(y,)|* < 2 (by IL). For all m >n > 0, we obtain

1 1
<l — & + 2 ()l + et — ()l <2 — 2+ Ly L

and since Let (w("))nzo is a Cauchy sequence, it follows that (y,)n>0 € CF, and therefore

Y= Wnnzo +ZS = |- lim j(yn) € K"
Since [ — y|* < [ — j(yn)[* + |i(yn) — y|*, it follows that (z™ 5 4. O[IIL]

By the Exchange Lemma, there exists a valued field (K',|-|) and a value isomorphism
g (K- ) — (K*, |- |*) such that K € K" and j/| K = j. By II. and IIL. (K*|-|*)is a
completion of (j(K),|-|* | j(K)), and therefore (K',|-|") is a completion of (K,|-|).

2. Uniqueness: Let f': (K',|-|) — (K*,|-[*) be a value homomorphism such that
f'|K = f. Let 2/ € K" and (z,,)n>0 a sequence in K such that (z,)n>0 H z'. Then

F@) =1 lim f ) =] T f(),

and thus f’ is uniquely determined by f.
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Ezistence: For ' € K', let (xn)n>0 be a sequence in K such that (2,)n>0 iR 2. We
assert that the sequence (f(x))n>0 converges in K*, and that the limit only depends on a’.
Indeed, for m > n > 0, we obtain |f(z,) — f(@m)|* = [f(@n — 2m)|* = |20 — Tm| = |20 — zm!’,
and as (xy)n>0 is a Cauchy sequence in K, it follows that (f(z,)n>0 is a Cauchy sequence in
K* and thus convergent. If (z,),>0 is another sequence in K such that (a,)n>0 H , then

|-’ I

(xn, — x),)n>0 — 0, and therefore (f(xn) — f(z),))n>0 = (f(@n — x},))n>0 — 0.

For ' € K' as above, we define

fi@) =1-1" lim_f(zn) € K"

If + € K, we use the constant sequence (x),>0 to define f'(z), and we obtain f'(z) = f(z).
Hence f'|K = f. If 2/, y € K', we consider sequences (Z,)n>0, (Yn)n>0 in K such that
(n)nz0 > @ and (g)nzo > . Then (f(za)azo = F/@), (f(g))uzo > f/(4/), and if
o€ {+,-}, then (2, 0 yn)n>o0 L~ oy, and therefore
fl@oy)=-I"- im f(znoyn) =" lim (f(za)o f(yn))
n—oo n—oo
= [ [ lim f(zn) o] [~ lim f(y) = f'(2) o f'(y/).
n—oo n—oo

Hence f’ is a field homomorphism, and since
[f'(@)]" = lim |f(zn)]" = lim |2, = lim [z.]" = |2'[",
n—oo n—oo n—oo
it follows that f’ is a value homomorphism.

3. By 2., there exist unique value homomorphisms ¢’: (K’,|-|") — (K{,|-|}) such that
¢'|K =g, and ¢}: (K},|-|}) — (K',|-|") such that ¢} |K; = ¢!, and we must prove that ¢’
is an isomorphism. But ¢jo¢’: (K',|-|) — (K',|-|) and ¢'o¢}: (K],|-|}) — (K1,|-]}) are
value homomorphisms such that ¢jop' | K =idgx =idg/ [ K and ,p'op) [ K1 =idg, = idg; | Ki.
By the uniqueness in 2. it follows that ¢)jop’ =idgs and ¢'op) = idKi. In particular, ¢ is an
isomorphism.

4. Tt suffices to prove that every |- |*-Cauchy sequence in K converges in K. Thus let
(1 )n>0 be a |- |[*-Cauchy sequence in K. Since (K*,|-|*) is complete, there exists some z € K*

such that (xy,)n>0 AN x, and thus z € K.

i t
5. By Theorem he.ul .16V,a =8 and |- |'* are absolute values, |-| ~|-|* and |-|' ~|-|"*. Hence
the assertion follows.

Remarks and Definitions 4.2.4. Let (K| -|) be a valued field and V' a K-vector space.

1. A (|- |-compatible) norm on V is a map | -||: V — R>¢ such that the following
properties hold for all u, v € V and A € K :
(N1) |Ju| =0 if and only if u = 0.

(N2) Ju+ o] < flul +[Jo]].
(N3) [[Aull = [Alffe]]-
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2. Let ||-||: V — R>p be a norm. The map V xV — Rx, defined by (u,v) — |Ju—v|, is
a metric and defines a topology on V', called the || - ||-topology. For a € V and € € R+,
we define the open e-ball of a with respect to || - || by

Bl'Wa)={ueV||u-al <e} =a+ BI(0).

Then {Bﬂ'”(a) | € € Ryo} is a fundamental system of open neighborhoods of a. A
sequence (up)p>0 in V' converges to u € V in the || - ||-topology if (||u, — u||)n>0 — O,
and in this case we write

(Un)p>0 —u or |[-[- lim up, =u.
n—oo
A sequence (up)n>0 in V is called a | - ||-Cauchy sequence if for every ¢ € Ry there
exists some ng > 0 such that |z, — x| < e for all m > n > ng.
Every convergent sequence in V' is a ||-|-Cauchy sequence, and V' is called ||-||-complete,
if every || - ||-Cauchy sequence converges.

3. Two norms ||-||; and ||-||2 on V are called equivalent if they induce the same topology.
Obviously, || - |1 and || -||2 are equivalent if and only if there exist Cy, Co € Rs( such
that ||ull2 < Ci||lul|i and |julls < Cq||ul|2 for all u € V.

If ||-]l1 and || -||]2 on V are equivalent norms, then a sequence in V' is a || - ||;-Cauchy
sequence if and only if it is a || - ||o-Cauchy sequence, and V' is || - ||;-complete if and only
if it is || - ||2-complete.

Theorem 4.2.5 (Norm Equivalence Theorem). Let (K, -) be a complete valued field and V
a finite-dimensional K -vector space. Then any two | - |-compatible norms on V are equivalent,
and V' is complete with respect to each of them.

PROOF. We consider first the case V = KP for some p € N, and define the maximum
norm || flo = ||+ |§”: K? — Rsg by [[((21,- ., 3p)llo = max{|z1],.... |zp|}. Then |- o is a
| - |-compatible norm on K?, and

P
Bllo(a) = HBl"H(ai) for each a = (a1,...,ap) € K and e € Ry .

i=1
Hence the || - ||o-topology on K? is the product topology of (K, |- ). In particular, a sequence
(™) 50 = ((xgn), . ,mén))nzg converges to € = (z1,...,xp) in the || - [|o-topology if and only
if (x (")) >0 , 2@ for all i € [1,p], and (x(™),>¢ is a || - [o-Cauchy sequence if and only if
(CL‘En))nzo is a Cauchy sequence in (K, |-|) for all i € [1,p]. Hence KP? is | - |[o-complete. We
prove :
A. Every |- |-compatible norm on K? is equivalent to || - ||o.

Proof of A. By induction on p. Let || - || be a | - |-compatible norm on KP.
p=1: Then |-|op=||: K — R>p, and for all a € K we obtain ||a| = |a| ||1|| = ||1]| [|a]o-
p>2,p—1—p: Let (er,...,ep) be the canonical basis of K?. If a = (a1,...,q,) € K?,

then
lall = Hzazez

< \az\ leill < HaHoZ leill
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a € KP. We assume the contrary. Then it follows that, for every n € N, there exists some
al”) = (agn),...,aén)) € K? such that |[a™ |y > n||a™]|. For n € N, let j(n) € [1,p] be such
that ||a™]o = |a§.2)|. Then there exists some j € [1,p] and an infinite set 7' C Ny such that

and it remains to prove that there exists some C' € Ry such that |a|lp < C|al| for all

j(n) = j for all n € T. We may assume that j = p and (a™),er = (@™ ),>1. Then it follows
that |a(™|o = |a1(gn)] > n|la™]| for all n > 1, we set

1 1 1
b = .o a™ and obtain ||b™ ||y = ﬁHam)uo =1>n[b™|, hence |b™] < =,
ap lap | n

and thus (6@),51 0 € k7. Note that 8™ = ™, ... 50, 1) for all n > 1.

) p—17
Now we define m: K — KP~! by w(z1,...,7p) = (21,...,7p-1), v: KP71 — KP by
V(@1 Tpo1) = (21,...,2p-1,0), and || - ||* = - [Jov: K71 — Rso. Then |z||* = |v(x)| for
all z € KP~! and || -||* is a | - |-compatible norm on K?~!. By the induction hypothesis, || - ||*
is equivalent to then maximum norm || - ||(()p71) of KP~! and thus K?~!is || - ||*-complete.

For all m > n > 1, we obtain (observing that bén) = bém) =1)

I7(®™) = 7B = (6" — B = wor (6™ — b))

1 1
= ) — B < [+ oI < - L
nom
It follows that (m(b(™),>; is a || - |*~Cauchy sequence in K?~!, and thus it is convergent, say

(7 (B™)ps1 L 6" € KP=1. Since [vor(d™) — v(b*]| = [u(x(6™) — b*)| = [=(b™) — b, it
follows that (vom(b™),>1 I v(b*), and therefore

(b™),51 = ((1/07r)(b(”)) +ep), o Iy v(b*) + e, #0, a contradiction. OJA.]

Now we derive the general case. For ¢ € {1, 2}, let || -||; be |- |-compatible norms on a
K-vector space V such that dimg(V) = p € N, let &: KP — V be a K-isomorphism and
|- 15=1"1io®: KP — R>q. Then |- ||}, || - ||5 are |- |-compatible norms on K?, hence they are
equivalent to the maximum norm, and K? is | - ||}-complete. Applying ®, it follows that || - ||;
and || - || are equivalent, and V' is || - ||;-complete. O

Theorem 4.2.6. Let (K,|-|o) be a complete valued field and K /K an algebraic extension.

1. There exists at most one absolute value |-|: K — Rso such that |-| | K = |- |o.
2. Let K be an algebraic closure of K and |-|: K — Rs¢ an absolute value such that
[ ITE =1]"lo-
(a) If K C L C K be an intermediate field and o € Homg (L, K). Then |o(a)| = |
for all « € L. In particular, if a and 3 are conjugate over K, then |a| = |3|.

M) If a € K and X4+ aqg 1 X' +.. .+ a1 X +ag € K[X] is the minimal polynomial
1/d
of a over K, then |a| = |aoly "
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(c) Let K C L C K be an intermediate field and [L: K| =n € N. Then |-|p =|-| | L
is a absolute value of L, (K,|-|r) is complete, and

la| = {/INL /g (a)lo forall a€lL.

Moreover, N : L — K and Trp i L — K are continuous.

(d) (Krasner’s Lemma) Let |- | be non-archimedean, o, 3 € K such that « is separable
over K, and let o = v, ..., be the conjugates of o over K. If |—a| < |a; —af
for all i € [2,n], then o € K(f3).

PROOF. 1. Let |-, |-|": K — Rxp be absolute values such that |-| [ K =[-|' | K =|-[o. If
a € K, then |-| [ K(a) and |-|' | K(a) are |- [o-compatible norms on the K-vector space K («)
and absolute yalues on field K(«). By Theorem %.2.5, they are equivalent, and thus |- | =] -]

by Theorem b [.G.

2.(a) Let 7 € Gal(K/K) besuch that 7| L = 0. Then |-|og: K — R>( is an absolute value

of K such that |-|og | K = |-|o. By 1., it follows that |-|o = |-|, and thus |o(a)| = |7(a)| = |a]
for all a € L.
(b) Let
d
X4 g X 4 e X +ap= H(X—al,), where a=aq,...,aq€ K.
v=1
For all v € [1,d], a, and « are conjugate over K, hence |a,| = |a/, and therefore

d
laolo = lao| = [ lew!| = ||
v=1

gc; ORviously, |-| is an absolute value of K and a |- [p-compatible norm on L, and Theorem
O lvalence . d d—1
2.5 1mplies that (L,|-|z) is complete. If o € L, X%+ aq 1 X +...+ a1 X +ap € K[X]

is the minimal polynomial of « over K and m = [L: K («)], then n = md and
m|d —

INL/re(@)]o = lag'|o = [e o™

Let H = Homg (L, K and q the degree of inseparability of L/K. Then

NL/K:(H O')q and TI’L/K:C]ZO'.

o€H ceH

For all 0 € H, themap o: (L,|-|1) — (K, |-]) is a valuation homomorphism and thus continuous.
Therefore Nz and Trzx are also continuous.

(d) Assume that |5 —a| < |a; — | for all ¢ € [2,n], but a ¢ K(8). Then K(8) € K(a, f3),
and thus there exists some i € [2,n] such that « and «; are conjugate over K (). Then § — «
and ( — «; are also conjugate over K (3), and therefore |5 — a| = |5 — a;|. Hence it follows that
lai —a| = (0 —a) — (B — )| < |8 —a| < |a; — af, a contradiction. O

Theorem 4.2.7. Let (K,|| - ||) be a complete archimedean valued field. Then there exists a
value isomorphism ®: (K, | -|) — (K,|-|5) for some K € {R,C} and s € (0,1].
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michtarch [value
PROOF. As || - || is archimedean, it follows by the Theorems m , that K has
characteristic (), hence we may assume that Q C K, and |- || Q=] |% for some s € (0,1].
By Theorem EZ 33 ( R is a completion of (Q,|- [5,), and thus there exists a value
homomorphism <I> 1) — (K,|| - ||). By the Exchange Lemma, we may assume that
RCKand ||| [R= | |3 If R = K, we are done. Thus suppose that R C K. Then it suffices
to prove the following assertion.

A. For every £ € K, there exists a polynomial g € R[X]| such that deg(g) =2 and g(&§) = 0.

OO

Suppose that A. holds. Then there exists a field isomorphism ®: K — C, and, again by
the Exchange Lemma, we may assume that K = C. Then |- |5, and || - H aére absolute values
setzungein
on K such that |- |5, R =1 -] [ R, hence || = | -] by Theorem ence 1t really
suffices to prove A.

Proof of A. Let £ € K. Throughout this proof, we write |-| instead of |-|o. We shall prove
that there exists some z € C such that ¢ is a zero of the polynomial g = X2—(2+%) X +2z € R[X].
Assume the contrary, and define

f:C—=Ryo by f(2) =€~ (z+2)E+22].
Then f is continuous, f(z) >0 and

52 12 [t = B gl |2 = e [ - LB ey |2+ 2] roranz e

1]l |22

Hence it follows that

lim f(z) =00, and therefore there exists m = min f(C) € Ryg.
zZ— 00

The set S = {z € C| f(z) = m} is bounded and closed, hence compact, and thus there exists
some zg € S such that |zg| > |z| for all z € S. We fix some ¢ € (0,m) and consider the
polynomial
= X2 - (20 +20)X + 2020 + € = (X — 21)(X — z9) € R[X],
where 21, 2o € C and |z1| > |22|. Hence |21|? > |2122] = 20Z0 + € > |20]?, which implies z; ¢ S
and therefore f(21) > m.
For n € N, let G,, = (ge —¢)" — (—¢)" € R[X]. Then deg(G,) = 2n, G(z1) = 0, and

therefore

2n 2n

G, = H(X —a;), here z; = ai,...,a2, € C, and G,, € R[X] implies G, = H(X — ;).

i=1 i=1

Hence we obtain
2n

2n
G ()] = H (¢ — )€ —ai)ll = [] 6% = (i + @)é + cwawi| = [ [ f(ew) > f(z0)m® ",
i=1 i=1
and, on the other hand,
G ()]l < N1g=(€) = ell™ + €™ = [1€* = (20 + Z0)€ + 20%0[|" + €™ = f(20)" + " = m" +&".
Therefore it follows that
fz) _ Gn(©N? _ (m" +e")? €\"1? : : €\"?
< — = £ _
ST o = o [1 + (m) ] , and since nh_)n;o{l + (m) } 1,

we conclude f(z1) < m, a contradiction. O
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Corollary 4.2.8. Let K be an algebraic number field, [K : Q] = 11 + 2r9 and
Hom(K,C) = {o1,...,0n} such that o;(K) C R for all j € [1,1], Céua{iéﬁ»éik Trits
forall j € [1,1r2]. Forj e [1,r1 412, let |- |oo; = | |o000; (see Example bTZTﬁ?#H»ZS an
archimedean absolute value of K, then there is a unique j € [1,71 412 such that ||| ~ |- |sc,;-

valuationexamples
ProOOF. Unlqueness follows by Example WTTTHSEE{ | osUrEgsl%n archimedean absolute
value of K and (K, |-1]) a completion of (K, ||-||). By Theorem ere exists some s € (0, 1]
and either a valuation isomorphism ®: (K| - ||) — (R,] - |go) or a valuation isomorphism
®: (K,||-]) = (C,|-|5). In both cases, it follows that ¢ = ® | K € Hom(K C), and thus there

exists some j € [1,71 +7g] such that ¢ € {0},7;}. Hence ||| =|-[500; =[5 ; ~ | |- U

4.3. Arithmetic of discrete valued fields

Theorem and Definition 4.3.1. Let (K, |-|) be a discrete valued field and p € (0,1) such
that |K*| = (p). Let v: K — Z U {oco} be the associated valuation, given by
1
v(a) = log|a] and |a| = p* @ forall a € K .
log p

We define
Oy={zeK|v@)>0={zecK|lz|<1}={zecK|lz|<p'}, and
pp={xeK|vx)>0t={zeK|vx)>1}={ze K ||z|<1}={xe K| |z| <p}.

Then O, is a dv-domain, P(O,) = {ps}, O ={x € K |v(z) =0} = {z € K | |z| = 1},
and v = vy, : K — ZU{oo}. If {0} # a € F(O,), then there exists some a € a such that
v(a) = minwv(a) € Z, and for each such a we have a = aO,.

O, is called the wvaluation domain, p, is called the waluation ideal and k, = O,/p, is
called the residue class field of (K,|-|) or of (K,v). Every m € K satisfying v(w) = 1 [or,
equivalently, |r| = p] is called a prime element or a uniformizing parameter.

Let T € K be a uniformizing parameter. Then pk = 780, = {z € K | v(x) > k} for all
k € Z, and for all k € N, there is a k,-vector space isomorphism

¢: Oufpy = pi/ob™h, given by ¢(z+p,) =7z +pytt forall z€0,.

Proor. If z,y € Oy, then |z| < 1, |y| <1, |z —y| < max{|z|, |y|} < 1 and therefore
lzy| = |z| |y| < 1. Hence it follows that {x —y, zy} C O,, and therefore O, C K is a subring.
By definition, O ={z € O% |27 1 € O,} ={r e K* | |z| <1, |z|' <1} ={z e K | |z| = 1}.
Since there is an element x € K such that |z| # 1, there is some z € K such that |z| > 1, and
thus O, # K.

If 2,y € py and ¢ € O, then |z| <1, |y| <1, |¢| <1, |z —y| < max{|z|, |y} <1 and
lcx| = |e||z] < 1. Hence it follows that {x —y, cx} C py, py C O, is anideal, and O = O, \ ps.
Therefore O, is a local domain with maximal ideal p,,.

Let {0} # a € F(O,). Then there is some ¢ € Of such that ca C O,, hence a C ¢ 10,,
and v(a) C —v(a) + Ng C Z. Hence there exists some a € a such that v(a) = minwv(a), and
clearly aO, C a. Conversely, if z € a, then v(z) > v(a), hence v(a~'z) = —v(a) + v(x) > 0,
a" 'z € O, and z € O,. Hence a = a0, In particular, O, is a principal ideal domain and thus
a dv-domain with P(O,) = {p,}.
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Let 7 € K be a uniformizing parameter. Then 1 = v(7w) = minv(p,), hence p, = 7O0,,
and pF = 780, = {z € K | v(z) > k} for all k € Z. If z € K*, then z = 7@y for some
uw € OF, and z0, = @O, = pz(m). By definition, this implies vy, () = v(x), and thus
vp, =v: K — Z U {oo}.

For k£ € N, the map

bo: Oy — pkpktl = 7k0, /7* 1O, | defined by ¢o(z) = 7z + 71O,

is an epimorphism, and Ker(¢g) = {z € O, | v(7F2) > k+1} = {x € O, | v(z) > 1} = p,.
Hence ¢ induces an isomorphism ¢ as asserted, and obviously ¢ is an isomorphism of k,-vector
spaces. ]

Theorem 4.3.2. Let (K,|-|) be a discrete valued field, p € (0,1) such that |[K*| = {p),
and v: K — Z U {0} the associated valuation. In the following, convergence always means
convergence with respect to | - |.

1. Let (xn)n>0 be a sequence in K and x € K.
(a) (zp)n>0 — = if and only if (v(xy — x))n>0 — 0.
(b) If (zn)n>0 — x and x # 0, then v(x,) = v(x) for alln>> 1.
(¢) (zn)n>0 is a Cauchy sequence if and only if (xn41 — Tn)n>0 — 0.
(d) Let (K,|-|) be complete. Then the infinite series
an converges in K if and only if (zn)n>0 — 0.
n>0

Moreover,

(Xn)n>0 — x if and only if = =z + Z(xn+1 — ), and then

n=0
T —xp = Z(xn+1 —xy) and v(zx —xp) > inf{v(xps1 —xpn) |0 >k} for all k> 0.
n=k

2. For alln € Z, p C K is open and closed. In particular, O, C K and O} C K are
both open and closed, and, for every a € K, {a+p} | n € N} is a fundamental system
of neighborhoods of a.

PROOF. 1.(a) By definition, (2,),>0 — = if and only if (|2, — z|)nz0 = (p*@=*)),59 — 0,
and this holds if and only if (v(z, — x))n>0 — 0.

(b) If (xn)n>0 — = # 0, then v(z, —z) > v(z) for all n > 1 by (a), and therefore
v(xy) = v((zn —x) +x) = v(z) for all n>> 1.

(¢) If (xn)n>0 is a Cauchy sequence and € € Ry, then there exists some ng > 0 such that
| Ty, — xp| < € for all m > n > ng, and in particular |z,4+1 — x,| < € for all n > ny. Hence
(Tps1 — Tn)n>0 — 0.

Conversely, assume that (zp41 — Zp)n>0 — 0, and let € € Ryg. Then there is some ng > 0
such that |x,41 — x,| < e for all n > ng. If m > n > ng, then

m—1
2 =l = | Y (@it1 — )

=n

<max{|zit1 —zi| | i € [n,m —1]} < e,
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and thus (z,)n>0 is a Cauchy sequence.
(d) For n > 0, we set

n—1
Sp = Z xr . By definition, Z xy converges if and only if (s,)p,>0 converges.
k=0 n>0

Since (K, |-|) is complete, the sequence (sy)n>0 converges if and only if it is a Cauchy sequence,

and this holds if and only if (z,) —n >0 = (sp+1 — Sn)n>0 — 0.
By definition, (x,)n>0 — « if and only if

m—0o0 m—00

m—1 0o
z= lim z,, = lim (a:o + Z (Tpt1 — xn)) =x0+ Z(xn+1 — Ip).

n=0 n=0

Assume that his holds. If k£ > 0, then

m—1 00
x—z, = lim (x, —x) = lim E (Tpg1 — Tp) = E (Tnt1 — Tn)
n= n—

and, for each m > k,

m—1

|Zm — xk| = ‘Z (Znt1 — o)

n=k

> min{|xp+1 — x| | n € [k,m — 1]} > inf{|zpt1 — zn| | n >k},

which implies
|x — x| = lm |z, — x| > inf{|x,11 —xn| | n >k}
m—0o0
2. Since | - |: K — R is continuous, it follows that O, = {x € K | |x| < 1} is closed, and
that O, = {z € K | |z| < p~!} is open. Let 7 € K be a uniformizing parameter and n € Z.
Then the map K — K, z+— 7"z, is topological. Hence p?! = 7" O, is also open and closed.

Ifa e Kand n €N, then a+pl! ={zx € K | |z —a|] < p"}, and since (p"),>1 — 0, these
sets are a fundamental system of neighborhoods of a. O

Theorem 4.3.3. Let (K,|-|) be a complete discrete valued field, p € (0,1), |K*| = {p),
and v: K — Z U {oco} the associated valuation. Let m € K be a uniformizing parameter and
R C O, a set of representatives for k,.

1. Every a € O, has a unique representation

o0
a:Zanﬂ'”, where ap, € R forall n>0.
n=0

2. Every a € K* has a unique representation

a:ZanW”, where d€Z, ap,€R forall n>d, and ag & p, .
n=d

In this representation, d = v(a).
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3. If R is endowed with the discrete topology, then the map
d: RN — 0O,, defined by ((an)n>0) = Zanﬂ",
n=0

is topological. In particular, if k, is finite, then O, is compact.
PRrOOF. 1. Since v(a,7") = v(ay)+mn > n, we obtain (v(anm"))n>0 — 00, (anm®")p>0 — 0,
and thus the series converges.
Uniqueness: Suppose that

o0 oo
/ / /
a= E apm’t = g a,7", where ay,, a, € R, a, # a, for some n > 0.
n=0 n=0

If k = min{n € Ny | a,, # a],}, then
o0
0= Z(an —al)7" = (a), — a},)7* + 7"c  for some ¢ € O,
n=0
and since ay, — aj, & Py, it follows that v((ay — a})7*) =k < k+ 1 < v(7**lc), a contradiction.
Ezxistence: It suffices to prove:
A. For every n € Ny, there exists a unique (n + 1)-tuple (ag,...a,) € R™"! such that

n
a— g a,m € "o, .
v=0

Indeed, if A. holds, then there exists a sequence (an)n>0 in R such that

n n o0
a— a,m™ € 7", for all n >0 and therefore a = lim a,m’ = anpm” .
Proof of A. By induction on n. Suppose that n > 0, and let ag,...,a,—1 € R be such that
n—1
a— Zal,ﬂ” =7 "¢ for some ceO,.
v=0
Then there exists a unique a,, € R such tha c € a, + 7O, and we obtain

n
a— E a7 =7"(c — ap) € "0, .
v=0

2. Uniqueness. If

a:Zanﬂ", where de€Z, ap,€R forall n>d, and ag ¢ p,,
n=d

then a = 1%y + 7 1c, where ¢ € O, and therefore v(a) = d. Hence d is uniquely determined

by a, and since
o0

7% = Z Upagm” € Oy,
n=0

the uniqueness of the sequence (ay,)n>q follows by 1.
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Ezistence. If v(a) = d € Z, then 7% € O, and by 1. it follows that
o0

7% = Z anm 4, where a, € R forall n>d,
n=d

d

hence 7% = aq + ¢ for some ¢ € O, and since v)(7 %) = 0, it follows that ag ¢ p,.

3. ® is bijective by 1. Let (an)n>0 is a sequence in R,

oo m—1
a = ®((an)n>0 :Zanﬂ", and U, = H{aj}x H R c RN forall meN.
n=0 7=0 j=zm

Then {Up | m € N} is a fundamental sysgem of neighborhoods of (as)n>o in RN and
®(U,,) = a+ pl* for all m € N. By Theorem b.3.2.2, ® is topological. If k, is finite, then R is
finite, and RN° is compact by Tychonoff’s Theorem. Hence O, is compact. U

Theorem 4.3.4. Let (K,|-|) be a discrete valued field, p € (0,1) such that |[K*| = {p),
v: K — ZU{oco} the associated valuation, and (K',|-|") a completion of (K,|-|).

Then |-|" is discrete, |K'™*|" = (p), and if v': K' — ZU{co} denotes the valuation associated
with | - |, then v'|K =v, Oy =0, C K', pF, =pk =pF0O, and p¥ N K =p* for all k € Z.
Moreover, for every k € N, there is an isomorphism

J: Ou/p% = O/, given by jla+pY)=a+pF  forallacO,,
by means of which we will identify these groups in the sequel. In particular, ky, = Ky.

PRrROOF. By Theorem Ell.ilc%,ir[%’ is non-archimedean. Since K C K’ is dense and |-|': K —
Rs is continuous, it follows that (p) U{0} = |K| C |K'|' C |K| = (p) U {0} = (p) U{0}. Hence
|- | is discrete, |K"*|" = (p), and V' | K = v.

. For k € Z, we obtain pF,NK = {z € K | v/(z) > k} = {x € K | v(z) > k} = p% by Theorem
%%d since pfj, C K' is closed, it follows that @ C pfj,. To prove the reverse inclusion, let
|

z € p¥ and (2,)n>0 a sequence in K such that (2,)n>0 i . Since p¥, C K’ is open, it follows
that x, € pﬁ, NK = pﬁ for all n > 1, and therefore x € @ Hence pﬁ/ = @, and, in particular,
Oy = O,.

If k € N, then p¥ = O, Npk,, and thus there exists a monomorphism j: O,/pk — O, /pk,

such that j(a + p¥) = a + pf/ for all a € O,, and we must prove that j is surjective. Thus let

z € Oy = Oy, and let (z,),>0 be a sequence in O, such that (x,),>0 u> . Then it follows
that v'(z, — ) >k for all n > 1, and thus z, — z € p¥, and x + pF = j(z, + pf). O

Theorem and Definition 4.3.5. Let R be a Dedekind domain, K = q(R), p € P(R) and
Vp: K — ZU{oc} the p-adic valuation. Then vy = vpr,, Oy, =1{z € K | vy(z) > 0} = Ry and
pv, = {z € K [ vp(z) > 0} = pRy.

Let p € (0,1), |-|p, an absolute associated with vy, and (K, |-|) a completion of
(K, |“|pp)- Then (Kyp,|-|") is a complete discrete valued field, and if Vy: K, — ZU{oo} denotes
the associated discrete valuation, then Ky, and vy, do not depend on p.
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The field K, is called the p-adic completion of K. We denote its valuation domain and
valuation ideal by

Ry =05 ={z € K, | Vp(z) >0} and p=pg, = {2 € K, |Vp(x) > 0}.

Then Vyp = v, and vp|K—vp

For all k € 7, we have p* Cka =p*NK C p* —ka —kaRp, and R = Rp If ke N,
then p = ka N R = p* N R, and the inclusion maps R — Ry — Rp induce isomorphisms
R/p = Ry/pRy — Rp/ll

By means of the above isomorphisms, we shall identify the residue class fields and obtain
R/p = Ryp/pRy =k, = kg, = Rp/p. We also write v, instead of V.

d

PRrOOF. By Theorem %.6 we have vy = vppr,, Oy, ={r € K |vy(z) >0} = Ry, and thus
also py, = {r € K [vy(z) >0} = pR,.

Next we %rov.e t}latt K, and v, do not depend on p. Indeed, suppose that 0 < p; < pa < 1.

equlvalen

By Theorem ollows that
log po
— S —
| : ‘pva - | : ’p,pl 9 Where s = logpl e (O 1) *
opplet
If (Kp, |-y, ) is a completion of (K, |- [y ,,), then Theorem 1.2.3.¢ lﬁrnphes that (K, |- [5,,)
is a completion of (K, |- |, p2) Since |- [5 ,, ~ |- [} o1 these two absolut > values induce the same
valuation, Hence and vV, do not depend on p, v, = =v; by Theorem % 3.1, and v, | K = vy, by
e 45 p p s Vp p p

Theorem h K

d 4 —
If k € Z, then Theorem hl3sczlrete plies p*R, =p* N K and p* =ph =pk = pER, D pk. Tt

remains to prove that kap C pk C Kp. Thus let z = s~ lrep Rp, Where x 6 p* and s € R\ p.
If n € N, then p"™ + sR = R, and thus there exist u, € p" and ¢, € R such that 1 = u, + st,.
Since Vyp(z — atn) = Vp(2(1 — stpn)) = Vp(2) + Vp(un) > k + n, it follows that (at, )n>1 — z in
Ky, and since xt, € p* for all n > 1, we obtain E pkre]ieﬁ k=0, We obtain R = Rp

If k € N, then p* N Ry, =p Rp by Theorem . and thus p* N R = kap N R = pF by

llocallzatlonlsok
Theorem 2.6.4. By the same Theorems, the inclusion maps R — R, — Rp induce isomorphisms

R/p = Ry/pR, = Ry/p. 0

Definition and Remarks 4.3.6. Let p € P be a prime. The completion (Qy, |- |,) of
(Q,]-|p) is called the p-adic number field. Its valuation domain Z, = {x € Q, | vp(x) > 0} is
called the domain of p-adic integers.

Z C Ly C Zg} ar dgd%%ggdga rings, ) = LIpZ = Zp)[pZLyp) = Ly /DLy, accord%ng to
Theorem and Definition %.23.5. Hence [0,p — 1] is a system of representatives of F, = k,, in Z,.
In particular, Z, is compact, and every x € Z, has a unique representation

x:Zanp”, where a, € [0,p—1] forall n>0.
n=0

Theorem 4.3.7 (Hensel’s Lemma). Let (K,|-|) be a complete discrete valued field. Let
v: K — ZU{oo} the associated valuation,

Ou[X] — ko[X], h— h=h+p,[X]
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the natural residue class map and f € O,[X].

1. Assume that f = @ # 0, where @, € ko[X] and (p,¥) = 1. Then there exist
g, h € Oy[X] such that f =gh, §g=¢, h=1, deg(g) = deg(yp), and if ¢ is monic,
then g is also monic.

2. Let a € k, be such that f(a) =0 and f'(a) # 0. Then there exists some a € O, such
that f(a) =0 and a = «.

3. Let f be monic and f = @1 ... ., wherer €N, ©1,...,0, € ky[X] are monic, and
(pi, i) =1 for all i, j € [1,7] such that i # j. Then there exist monic polynomials
1y gr € Oy[X] such that f =g1-... g, and g; = p; for alli € [1,r].

PrOOF. 1. Let m € K be a uniformizing parameter, m = deg(yp), n = deg(y) and
d = deg(f). Then m, n € Ny, and d > m + n. We construct recursively sequences (gi)r>0 and
(hi)k>0 in O,[X] having the following properties for all £ > 0:

1) deg(gx) =m, deg(hy) <d—m, G, =, hp =1, and if ¢ is monic, then g; is monic.

2) f—gphy € 7O, [X].

3) If k> 1, then {gr — gr_1, hx — hx_1} C TFO,[X].

Let go, ho € Oy[X] be such that deg(go) = m, deg(ho) =n, Gy = ¢, ho = %, and gq is
monic if ¢ is monic. Then f — goho = f — ¥ =0, and thus f — goho € 7O, [X].

Suppose now that k£ > 0, and there exist go, ho, ..., gk, hi € Oy[X] such that 1), 2) and
3) hold, and set P = 7~*1(f — grht) € O,[X]. We shall prove:

(¥) There exist «, 8 € ky[X] such that ap + 8y = P, deg(a) <d—m and deg(3) < m.

Proof of (). Since (¢,v) = 1, there exist o/, 3’ € k,[X] such that o’p + 34 = P. By
division with remainder, we find some p € k,[X] such that deg(8’ — pp) < m = deg(p), and if
a=a +pp and B = — pp, then agp + Bt = P, deg(8) <m,
deg(a) +m = deg(ap) = deg(P — f¢) < max{deg(P), deg(}) + deg(y)}

< max{deg(f), deg(gx) + deg(hk), deg() + deg(1))}
<max{d, m+ (d—m), m—1+n} =d, and therefore deg(a) <d—m. O(x)
Let A, B € O,[X] be such that A =, B =3, deg(A4) = deg(a) and deg(B) = deg(f3), and
define
Ges1 = gr + 7B, hpy = by + 7 A € O,[X].

Then Gpy1 = Gk = #5 hit1 = b = ¢, deg(hyy1) < max{deg(hy), deg(A)} < d —m, and since
deg(B) < m = deg(gg), it follows that deg(gx+1) = m, and if ¢ is monic, then g; and thus also
gk+1 is monic. By definition, gry1 — gr € 7T 0y, hpyr — hi € 71O, and
f = gks1hkr1 = f — grhi — ﬂ'kﬂ(Agk + Bhy + ﬂ'kﬂAB) = ﬂ'kH(P — Agr, — Bhy, — TrkHAB) .
Since P — Agj, — Bhy — mFT1AB = P—ap— 3¢ = 0, it follows that f—gri1hrp1 € T°F20,[X].
Hence the sequences (gi)r>0 and (hg)r>0 are constructed.

For k > 0, we set

m ' d—m '
gL = Zakﬂ-X’ and hp = Z b i X"
i=0 i=0
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By construction, we obtain ay; —ag—1,; € %O, and thus v(ag; —ag—1,) > k for all k > 1 and
i € [0,m]; and by; —bx_1; € 7O, and thus v(bg; —bg_1,;) >k forall k > 1 and i € [0,d —m].
Hence the sequences (aj;i)k>0 and (by;)r>0 are Cauchy sequences in O, and thus convergent
in O,, since (K, | -|) is complete and O, C K is closed. We set

a; = lim ag,; forall i€ [0,m], and b; = kh_}n(r)lo by, forall ie[0,d—m)],

k—o0
m ' d—m ‘
g:Z:aiXZ and h= ZbiXZGOU[X].
=0 =0

By Theorem %.lsff%obtain v(a; —ag;) > inf{v(aj+1;—aj; | j >k} > k+1forall k> 0 and
i € [0,m]; and v(b; —by;) > inf{v(bj41; —b;; | j >k} >k+1forall k>0 and e [0,d—m].
Therefore it follows that g — gx € T°"1O0,[X] and h — hy, € 71O, [X].

For all K > 0, @y, is the leading coefficient of g, = ¢, hence @y, # 0, apm € O, and
since O C K is closed, we obtain a,, € O, and thus deg(g) = m = deg(y). If ¢ is monic,
then ay ,, = 1 for all kK > 0, hence a,, = 1 and g is monic. Finally, we obtain

f—gh=(f— grhx) — gr(h — hi) — h(g — g) € ™" O,[X] forall k>0,

and therefore f = gh.

2. By assumption, a is a simple zero of f. Hence f = (X — a)v, where ¥ € k,[X] and
Y(a) # 0. Hence (X — «,9) =1, and by 1., applied with ¢ = X — «, there exist some a € O,
and h € Oy[X] such that @ =«a, h =1 and f = (X — a)h. In particular, f(a) = 0.

3. By induction on r. For r = 1, there is nothing to do.

r>2,r—1—r: Since (¢1-... - @r_1, ¢r) = 1, by 1., there exist g, g, € O,[X] such that
f=99, g=¢1-...-r_1, G, = ¢r, and g, is monic. Hence ¢ is monic, and by the induction
hypothesis, there exist monic polynomials g1, ..., g,—1 € O,[X] such that g =g¢; -...- g,—1 and
g; = forallie[l,r—1]. O

Theorem 4.3.8. Let (K,|-|) be a complete discrete valued field, v: K — 7 U {oo} the
associated valuation and |k,| = q < oo. Then |pg—1(0y)| = ¢ — 1.

PROOF. Let O,[X] — ko[X], h+ h be the residue class map. Then
XeT—1= J] (X -a)eklX],

acky
ensel
and by Theorem %.3. 7.3, the polynomial X! — 1 splits into distinct linear factors in O,[X].
Hence |pg—1(Oy)| =¢q—1. O

Theorem 4.3.9. Let (K, |-|) be a complete discrete valued field and f € K[X)] irreducible. If
ne€Nand f=a,X"+a,_1 X" +...+a1X +ag, then max{|a;| | i € [0,n]} = max{|ao|, |an|}.
In particular, if f is monic and O is the valuation domain of (K,|-|), then ayp € O implies

f e O[X].

PROOF. Let r € [0,n] be minimal such that |a,| = min{|ag|,...,|an|}, and assume that,
contrary to our assertion, max{|ao|, |as|} < |a;|. Then a;tf = b, X" + ...+ b X + by € O,[X]
is irreducible, |bj| < 1 for all j € [0, — 1], [by] =1, 0 < r < n, and the residue class
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polynomial ar ' f € ky[X] sp its in the form a; ' f = X", where ¢ € k,[X], deg(y)) = n—r and
1(0) = b, # 0. By Theorem 4.3.7, applied with ¢ = X7, it follows that a, ! f is reducible. [

Without proof, we state the following refinement of Hensel’s Lemma.

Theorem 4.3.10 (Lemma of Hensel-Ore). Let (K,|-|) be a complete discrete valued field,
v: K — ZU{oo} the associated valuation and m € K a uniformizing parameter.

Let f, G, H € O,[X] be monic and f — GH € n"AUNH1O,[X]. Then there exist monic
polynomials g, h € Oy[X] such that f = gh, g— G € 7°0O,[X] and h — H € 7°0,[X], where
0 = max{v(A(g)), v(A(h))} + 1.

Theorem 4.3.11 (Squares in Q).

1. Let p € P\ {2} be an odd prime, and a = pFu € Q) , where k = vy(a) € Z and u € Z,; .
Then a € (@;2 if and only if k=0 mod 2 and w=u+ pZ € IE“;Q. In particular:
e There is an isomorphism 9: Q;/Q;Q = Z/2Z><IF;/F;2 &~ (2% such that, for
2y _ X2
a € Q) as above, ¥(aQ;*) = (a + 2Z, uF,?).
o If a € Z\pZ, then a € Q;Q if and only if a is a quadratic residue modulo p.
2. Let a = 2Fu € QF, where k = va(a) € Z and u € Zy5. Then a € Q% if and only if
k=0 mod 2 and v =1 mod 8Zsy. In particular:
e There is an isomorphism 9: QX /Q5? = Z/2Zx(Z/8Z)* = C3 such that, for
a € Q, as above, 19(@@;2) = (a+2Z, u+ 8Zy).
o If a € Z\2Z, then a € QX% if and only if a =1 mod 8.

PRrROOF. 1. If a = pFu € Q;Z, then obviously £ = 0 mod 2 and uw € IF?Q. For the converse,

it suffices to prove that uw € F;Q implies u € 2129' Thus assume that @ = &2 for some 516 Fp.
—_— ense
Then ¢ is a simple zero of the residue class polynomial X2 — u, and by Theorem 4.3.7, there

exists some & € Zy such that 22 = u and T = £. Note that this argument fails for p = 2, since
X? — u € Fo[X] is not separable.

Let ¥o: QF — Z/2Z xF) /F;* be defined by Yo(pFu) = (k + 27, uF)?) for k € Z and
u € Z,. Then ¥ is an epimorphism, and, as we have just proved, Ker(dy) = Q;Q, and
therefore 1y induces an isomorphism o: Q) /Qx? = Z/2ZxF) /Fx? as asserted. Since F) is
cyclic of order p — 1, it follows that F; /IF;2 >~ Co.

Ifa€Z\pZ CZy,then a+pZ e F;Q if and only if a is a quadratic residue modulo p.

2. We might use the Lemma of Hensel-Ore. but we give a direct proof. If a = 2Fu € QQXZ,
then obviously k¥ = 0 mod 2 and v = 1 mod 8Zs, since (Zy/8Z2)* = (Z/8Z)* = C3. For the
converse, it suffices to prove that u« =1 mod 8Z, implies u € Z%.

Thus let u € 14 8Z2, and construct recursively a sequence (z,)n,>0 in Zs, such that

Tpi1 — Tn € 277275 and x?L —ue2"3Zy forall n>0.

We set 9 = 1. Suppose that n > 0 and let z,, € Zo be such that z2 = u + 2""32 for some

z € L. We set z,11 = 2, +2""22 and obtain 22 | = u+2""3(14x,)2+22"22 € u+2"T7Z,,
since 1+, € 2Zs. The sequence (x,,),>0 is a Cauchy sequence in Zy, and if (zy,)n>2 — = € Zo,
then 22 = u.

Let 9o: QF — Z/2Zx (Z2/8Z2)* be defined by Jo(28u) = (k + 2Z, u + 8Z2) for k € Z

and u € Z,. Then 9y is an epimorphism, and, as we have just proved, Ker(dg) = ;2, and
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therefore 1 induces an isomorphism 9: Q) /Qy? = 7/2Zx (Z/87)* as asserted (note that
(ZQ/SZQ)X = (Z/8Z)X = C%) O

4.4. Extension of absolute values (complete case)

.eextension Theorem 4.4.1. Let (K,|-|) be a complete valued field.
1. Let L/K be a finite extension and n = [L: K|. Then there is a unique absolute value

|| of L such that |-|p | K =|-|.
(a) (L,|-|p) is complete, and |z| = } |NL/K(95)| forallz € L.

(b) Let (K,|-|) be discrete. Then (L,|-|1) is also discrete. If O is the valuation domain
of K, then clp(Ok) is the valuation domain of L, and every finitely generated Of -
submodule M C L is closed.

2. Let K be an algebraic closure of K. Then |-| has a unique extension to an absolute
value of K.
Proor. CASE L: (K. |-|) is archimedean.
ostrow 1
By Theorem we may assume that (K,|-|) = (R,|-|5%) or (K,|-]) = (C,|-|5%) for

some s € (0,1]. If K C, there is nothing to do. If K = R, then K C, and if z € C, then

= 2|5 = \/\ZZ\S \/INc/r(2)]5%-

CASE 2: (K,|-|) is non-archimedean. We prove the Theorem only if (K, |-|) is discrete.
1. Let O be the valuation domain of (K,|-|), L/K a finite extension and [L: K] =n. We

define |-|r: L — R>o by
2|z = {/INL/k ()| forall ze€lL.

Then |- | [ K =|-|, |z|r = 0if and only if x = 0, |zy|r = |z|r|y|r for all z, y € L, and
|L*|L € Y|K*| CR is discrete.

Next we prove that |z| <1 implies |1+ 2| <1 and z € cl(O) for all z € L. Thus let
v €L, f=X4+a; 1 X" +...+a1X +ap € K[X] the minimal polynomial of z over K
and d = [L: K(z)]. Then |z|p = /Ny k(x)| = {/]aol?, and if |z[z, < 1, then |ag| < 1, and

lirreducibilit

as f is irreducible, it follows that f € O[X] by Theorem [ﬁ 39. Hence lxlel CYIL(O), and since
f(X —1) € O[X] is the minimal polynomial of x + 1 over K, we obtain

|z + 1] = {/INpg(x+1)| = {/|f(-=1)d < 1.

Hence | - |1, is a discrete absolute value of L by Theorem H.1.4, and if O’ denotes the valuation
domain of L, then O C lg(’) Since O’ is integrally closed, it follows that O' = cl(O). By
fortsetzun elndeu . i
Theorem &I 2.6, || 15 the unique extension of | - | to L, and (L,|-|z) is complete.
Let now M C L be a finitely generated O-submodule. Since O is a principal ideal domain
and M is torsion-free, it follows that M is free. Let (uq,...,uy) be an O-basis of M, and
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V=KMCL. Then || [ V:V — Rx¢ is a | - |-compatible norm on V. If V carries the
| - |-topology and K™ carries the product topology, then the map

O: K™ —V, defined by ®(ay,...,an)= Zajuj,
j=1

is a topological isomorphism, and as O C K is closed, it follows that M = ®(O™) C L is closed.
fortsetzungeindeutig

2. Let K C L C I’ C K be intermediate fields such that [L': K] < co. By Theorem 4.2.6
it follows that |- |/ | L = |-z, and therefore there exists a unique function |-|": K — Rxq
such that || | L = |- | for all intermediate fields L such that [L: K] < co. If 2,y € K
and L = K(z,y), then [L: K] < co. Hence we obtain |z|' = |z|r = 0 if and only if z = 0,
2yl = Jzylz = [elelyls = ollyl and |z + ] = |z +yls < max{|e|r, lylr} = max{jal’, [y}
ThereforelfL)-ri’s is an absolufe value of K such that |-|" | K = |-, and uniqueness follows by

1% a.
etzungeindeu

Theorem #.2.6. O

localfield Definition 4.4.2. For a discrete valued complete field K = (K, |-|) we denote by

e vi: K — Z Uoo the associated valuation;
e O = Oy, the valuation domain;

® P = Py, the valuation ideal;

o ki =ky, = Ok /pr the residue class field.

For a finite extension L/K we denote by |-|: L — R>o the extension of | - | to L, we refer
to L/K as a finite extension of complete discrete valued fields with absolute value |- | and we
denote by

OL[X} - kL7 h—>ﬁ
the residue class map.

lextensions Theorem and Definition 4.4.3. Let L/K a finite extension of discrete valued fields with
absolute value |- | and [L:K]|=n.
1. Op =clp(Ok) and prNK =p;, N Ok = pk,

We call e(L/K) = e(pr/pk) the ramification index and f(L/K) = f(pr/pk) the
residue class degree of L/K. By definition,

pOp = p " and  f(L/K) = [k k).
The extension L/K is called

o unramified if e(L/K) =1 and kj,/kg is separable, and ramified otherwise;

o tamely ramified if char(kg){e(L/K) and kg /kg is separable, and wildly ramified
otherwise;
o fully ramified if e(L/K) = n.
By d_eﬁnition, L/K i§ unramified [ramiﬁeq, .ta%%l% m%%rsrﬁi&eo%be‘ﬁ%(y@yr ramified | if and
only if py/px has this property (see Definition 2.4.13).
2. Lete=e(L/K) and f = f(L/K).
(a) ef < n, and equality holds if and only if Or is a finitely generated Ok -module. In
particular, if L/K is separable, then ef = n.
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(b) (ILX[:|K*|) = e, vp|K = evk, e|n, and vgoNp/x = Tvr. In particular, we
have the commutative diagrams

Lx 2L Lx .7
inclT T'e and NL/KJ J(%
KX % .7 KX % .7

|completeextension

PROOF. 1. By Theorem A.4.1, O = cl;(Ok), and since P(Or) = {pr} and P(Ok) =
{pK}, it follows tha py N K :pé N OLD K=p.N0kg =pg.

dedekindextensionl

2. (a) By Theorem mat ef < n, and equality holds if and only if Of, is a
finitely generated Og-module.

(b) Let mx be a uniformizing parameter of K and 77, a uniformizing parameter of L. Then
vk = kO, pr = 7,0p, and since 70O = 770y, it follows that mx = 7wfu for some
uwe Of, and |rg| = |rr|®. Hence (|[L*|:|K*|) = ((|7r]):(|7L|?)) =e, and vr(7x) = e.

Ifa € K*, thena = W;(K(G)S, wheree € O C OF, and thus vy (a) = vk (a)vr(TK) = evk(a).
Hence vr, | K = evg. Since m = Np/g(mx) = Npjg(m0)Np g (u) and Np g(u) € Ok, it

follows that n = vk () = evk(Np/k (L)), and therefore e|n. If z € L, then z = WZL(w)w

for some w € Of, hence N x(z) = NL/K(’]TL)UL(I)NL/K(LU), and since Nz x(w) € O, we

obtain
n n
v (N () = vi(x)vk (Np /g (L)) = ng(m), and therefore vk oNp k= SuL O
xtensionsl Theorem 4.4.4. Let L/K a finite extension of discrete valued fields.

1. Let b, m € O, be such that k, = kg (b) and v (w) =1. Then O = Ok|b, 7).
2. If k. /kg 1is separable, then there exists some x € O, such then O = Oklz].

PrROOF. 1. Let f = [k :kg]. Then

-1 -1
kp =) kgb', and weset M=) Ogb'.
i=0 i=0
Then M contains a set of representatives of k; in Op, and therefore every z € O, has a
representation
o f-1
T = Z(Z cnvib")ﬂ", where ¢, ; € Ok forall n >0 and ¢ € [0, f —1].
n=0 =0

In particular, it follows that Og[b, 7] C Of is dense. Since b and 7 are integral over Ok,
Ok|[b, 7] is a finitely generated Ox-module, hence closed in L, and therefore Og[b, 7] = Of..

2. Let b € O, be such that k;, = kg (b), and let g € Ox[X] be monic such that § € kx[X]
is the minimal polynomial of b over kg. Then g is separable, and therefore ¢/(b) = g'(b) # 0.

Let p € L be a uniformizing parameter of L. Then g(b+ p) = g(b) + pg'(b) mod p?, and
g(b) = g(b+p) =7(b) =0 € kx. Hence g(b) ¢ p2 or g(b+p) & p%, and we set

b it g ¢,
b+p if g(b) €p?.
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Then vr(g(z)) =1, and by 1. we obtain Op = Ok|[x,g(z)] = Ok|[x]. O

Definition 4.4.5. Let K be a discrete valued field and d € N. A polynomial
g=X"4ag 1 X 4. 4 a1 X +ay € K[X]
is called an Eisenstein polynomial if v(ap) =1 and v(a;) > 1 for all ¢ € [1,d — 1].

eisenstein Theorem 4.4.6. Let L/K be a finite extension of complete discrete valued fields, and let
n=|[L:K].

1. Let L = K(«), and let g € Og[X] be an Eisenstein polynomial such that g(a)) = 0.
Then g is irreducible, L/K s fully ramified, and vr(a)) = 1.

2. Let L/K be fully ramified and m € L a uniformizing parameter. Then Op = Ok|n], and
the minimal polynomial of m over K 1is an Fisenstein polynomial.

3. Let L/K be fully and tamely ramified and n = [L: K]. Then there exists a uniformizing
parameter m € L such that ™ € K. In particular, L = K(3/t) for some uniformizing
parameter t € K.

Proor. 1. If g = X9+ ag 1 X' +...+a1X +ap € K[X], thend >n > e = e(L/K),
vr(a;) > e foralli € [0,d—1], and dvp(a) = vy (a?) > min{vg(a;a?) | i € [0,d—1]} > e. Hence
vp(a) > 1, vp(a;a) >e+1>e=wvr(ag) for all i € [1,d — 1], and therefore d < dvp(a) = e.
Hence d = e =n, g is irreducible, L/K is fully ramified and vy (o) = 1.

2. Let |-|: K — R>g be an absolute value of K, d = [K(n): K|, m = [L: K(r)] and
g=X"+ag 1 X+ . +a X + g0, £, 46X the minimal polynomial of 7 over K. Then
dm =n = e¢(L/K), and Theorem h?E?;WpHWl ﬂlzengé’l(zrr)l‘eﬁugi[ggﬁéw(ﬂ)) = vg(af') = m.
Hence L = K(w), wvk(ap) = 1, and by Theorem #.3.9 we obtain |a;| < |ag| < 1 and thus
vi(a;) > 1 for all i € [1,d]. Henge g is an Eisenstein polynomial, and since f(L/K) =1, we
obtain O, = Og[r] by Theorem A.4.4 (applied with b =1).

3. By assumption, e(L/K) = n, f(L/K) = 1, and char(kgx) { n, which implies that

1gn € OF. Let |-|: K — R>p be an absolute value of K, K D K an algebraic closure of

K and |-|K — Rx( the extension of | - |. Let mx be a uniformizing parameter of K, 1 a
uniformizing parameter of L, and 7} = mgu, where u € Of. Since ki = kg, there is some
ug € OF such that v =u —ug € pr, hence 7} — mxug = Ty € p2 and |7xy| < |7p|.

The polynomial g = X" — wgug € K[X] is a separable Eisenstein polynomial, hence irre-
ducible, and we set

n
g=]](X - ) e K[X].
i=1
Then af = Txug, and therefore |a;| = |mx|'/™ = |np| for all i € [1,n]. Since
n
lg(mr)| = [mry| = H\WL —ai| <],
i=1

There exists some i € [1,n] such that |7 — a;| < |mr], say |7 — a1| < |mr|. Then we obtain,
observing that |nz|= |z| for all z € K,

n n
g/ (a)| = [naf ™Y = |aa|" " =] len — aul < [Jmax{|oal, [ail} = Jou|" "
1=2 1=2
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Hence |aq — ;] = |aq]| for all ¢ € [2,n], and therefore |71 — ay| < |mp| = |a1‘fc§tL%’ézﬂngél:Jhdeutig

Since aq,...,q, are the conjugates of a over K, Krasner’s Lemma (Theorem K.2.6) implies

ay € K(n) =L of =mgug € K, and vr(a1) = v (7)) = 1. Hence the assertion follows with

T=o0]. ]
mramifiedl Theorem 4.4.7. Let K be a complete discrete valued field.

1. Let L/K be a finite separable unramified extension, [L : K| = n, x € Op such that
kr, = ki (T) and g € Og[X] the minimal polynomial of = over K. Then Or = Ok|z],
and g € kg [X] is the minimal polynomial of T over ki . In particular, g is separable.

2. Let g € Og[X] be monic such that § € ki [X] is irreducible and separable, and suppose
that L = K(x), where g(x) = 0. Then L/K is unramified, and kr, = kg (T ).

3. Let k' D kg be a finite separable extension. Then there exists an up to K-isomorphisms
unique finite unramified extension M /K such that there is a kx -isomorphism kys — K'.

PROOF. 1. Let 9 € kg[X] be the minimal polynomial of T over kx. Then ¢ |g, and
n > deg(g) Zl]%%%@éb}gte:nizl&‘%:slf[{] = f(L/K) = n. Hence deg(g) = deg(¢), and therefore g = .
By Theorem 1.4.4.T (with 7 = g € Ok ) it follows that O = Og/[x].

2. Let n = deg(g) = [L: K]. Then n = deg(g) = [kx(T) : kx| < [k : kx] < n. Hence
kr, = kg (7 ) and g is the minimal polynomial of T over kg . Hence kz, /kx is separable, and L/K
is unramified.

3. Let k' = kg (a) and g € Ok[X] a monic polynomial such that g € kx[X] is the minimal
polynomial of « over kx. Then g is irreducible, and g is separable. Let M = K(x), where
g(x) = 0. By 2., M/K is unramified, and ky; = kg (Z). Since g(z) = 0, there exists a
k-isomorphism w: ky; — k' such that w(Z) = a.

It remains to prove the uniqueness. Thus let M'/K be an unramified finite extension,
W': ky — k' a kg-isomorphism and o € kpy such that w'(@) = . Then g(a/) = 0, and by
Hensel’s Lemma there exists some 2’ € M’ such that g(z’) =0 and 2’ = o/. Hence there exists
a K-isomorphism ¢: M — M’ such that p(z) = 2. O

nramified?2 Theorem 4.4.8. Let L/K be a finite extension of complete discrete valued fields, and let
kg C k' C kg be an intermediate field such that K' /Ky is separable. Then there exists a unique
intermediate field K C M C L such that M/K is unramified and ky; = K'.
In particular: The assignment M — kys defines a bijective map from the set of all inter-
mediate fields K C M C L such that M /K is unramified onto the set of all intermediate field
kg C k' C kg, such that k' /kg is separable.

PRrROOF. Let k' = kg (a) C kg, and g € Og[X] a monic polynomial such that g € kx[X] is
the minimal polynomial of o over kx. Then g is irreducible and g is separable. By Hensel’s
Lemma, there exists some x € O, such that g(z) =0and T = . If M = K(x) C L, then M/K
is unramified, and ky; = kg (o) = K'.

It remains to prove the uniqueness. Thus let K C M’ C L be an intermediate field such that
M'/K is unramified and kj; = k’. Again by Hensel’s Lemma, there exists some 2’ € Oy such
that g(z') = 0 and 2/ = . Then M’ = K(2'), and we assert that = z/. Assume the contrary.
Then = # 2/, hence (X —2)(X —2') | g, and (X —«)? |7, contradicting the separability of g. [
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Theorem and Definition 4.4.9. Let L/K be a finite extension of complete discrete valued
fields.
1. Let K ¢ M C L be an intermediate field. Then L/K is unramified if and only if L/M
and M /K are both unramified.
2. There exists a unique intermediate field T' of L/K with the following property:
If K ¢ M C L is any intermediate field, then M /K is unramified if and only if
McCT.
T is called the inertia field of L/K.
If L/K and kg /kg are both separable, then [T:K]| = f(L/K), L/T is fully ramified,
and [L:T] =e(L/K).

ProoOF. 1. e(L/K) = e(L/M)e(M/K) = 1 if and only if e(L/M) = ¢(M/K) = 1, and
kr/kx is separable if and only if kz,/kas and kyr/kgx are both separable.

2. Tk[gnpa%ilc%gggfss of T is obvious. Thus let k' be the separable closure of kg in kz. By
Theorem 4.4. ere exists a unique intermediate field K C 7' C L such that 7'/ K is unramified

and kp =K. If kz, /kx is separable, then ky = kg, and [T: K| = [k, :kg] = f(L/K).

Let K € M C L be any intermediate field. If M C éu then f](\a/ééK is unramified by 1. If M/K
is unramified, then ks C k' = kp, and by Theorem 4.4. ere exists a unique intermediate
field K ¢ M’ C T such that kyy = kps. But then M and M’ are intermediate fields of L/K
such that M /K and M'/K are unramified and ky; = kyy. Hence M = M’ C T.

If L/K and kg /kg are both separable, then [L: K] = e(L/K)f(L/K), and thus [L:T] =
e(L/K)=e(L/T). O

4.5. Extension of absolute values (general case)

Remarks and Definitions 4.5.1. Let (K, |- |) be a discrete or archimedean valued field,

L/K a finite separable extension and L = K(«). Let (K, |-|) be a completion of (K, |-|), K2
an algebraic closure of K, and |-|: K* — R>( the extension of |- | to K?.

1. For ¢ € Homg (L, K?), we define |l = |-lop: L — Rxp. Then |-|, is an absolute value of
L, |z|, = |p(x)| forallz € L, and |-|, [ K = |-|. By definition, ¢: (L, |-],) — (¢(L),|-])
is a value isomorphism.

(L) = K(p(a)) C K(p(a)) C K2, (K(p(a)): K) < oo, and therefore (K (p(a),|-|)
is complete. We assert that ¢(L) = K(¢(a)) C K(p(a)) is dense.

[Proof. 1f z € K(p(a)), then 2 = co + c10(@) + ... + cmp(a)™, where m € Ny and
¢cj € K for all j € [0,m]. Let (cjn)n>0 be a sequence in K such that (cj,)n>0 it ¢
and 2, = cop + €1.19(0) + .+ emn(@)™ € K((@)). Then (zn)z0 2 2.

Hence (K (¢(a)),|-]) is a completion of (K(p()),|-]) = (¢(L),|-]), and we denote
by (L, |-|,) be a completion of (L,|-|,). Then there exists a unique value isomorphism
P: (L | |p) = (I?(go(a)), | -|) such that @ |L = ¢, and, in particular, ¢ | K =idg. If
K is the topological closure of K in L, then (K, |-|,) is a completion of (K, |-|), hence
P(K,) = K, and we identify these two completions of (K, ). Then @: L, = [?(gp(a))

is a K-isomorphism. We call the extension L,/ K a (complete) localization of L/K.



92 4. VALUATIONS AND LOCAL METHODS

2. Let 1, po € Homg (L, K?). Then |- lor = | - |p, if and only if ¢1(a) and pa(a) are
conjugate over K (then ¢ and ¢y are called equivalent embeddings of L into K 2).
[Proof. Assume first that |- |, = |- |s,. Then we may assume that L, = L,, and
for i € {1,2} there exist value isomorphisms @;: (Lo, | - |4) — (K (pi()),| - |) which
are K-isomorphisms satisfying @;() = a;. Then P03 +: K(p1(a)) = K(pa(a))
is a K-isomorphism satisfying @031 (p1()) = pa(). Hence ¢;() and pa(a) are
conjugate over K.

Let now ¢1(a) and ¢5(a) be conjugate over K, and let ®: K (¢1(a )) = K (pa(a)

be a K-isomorphism such that ®(p;(a)) = pa2(a). Then o = | [o®: K(¢1()) — Rxg
is an abs?lggesxg%;%lel of K 1&0( satisfying |- |e [ K =|- |, and therefore |- |p = |- | by
Theorem #.2.6. blnge?l(rl;oecpl € Homg (L, K?), q)ogOl’L idg and ®Pop;(a) = pa(a), it
follows that ®op) = g, and [-[p, = |- |ogy = [+ [oPopr = |-[aop1 = |- |opr = [ |4 ]
3. Let finally |- ||: L — R>¢ be an absolute value satisfying |- || [ K =|-|. Then there
exists some ¢ € Homg (L, K*) such that ||| = - |-
[Proof. Let (L', -|') be a completion of (L,|-||) and K C L’ the (topological) closure
of K. Then (K,| - | Kl is a completlon of (K,|-]), and L = K(a) C K(a) - L
is dense. By Theorem 4.2.6, o : K(«)) is complete, hence K(a) C L is

closed, and thus K (o) = L. Let ¢: (K, Il - ||’ K) = (K,|-|) be the unique value
isomorphism satisfying ¢| K = idg, and let ®: L = K(a) — K? be a homomorphism

such that ®|K = ¢. Then |-|p = |- |o®: L — R>( is an absolute value of L, and
since |-|o | K = | - | K, it follows that |-|e = | -||. If ¢p = ®|L: L — K2, then
¢ € Homg (L, K2) and [|-[| = |- ["TL=[-|a L =" |s]

lextensionl Theorem 4.5.2. Let (K, |- |) be a discrete or archimedean valued field and L/K a_finite

separable extension. Let (K |-]) be a completion of (K, |[-), K2 an algebraic closure of K, and
| ]: K2 — R>o the extension of |-| to K2, For ¢ € HomK(L K?), set |- lo =|-]op: L — Rxq,
and let [¢] be the equivalence class of embeddings of L into K.

1. The assignment [p] — ||, defines a bijective map from the set of all equivalence classes
of embeddings of L into K? onto the set of all absolute values of L extending | -|.

2. Let L = K(«a), g € K[X] the minimal polynomial of o over K and g = gi-...-g,, where

reNand gy,...,gr € K[z] are monic and irreducible. Fori € [1,7], let oy € K be such
that g;(c;) = 0 and ¢;: L — K? the unique K-homomorphism satisfying ¢;(a) = «;.
Then {¢1,...,or} is a complete system of pairwise not equivalent embeddings of L into
K2, and |- lors -+ |+ | are the distinct absolute values of L extending | - |.

If i € [1,7] and (Ez,\ “|p;) denotes a completion of (L,| - |¢) such that K C L;,
then there exists a unique value isomorphism @;: (Li, | - lp;) — (K(az) | - \) such that
@i | K = idp and @i(a) = a;. It satisfies @;| L = @;. In particular, Lz/K is a finite
separable extension.

3. Let |- |1,...y] - |r: L — Rxso be the distinct absolute valued of L extending |-|. For

€ [1,7], let (Li,|-|i) be a completion of (L,|-|;), and suppose that K C L;. Then
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|“|1,.-.,] - |r are pairwise not equivalent,
T T
[L:K] = Z[EZI?], and if 0: L — HEZ is defined by 6(z) = (x,...,x),
i=1 i=1

then 6(L) is dense in the product space. Moreover, we have
N/ (2 HNL/K and Trp x(x ZTrL ji(x) forall zeL.

eneralexten51on
ProOF. 1. By the construction made in ﬁ 5.1.

eneralextension
2. By 1. and the construction made in %mto prove 1, ..., , are pairwise not
equivalent, and that every embedding of L into K2 is equivalent to some ¢;. Since g is separable,
the polynomials g1, ..., g are distinct, and therefore ay, ..., a, are pairwise not conjugate over
K. Hence ©1, ..., pr are pairwise not equivalent.
If ¢ € Homg (L, K?), then g(p()) = 0, hence g;(p(a)) = 0 for some i € [1,7], and then
o; = pi(a) and ¢(a) are conjugate over K. Hence ¢ is equivalent to ¢;.

ivalent
i = ||%) By Theorem Eguflg,if%

3. We maintain the notions of 2. (in particular,

absolute values |- |1,...,|- |, ar pairwise not equivalent, and
,
[L:K] = deg(g Zdeg 9i) = Z[K@):K] => [Li:K].
i=1 i=1
Let
T
I|: HLi — R>¢ be defined by |[(z1,...,z,)|| = max{|zi|1,...,|zr]r}-
i=1
Then |-|| is a | -|-compatible norm and induces the product topology. For the proof that §(L) is
dense, let © = (x1,...,2,) € L1 X... XL, md € € Ry For every i € [1, 7], there is some y; € L

such that [y; —z;]; < 5, and by Theorem A.1.7, there exists some = € L such that [z —y;|; < §
for all ¢ € [1,7], and therefore |z —z;|; < |x —vili + |yi — z4i|i < €, which implies ||d(z) — x| < e.
Fori € [1 r], let n; = [K(a;): K] = [L;: K] and Homf((l?(ai),f/%a) ={®i1,.-.,Pin; }. Then

Hom 5 (L'LaK ) - {%,10@7 s 7(pi,ni0¢i}a and HomK(L7Ka) = {%‘,VO% ‘ (S [177‘]7 Ve [1,721] }
For = E L, this implies

NL/K HH‘PZ VOSO’L _HHSDZVOSDZ HNL /K

i=1v=1 i=1v=1
and similar for the trace. OJ

ledekindext Theorem and Definition 4.5.3. Let R be a Dedekind domain, K = q(R), L/K a finite
separable extension, S = clp(R), p € P(R), p€(0,1) and |- |y =|-|pp: K — R>o be a p-adic
absolute value. Then |z|, = p¥*(x) for all x € K, where vp: K — Z U {oc} denotes the p-adic
valuation.

L Lt e P(S), FAR=p, e=c(B/p), f=F(B/p) and |-lp=] |y
(a) vip| K =evp: K — ZU{oc}, and |- |p[K =|-|p.
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(b) Let (Kp,| - |p) be a completion of (K,|-|p), let ﬁp be its valuation domain, p
its valuation ideal and vy: K, — Z U {oo} its valuation. Let (Lsg,|-|p) be a
completion of (L,| - |gp) such that K, C L, let ng be its valuation domay hd‘,paﬁg
valuation ideal and vsp: Ly — Z U {oo} its valuation (see Theorem % 3. %i Then
Ly/Ky is a finite separable extension of discrete valued fields with residue class
ﬁelds ki, = R/p, kpy = S/PB, e(Lyp/Kyp) = e and f(Lyp/Ky) = f. Moreover,
Sgp SRp and Ly = LK.

The extension Lg/K, is called the completion of L/K at B/p.

2. Let pS = P o Per, where r € N, Py, ..., 0, € P(S) are distinct, and, for all

r o

(S [1,7"], € = 6(&]3@/}3), fl = f(‘pl/p): and | : |‘131 = | : ’&Bi,pl/ﬁi' Then ‘ : “4317-“7’ ’ "‘BT
are precisely the distinct extensions of |- |, to L. For all x € L, we have

Nk (@ H Ny, /i, (@) and Trpk(z) Z Trry, /x (@

3. Let L = K(«), g € K[X] the minimal polynomial of « over K, and g = g1-...-gr, where
reNand g1,...,9- € Kp[X] are monic and irreducible. For i € [1,7], let L = K(o),
where gi(a;) = 0. Then pS = P - ... - P, where Pi,..., B, € P(S) are distinct,

r o
ei=e(L;i/K) and f(B;/p) = f(L;/K) for allie [1,r].

PrOOF. 1.(a) Let 7 € R\ p and IT € S\ PB. Then vy(m) = vp(Il) = 1, and we obtain
ISy = PSyp = pSp = pRpSyp = 7Sp. Hence it follows that 7 = II°u for some u € S%,
and vgp(m) = evgp(Il) = e. If 2 € KX, then z = 7* @y for some v € Ry C Sy, and veg(z) =
vp(x)vp(m) +vp(v) = evp( ). Hence vy | K = evy. Moreover, |z|g = (p!/¢)"®@) = p»(®) = |z],,
and therefore |- [p[K = |- |p.

eneralext nsionl i . .
(b) By Tgleé)rl?md 5.15 2, Z}qﬁKp 1S a finite separable extension of discrete valued fields.
edexindva ue
By Theorem h.3.5 KK p/p = R/p and kg, = ng/P = S/‘,B Hence it follows that

P
(LsI;/Kp) [kL:p kKP] [S/‘B R/p] f. Moreover, pSgp = pRpSSgp = pSSs;:; ‘1365313 ‘Be
and therefore e(Lg/K,) = e.
As S = Scp, it follows that SRp C Sq3 is dense. S is a ﬁmtely generated R-module, hence

completeextension

SRp is a finitely generated Rp—module and by Theorem H.4. p C L is closed. Hence
SRp = Sy, and since Ly D LK, D LRJ =q(SRy) = q(ng) = ng, we obtain LK, = L.

2. Ifd, j € [1,7], i # j and a € P; \ B;, then |a|p, <1 and |a|yp, =1, hence |- |q, # |- |y,
Let now || - [|: L — R>g be an absolute value such that || -|[[K =|-|,. Then |- | is a discrete
absolute value, and we assert that [|z|| <1 for all z € S.

Indeed, if z € S and 2% 4+ ag_12% ' 4+ ...+ a12 + ap = 0 is an integral equation for x over
R, then ||z||¢ = |lag—12% ' +. .. £ a1z a0 < max{|a;[y lz||* | i € [0,d— 1]} < max{1,|z|¢ "}

and thus ||z|| < 1. By Theorem in .8, there is some P € P(S) such that ||| =|-|pe for some
6 € (0,1). Since PNR = {c € R | |c|p < 1} = p, it follows that P = P, for some i € [1,7],
hence || - || ~ |- |p, and thus ||| = |- |gp, for some i € [1,7]. generalextens:Lonl
The formulas for the norm and the trace follow by Theorem 1.5.2
lgeneralextensioni

3. Obvious by 2. and Theorem ¥.5.2. O
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4.6. Different and discriminant

differentl Theorem and Definition 4.6.1. Let R be a Dedekind domain, K = q(R), L/K a finite
separable extension, and S = clp(R).

1. €gr={x € L | Try k(zS) C R} is a fractional ideal of S, and S C &g/p.
Cg/R is called Dedekind’ complementary module and Dg/p = €§/1R € J(S) is called the
different of S/R.

2. Let S be R-free, (u1,...,un) an R-basis of S and (uj,...,u}) the dual basis of L/K.
Then €g/p = Ruj + ...+ Ruy,.

3. Let a € S be such that S = R|a], and let g € R[X] be the minimal polynomial of o over
K. Then Dg/p = g'(a)S.

PrOOF. 1. and 2. If z,y € &g/ and ¢ € S. Then Trp k(cws) € Try(S) C R and
Trr k((x+y)s) = Trp g (xs) + Trp g (ys) € R for all s € S. Hence cx € S and z +y € S, and
thus €g/p is an S-module. Since Try/k(S) C R, it follows that S C €g/p.

Let (ui,...,u,) € S™ be a K-basis of L and (uj,...,u}) the dual basis of L. We assert

that €g/p C Ruj + ...+ Ruy. Indeed, if ¢ € g/, then ¢ = ajuj + ... + ayu;, for some
ai,...,an € K. For all i € [1,n], we get

= ZaVTrL/K(u;’;ui) = Trr/k(cu;) € R, and therefore c€ Ruj+...+ Ru,,.
v=1
If (u1,...,up) be an R-basis of S and ¢ € S, then ¢ = aju; + ...+ apuy,, where ay,...,a, € R,
and Trp/k(cuf) = a; € Rfor all i € [1,r]. Hence {uj,...,u;} C €g/p, and therefore €g/p =
Ruj + ...+ Ru},.
3. Let

n n—1
g:ZaVX”, where a, =1, and :ZBVX”, where [B1,...,8,-1 € S.
_ v=0

Then (1,q,...,a" ') is an R-basis of S,

( /60 Bn—l
g(@)" " g'(e)

We shall prove that (fy,...,0n,—1) is an R-basis of S. Once this is done, it follows that
g(a)€sp =15, and Dg/p = g'(a)S. Since g(a) = 0, we obtain

S vt B e A e

7=0 v=j5341

1
) is the dual basis of L/K, and Cs/p = m ZﬁvR

and consequently ; = aji1 + ajio0 + ... + a9 for all j € [0,n — 1]. Observing a, = 1,
this yields to the matrix equation
Bn-1 1 0 ... 0 1 1
Bn—2 apn—1 1 ... 0 o Q
. = ) . } ) =A ) , where A€ GL,(R).

ﬁo ai as ... 1 (0% «
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Hence (0o,...,0nh—1) is an R-basis of S. O

Definition 4.6.2. Let R be a Dedekind domain, K = q(R), L/K a finite separable exten-
sion, and S = cl(R).

1. The ideal norm Ng/r: F(S) — F(R) is the unique group homomorphism satisfying
Ng/r(B) =pl if BeP(S), p=PNRand f = f(P/p) [note that F(S) is the free
abelian group with basis P(S)].

If R=7, K=Q and L is an algebraic number field, then Ny, /z(B) = N(P %so ral
P € P(S), and therefore Np, /7(A) = N(A)Z for all A € F(S) (see Theorem

2. The relative discriminant 0g/p € J(R) is defined by dg/r = Ng/r(Ds/R)-

different2] Theorem 4.6.3. Let R be a Dedekind domain, K = q(R), L/K a finite separable extension,
[L:L] =n, and S = cl(R).
L. If a € F(R), then Ng/p(aS) = a”.
2. If z€ L™, then Ng/p(2S) = Np/k(2)R.
3. Let p e P(R).
(a) Ns, /g, (ASy) = Ng/r()Ry for all 2 € F(S).
(b) Ds,/r, =Ds/rSp: Vs,/Rr, = Vs/rRy, and

vo@s/r) = > F(B/p)vp(Ds/r)
Blp
where the sum runs over all B € P(S) such that PN R =p.
4. If S is R-free with basis (ui,...,us), then 0g/p = Ap /g (u1,. .., up)R.
5. If o € S is such that S = R[a] and g € R[X] is the minimal polynomial of a over R,
then dg/r = A(g)R.

PROOF. 1. Since the assignments a +— Ng/g(aS) and a +— a" define homomorphisms
F(R) — F(R), it suffices to prove that Ng/p(pS) = p™ for all p € P(R). Thus let p € P(R) and
pS =P ... P&, where r € N, Py,..., P, € P(S) are distinct and ey,...,e, € N. Then

r

Ns/r(pS) = HNS/R Pi) = Hpez B/ — g since Y eif(Pifp) =n.

i=1
2. Let z € L*. We note that

25 = H Pprel) = H H‘Bv‘p and  Ng/p(25) H pr(‘n/pvm(z)

PeP(S) pEP(R) B|p pEP(R) Blp
dedekind
For p € P(R) and B |p we consider ‘E?oec Sompletion Lo/ Ky at B/p (see Theorem he5e§ li 2 Fen
f(B/p) = f(Lyp/Kp), and Theorem 1.4.3 mplies vpoNp, /x, = f(B/p)vep. Hence

> FB/Pvp(z) = D vp(Nig i, (20) = Vo (T Nig i, (2)) = vo(Ni e (2))
Blp Blp Blp
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and we obtain

NS/R(ZS): H pZWp F(B/p)vy (2 H pVP(NL/K(Z))—NL/K( )R.
peP(R) peP(R)

3.(a) As the assignments 2% +— Ng /g (AS,) and A+ Ng/r(A)Ry define homomorphisms
F(S) — F(Ry), it suffices to prove that Ng /g, (QSp) = Ng/r(Q)Ryp for all Q € P(S). Thus let
QeP(S), QNnR=gqand f = f(Q/q).

If g # p, then QS = Sy, hence N, /g, (2Sy) = Ry, and Ng/r(Q)R eﬁeﬂiﬁgxﬁé%nl .

If g =p, then PS, N R, = pR, and f = f(PS,y/pRp) by Theorem E{ [. Hence we obtain
N, /R, (BSp) = (PRy)! = p/ Ry = Ng/r(P)R

(b) We first deal with the different. Since the assignment 2A — AR, = 2AS, defines a
group homomorphism F(S) — F(Sy), it suffices to prove that &g /r, = &€g/rSp, for then
Ds, /Ry = ¢§ /R, QZE/IRSP = Dg/rSp-

Cs,/r, C Cs/rSp: Let z € & /g, . Since S is a finitely generated R-module, there exist
some m € N and u1,...,upn € S such that S = g(uy,...,un). Then Sy = g, (u1,...,unm),
and therefore Try i (zu;) € Ry, say Try r(zuj) = s™'¢; for all j € [1,m], where ¢; € R and
s € R\ p. Thus we obtain Try k(szuj) = ¢; € R for all j € [1,m], hence Trp k(s2S5) C R,
sz € €g/p and 2z € (Eg/R)p = Cg/RSp-

Q:S/RSP C Q:SP/RP: Let s7lz € Q:S/RS)J = (Q:S/R)pa where z € QS/R and s € R\p If
z =t"1c € Sy where c € S and t € R\ p, then TrL/K(s_lzt_lc) = (st)"'Try K (2c) € Ry.
Hence TrL/K(s_lep) C Ry, and therefore s~'z € Cs, /R,

Now we consider the discriminant. Obviously,

s,/R, = Ns, /R, (Ds,/R,) = Ns,/r,(Ds/rSp) = Ns/r(Ds/r)Rp = 05/r Ly -

For the evaluation of vy(0g/R), we set

Dgyp = [ [ B»Ps0A,  where A€ I(S) and vy(A) =0 for all P|p.

Blp
Then
0s/r = Noyr(@g/r) = [ [ p/F/P» PN p(21)
Blp
and the assertion follows since vp(Ng/r(2A)) = 0.
4. Let (u1,...,up) be an R-basis of S and (uj,...,u}) the dual basis of L/K. It suffices to

prove that 0g/rRp = Ap /g (u1,...,u,) Ry for all p € P(R).
Thus let p € P(R). Then Sy is a semilocal Dedekind domain, hence a principal ideal
domain, and (u1,...,u,) is an Ry-basis of Sp. Hence &g, /g, = g, (uj,...,u;,), and there exists

some 3 € L* such that &g /g, = BSy = g, (Bu1,...Bus). Let T € GL,(Ry) be such that
(Bui, ..., Lup) = (uj,...,u;)T. Then

AL/K(ﬁUh s Bup) = NL/K(ﬁ)QAL/K(Ula ey Up)
= Ak (uf,. .. ) det(T) = A g (ua, ... un) " det(T)
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hence Ay g (u1,... U )? = NL/K(ﬁ)_2 det(T"), and therefore
Apyg(ur, ..., un)Ry =N i (8) " Ry = Ng, /i, (B7'Sp) = Ns, /r, (Ds,/R,) = 05, /R,

5. If § = R[a] and g € R[X] is the minimal polynomial of o over K, then Dg/p = ¢'(a)S,
and therefore dg/r = Ng/r(g' (a)S) = Nk (g9'(a)) R = A(g)R. O
different3 Theorem 4.6.4. Let R be a Dedekind domain, K = q(R), K C M C L finite separable

extension fields, S = clp(R) and T = clpy(R) [then T =SNM and S =clp(T)]. Then
Ds/r = D71/rS)Ds/7>, Ns/r =Nr/roNgp and dg/p = NT/R(DS/T)D[;/:?{[] :

Proor. 1. We prove first that €g/p = (&7/rS)€g . Since the assignment B — B
defines a group homomorphism F(7") — F(S), this implies

Ds/r = Cq/p = (Cr/rS) " €5 = (€1/55)C5 ) = (Dr/rS)Ds)7 -
Cs/r C (€r/rS)Cs/r: Let x € €g/p. Then
RO Trp g (xS) = Trp g (x8T) = Trap g (Trp g (#S)T) - implies  Trpp(2S) C Cp/p
T = QL;/IRQZT/R D C}}RTrL/M(:L“S) = TrL/M(xQI;/lRS) implies JUQ;}R C C€gr, and therefore

v € Cr/rCsyr = (€r/RS)Cs)1-
(Q:T/RS)Q:S/T C Q:S/R: Let z € QtT/R and z € QS/T- Then

Tk (x28) = Tray g (@Trp p(25)) C Tryy e (2T) C R implies 2z € Cg/p,
and therefore (€7, pS)&s/r = z{{rz |2 € &)k, 2 € Cg)p }) C Cgyp-

2. Since N, s/r and Nr / RrON. 57 are homomorphisms F(S) — F(R), it suffices to prove that
Ns/r(B) = NpypoNg/p(B) for all P € P(S). Thus let P € P(S), q=PNT and p =P N R.
Then p = qN R, and NT/RONS/T(‘B) - NT/R(qf(’I‘/“')) = pl /D fB/a) = pf(B/p) = NS/R(‘»B)-

3. By 1. and 2, we obtain

0s/r = Ns/r(®s/r) = Ns/r(D1/rS)Ns/r(Ds/1T)
= Nr/rWNsyr(D1/rS)) N1/ rR(Ns)1(Ds/1) = NT/R(D%/:%} N R(S/T)

= U%}g]NT/R(DS/T) -0

different4 Theorem 4.6.5. Let R be a Dedekind domain, K = q(R), L/K a finite separable extension
and S = clp(R).

1. If PeP(S) and PAR = p, then Dg/pSy =D
2. If p e P(R), then
Nsr@) Ry =] Ng, /r,@Sy)  for all A€ F(S), and vs/pRy = 11 LE
Blp Blp
where the products run over all B € P(S) such that B |p.

§€B/ﬁp'
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PROOF. 1. Let 9 € P(S) and p = PN R. Then Dg/pSy = D, /r,, and Sy = (Sp)yps,
Hence it suffices to prove the formula for R, instead of R, and we may assume that R = R, is
a dv-domain.

Suppose that pS =P - ... - P&, where r € N, P = Py,..., P, € P(S) are distinct and
€1,...,er € N. Then P(S) = {‘}31, .., Pr}. Let |-]p: K — Rx¢ be a p-adic absolute value of K,
and for i € [1,7] let | lm.: L — R be the B;-adic absolute value of L such that |-|qp, [ K = |-,
(see Theorem &iS%i Let (Kp,|:|p) be a completion of (K, |-|) and (Lsp,,|-|g,) a completion
of (L,|-|g,) such that K, C Lg,. Then the map Triy /K, : Lp, — Ky is continuous,

Trr k(z ZTer /Kp forall ze€ L,

and the image of the diagonal embedding ¢: L — L, X...X Ly, is dense. In particular, for
every (yi,...,¥yr) € Ly, X... X Lep, there is a sequence (2,)n>0 in L such that (x,),>0 ij Ui
for all ¢ € [1,7].

After these preparations we come to the actual proof. It suffices to show that €g/p is
S /By S/ € F(Syp), it follows that @S /B, C Ly is
closed, and we obtain (’ZS /R C (’ZS/R = (’:S/RSq;; C (’ZS Ry’ hence €S /Ry = Cg/pSp, and

Dg

a dense subset of €4 Indeed, since €4

Sy /Ry — Q:; /Ry (QS/RS‘B) —@S/RS‘J3 @S/RS‘B

Cs/r C @S IRy Let © € Cg/gr- We must prove that Trp, /g, (zy) € ép for all y € §s;p.
Thus suppose that y € §s;g, and let (yn)n>0 be a sequence in L such that (yn)n>o0 IL;: y and

|-l .
(yn)n>0 =0 for all j € [2,7]. For all i € [1,r], Sy, C Lg, is open, and thus we obtain

Yn € ng N L = Sy, for all n > 1. Hence it follows that y, € Sp, N... NSy, =5 for all n > 1.
Now

T
Tro i (zyn) = Triy x, (Tyn) + ZTerj/Kp (zyn) € R=R, forall n>1,
j=2

(TrLg /1, (TYn) )n>0 L Trry/x, (2y) and (Tqusj/Kp (Yn))n>0 2o for all j € [2,7], and therefore

J— ~

Trig /i, (2y) = |y Tim Troy e, (2yn) € R = Ry,
Csy /R, © Cor: Letw e €5, /p, and (n)n>0 a sequence in L such that (xp)n>0 ™ 4 and

Il
(Tn)n>0 — "0 for all j € [2,r]. Let uj,...,up € S be such that S = g(uj,...,uy). Then it

follows that Sgp SR,J =5 <u1, ..., Up) (inside L), and therefore

TrL/K(xnuH) = Ter/KP (Tnuy) + ZTerj/Kp (xnuy) forall n>0 and p e [1,m)].
=2
Me 0 for all j € [2,] and (Trpy i, (@nu)nso % Trpy i, (21,),

it follows that ((Trz/x(znupu))n>0 g Trrg /K, (Tuu) € ]?2,3 for all 4 € [1,m]. Since }A%p C K,

Since (Terj/Kp (Znty) )n>0



‘erentvalue

1 1different

100 4. VALUATIONS AND LOCAL METHODS

is open, it follows that Trp g (w,u,) € }A%p NK =Ry, =R for alln > 1 and all p € [1,m],
which implies that Try i (2,S) C R and thus z,, € €g/p for all n > 1. Consequently, we obtain
x € Q:S/R'

2. Let p e P(R) and A € F(S 0 §f11r1(:ee;1 &p is a principal ideal domain, we obtain 205, = .5,

for some = € L and, by Theorem
Ns/r()Ry = Ng/p()R,R, = Ns, /R, (:):Sp)Rp = Np/x ()R,

- HNL‘B/KF HNS /R, ffs‘B HN%/E,,(Q[S%)-
Blp Blp Blp

Hence we obtain

s/rBp = Noyr(Ds/r) Ry = HNS IR, @s/r5%) = [ N/, Py m,) = 11 05y /Ry -
Blp PBlp Blp

Theorem 4.6.6. Let R be a Dedekind domain, K = q(R), L/K a finite separable extension,
S=clL(R), BPePS), p=PNR, and e = e(P/p). Assume that the residue class extension
R/p C S/B is separable. Then vi(Dg/p) > e—1, and equality holds if and only if char(R/p) { e.

In particular, B/p is ramified if and only if vp(Dg/r) > 0, and p is ramified in L if and
only if vp(dg/r) > 0.

ProOF. We Consider the local completion Ly/K, (see Theorem El_eg%%@se%ce ki, = R/p,
=S/PB, vp(Dg/ f? Vgpgci‘DS/RSm) = Vgp(’DS IR, ) and e = e(Lg/Kp), the subsequent local
result Theorem %6‘711Tpeﬁ§vm(© S/ Rr) > e—1, and equality holds if and only if char(R/p) { e.
B/p is ramified if and only if e = 1, and this holds if and only if vp(Dg/r) = 0. Hence
p is Jraufmﬁi in L if and only if vgy (@S/R) > 0 for some P’ € P(S) such that P’ |p, and by
Theorem his hold if and only if vp(0g/5) > 0. O

Theorem 4.6.7. Let L/K be a finite separable extension of discrete valued comﬁgéglﬁfé%
with valu%@gﬁec}i(%@lg%@gs Ok and Op = cl(Ok). Keep all notations of Definition an

Theorem #.4.3.; and assume that e = e(L/K) and kg /ki is separable.
Then vi.(Do, j0,) > € — 1, and equality holds if and only if char(R/p) { e.

Proor. CASE 1: L/K is unramified. By Theorem E%a% exists some o € Of, such
that O = Okla], and if g € Og[X] denotes the minimal polynomial of o over K, then the
residue class polynomial g € kg[X] is separable. In particular, ¢'(a) = g’(a) # 0, hence
g'(a) € OF, and Do, jo, = ¢'(@)OL = Or.

eisenstein

CASE 2: L/K is fully ramified. By Theorem hTG—fF K] = e, sOp = Og|r], where
m € K, wvr(m) = 1, and the minimal polynomial g € Og[X] of 7 over K is an Eisenstein
polynomial. Suppose that ¢ = X¢+ ae1 X'+ ... + a1 X + ag, where vg(ag) = 1 and
vi(a;) > 1 for all i € [1,e — 1]. Then

g (m) =en® 1+ Ziami_l , and Do, j0, =g (m)OL.
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For all i € [1,e — 1] we have vy (ia;n" 1) = evk (ia;) +i — 1 > e, and since

e—1 if char(kg)fe,

e—1
UL(eﬂ- ) UL(e K)—I-e { >e if char(kK)|€,

. / 1 / S
we obtain v (¢'(7)) =e—1 if char(kglrgejl(r&a%rilglgﬂg (m)) > e if char(kg)|e.

GENERAL CASE: By Theorem 4.4.9, there exists an intermediate field IEiigfg;egtg/ such
that 7'/K is unramified, L/T is fully ramified and [L:T] = e. By Theorem 4.6.4 we obtain
Do, /08 =P0r/0xP0; /07 = Do, /0y, and the assertion follows by CASE 2. O

Corollary 4.6.8. Let R be a Dedekind domain, K = q(R), L/K a finite separable extension,
S = clp(R), and suppose that all residue class fields R/p for p € P(R) are perfect. Then
p € P(R) ramifies in L if and only if vy(0s/r) > 0. In particular, only finitely many p € P(R)
ramify in L.

. differentvalue
PrOOF. Obvious by Theorem h.6.6. O

Definition 4.6.9. Let L/K be a finite extension of algebraic number fields of of discrete
valued complete fields. Then we call
Drx = Do, 0, the different of L/K and 0p,/x =00, /0, the discriminant of L/K.

Theorem 4.6.10. Let K be an algebraic number field.
1. 0x/Q = AgZ.
2. Let p € P be a prime. Then p ramifies in K if and only if p|Axk.
3. At least one and at most finitely many primes ramify in K.

different2 . . integralbasis
Proor. 1. By Theorem b.B.S.ZI, observing Definition b.Z. .
differentvalue
2. By Theorem h.6.6.

% i ¢
3. By 2. and Theorem Vi O






CHAPTER 5

Exercises

1. Let K C L, M C K be fields, and suppose that K/K is algebraic.

a) If L/K is normal, then LM /M is normal.

b) If L/K and M/K are normal, then LM /K and L N M /K are normal.

c) Assume that K ¢ L ¢ M. If M/K is normal, then M/L is normal. If M/L and L/K
are both normal, then M/K need not be normal (give an example where [M:K]|=4).

2. The sequences (uy)n>1 and (vy)p>1 in R are recursively defined by
ur=-2, v1=0, Up+1=V24+Un, VUpt1=V2—1uy.
For all n € N, the number ¢ = %(un + ivp) is a primitive 2"-th root of unity.

3. Show that Q®) = Q(v/—10 —2v5), Q© = Q(v/=3) and Q® = Q(v/—1,v2). Deter-

mine the splitting field L and its degree [L:Q] for the following polynomials:

a) X*-2, b) X*+4; ¢) X°-5 d) X'-5 e X¥-3 f) X®-2

4. Let K be a field and n € N.

a) 1,(K) #0 = |m(K)[=n < [u;(K)|=¢(n).

b) If uf(K) # (), then X™ — 1 € K[X] is separable and char(K) { n.

c) If char(K) = p > 0 and n = p¥m, where d € No, m € N and pt{m, then p,(K) = i, (K).

d) Let p be a prime, and let f € N be minimal such that p/ =1 mod n. Then f|p(n), and
IF s is the splitting field of X™ — 1 over ).

P
5. The Mobius function p: N — C is defined by
(n) (-=1)" if n=py-...-p., where r € Ny and py,...p, are distinct primes,
n)=
K 0 if there exists a prime p such that p?|n.
a) If n € N, then
1 if n=1,
> u(d) = :
0 if n>1.
dln
b) Let F, f: N — C be functions. Then:
F(n) = %:f(d) foralneN <« f(n)= %:Md)F(Z) for all n € N.
c) For all n € N,
d
n=Y o), 2 _ d§|: “El ) and @, = (x4 - 1@

n
din dn

[Hint : First do the case where n is a prime power |

103
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5. Let ¢ be a prime power. For n € N, let F,(n) be the set of all monic irreducible
polynomials f € F,[X] such that deg(f) =n, and 4(n) = |Fy(n)|.
a) If f € F,[X], then f|X9" — X if and only if deg(f)|n, and

x"-x=11 II r

din feFq(n)
b) Let p denote the M&bius function. Then, for all n € N,

¢" = dipg(d) and ty(n) = %Z,u(d)q”/d.

din din

6. Let K be a field and A the set of all irreducible monic irreducible polynomials f €
K[X]\ K. Let X = (X¢)fea be a family of indeterminates indexed by A, K[X] the polynomial
ring and a = g x]({f(Xy) | f € A}) < K[X]. Then a # K[X], and if m < K[X] is a maximal
ideal such that a C m, then K = K[X]/m is a field, and there is a (natural) monomorphism
K — K. If we identify K with its image in K, then K D K is an extension field, and every
f € K[X]\ K has a zero in K.

7. Let K/K be an algebraic field extension such that every polynomial f € K[X]\ K has a
zero in K. Then K is an algebraic closure of K (first do the separable case and use the Primitive
Element Theorem). Together with 6. this gives a new proof for the existence of an algebraic
closure (did you use Zorn’s Lemma?).

8. a) A finite separable field extension has only finitely many intermediate fields. This is
not true for inseparable extensions.

b) Let L C C be a subfield. If L/Q is normal, then either L C R or Ly = LNR is a subfield
such that [L: Lg] = 2.

9. Let m,n € N, d = ged(m,n) and e = lem(m,n). Then Q) = Q)QM™ and Q4 =
Q(m) N Q(”). Hint: Use Galois theory and the formula

o(n) :nH(l —]1))

10. Let K be a field and n € N such that char(K) {n and p(K) # 0. If a, b € K*, then
K({/a) = K(/b) if and only if b = a/¢” for some ¢ € K* and j € [0,n — 1] such that (j,n) = 1.
Hint: Use the canonical monomorphisms Gal(K({/a)/K) — u,(K) and Gal(K(V/b)/K) —
in ().

11. Let K =Q®) =Q(v=3), #eC, =2 KX\ K*®and N = K(#) [N = K({z)
for short]. Then N/K is cyclic, [N: K] =3 and [N:Q] = 6.

a) N/Q is galois if and only if Z = 2/b3 for some j € {1,2} and b € K* (use Exercise 10).
In fact, N/Q is cyclic if j = 2, and Gal(N/Q) = &3 if j = 1. Then either NNR = Q(# + 0), or
j=1and NNR = Q(#?).

b) Let L/Q be a cyclic extension and [L: Q] = 3. Then there exists some a € Z[y/—3]
such that L = Q(Va2a + vaa?). Conclude that L/Q is a cyclic extension of degree 3 if and
only if there exist a, b, m € Z such that m = a® 4+ 3b>, mab # 0, and L is the splitting field of
X3 —3mX +2ma. Hint: If L is the splitting field of a polynomial X3 4 pX + ¢, then [L:Q] = 3
if and only if —4p3 — 27¢% € Q*2.
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12. Let p be a prime and L the splitting field of X* —p (over Q). Determine Gal(L/Q) and
all intermediate fields of L/Q.

13. Let K be an algebraic number field, [K:Q] = n, and for f € N, set Ok f = Z + fOk.
Then Ok f is an order in K, and (O :Ok ) = L

Assume now that n =2 and w = AK% VAK,
a) (1, fw) is a basis of Ok ¢, and A(Of ) = Df>.
b) If R C K is any order and (O :R) = f, then R = Ok ;.

14. Let K = Q(a), where « is a zero of the (irreducible!) polynomial X3 — X — 4. Then

(1, a, O“EO‘Q) is an integral basis of K. Hint: It suffices to prove that O“EO‘Q € Ok (why?)

15. Let K be an algebraic number field, M C Ok a complete module and D = A(M).
Then D € Z, and D =0 or 1 mod 4 (in particular, this holds for D = Ag). Hint: The defining
determinant is of the form (P — N)2.

16. a) Let FF C K C L be fields such that char(K) # 2, [L:K] = [K:F] = 2, and
L = K(y/a) for some a € K*. Then L/F is galois if and only if Ng/p(a) € K*?, and L/F is
cyclic if and only if Ng/p(a) € K*2\ F*2,

b) Let FF C K be fields such that char(K) # 2 and K = F(v/D) for some D € F\ F*.
Then K can be embedded into a field L such that L/F' is cyclic of degree 4 if and only if D is
the sum of two squares in F. Discuss the consequences for quadratic number fields.

17. Let K be a field, n € N and a € K*. Then the polynomial X™ — a is irreducible over
K if and only if the following conditions are fulfilled :
e a ¢ KP for all primes p dividing n;
e ad —4K*if4|n
(Theorem of Capelli).

18. Let p be an odd prime. Determine an integral basis of Q(¢, + Cp_l).

19. An algebraic number field K is called a pure cubic field if K = Q({/m) for some
m € Q\ Q3. If K is a pure cubic field, then there exist unique integers a, b € N such that ab is
squarefree, m = ab® and K = Q(¢/m). If it is in this form and § = /m, then:

e If m # +1 mod 9, then (1,9, %) is an integral basis of K, and Axg = —27(ab)?.
e If m = emod 9, where e € {£1}, then (1, %, %) is an integral basis of K, and
Ak = —3(ab)?.

19. Let p € P\ 2 be an odd prime.

a) If p # 3, then 3 is a quadratic residue modulo p if and only if p = £1 mod 12, and —3 is
a quadratic residue modulo p if and only if p = 1 mod 3.

b) Do the same for 5 instead of 3.

20. Let m € N, m = 2°{' - ... - p& > 2, where r, e € Ny, pi,...,pr € P\ {2} are distinct
odd primes, and e1,...,e, € N. If a € Z and (a,m) = 1, then a is a quadratic residue modulo m
(that is, the congruence #? = a mod m is solvable) if and only if the following conditions hold :

o (pﬂ) =1 forallie[l,r].

oalzlmod4ife:2.
e a=1mod 8 if e > 3.
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21. Let m e N, m >3 and K = Q((y,). Then 1 — (, € O if and only if m is not a prime
power.

22. Let R be a domain. An element u € R®*\ R* is called an atom if, for all a, b € R,
u = ab implies a € R* or b € R*. R is called atomic if every a € R®*\ R* is a product of
atoms.

a) u € R*\ R* is an atom if and only if the principal ideal R is maximal among principal
ideals.

b) Suppose that R satisfies the ascending chain condition for principal ideals (ACCP). Then
R is atomic. In particular, every noetherian domain is atomic.

c¢) The domain Z = cl¢(Z) is not atomic (hence not noetherian), but every finitely generated
ideal of Z is invertible (a domain with this property is called a Priifer domain).

d) Let R be a Dedekind domain, write its class group C(R) additively, and let a € Z(R), say
a=9py-... p, where r € N and py,...,p, € P(R). Then a is a principal ideal if and only if
[p1]+[p2]+...+[pr] =0 (in this case, [p1][p2]-...-[p,] is called a zero sum sequence). Moreover,
a is the principal ideal generated by an atom if and only if [p1][p2]-.. .- [pr] is @ minimal zero-sum
sequence (that means, no proper subsum equals zero).

23. Let R be a Dedekind domain.

a) Let r € N, py,...,p, € P(R) distinct and e, ..., e, € Ng. Then there exists some a € R
such that vp,(a) =e; for all i € [1,7]. Hint: If p € P(R), 7 €p\p? e€Ny, a € Rand a =7°
mod p¢T!, then a € p©\ pett.

b) Let a € Z(R). In every ideal class of R there exists an ideal ¢ such that a + ¢ = R.

c) If a € Z(R), then R/a is a principal ideal ring, and a = r(a, b) for some a, b € a.

24. Let K = Q(v/d) C C, where d € {—1, =2, =3, —7, —11}. Then O is factorial. Prove
that for every x € K*, there exists some g € O such that |z—¢q| < 1, and thus O is euclidean.

25. a) Let R be an atomic domain (see 22.), and suppose that every a € R®*\ R* is a
product of atoms in an essentially unique way (what means this precisely?) Then R is factorial.

b) Let d € Z, d < 0, and suppose that Z[v/d] is factorial. Then d = —1, d = —2 or d = —p
for some prime p = 3 mod 4.

26. Let R be a Dedekind domain, p € P(R), K = q(R) and L/K a finite separable field
extension.

a) Let K C Ly, Ly C L be intermediate fields such that L = LiLs. If p splits completely in
L; and in Ly then it also splits completely in L.

b) Let K C L; C L be an intermediate field such that L/K is the normal closure of L;/K.
If p splits completely in L1, then it splits completely in L.

27. The Fibonacci sequence (F},),>0 is recursively defined by Fy =0, F; =1 and F,, =
F, 1+ F,_5 for all n > 2. Then

Fn:1[<1+\/5)n_ (1—J5
NANEE 2
for all primes p € P\ {2,5}. Calculate in the field Fas.

28. Sums of two squares. Use that Og) = Z[i] is factorial.

a) Let n € N. Then n = a® + b? for some a, b € Z if and only if 2|v,(n) for all primes p = 3

mod 4. Moreover, n = a? + b* for some a, b € Z such that (a,b) = 1 if and only if 4 { n and no
prime p = 3 mod 4 divides n.

)n} forall n>0, and sz(g) mod p
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b) If r = ™ € Q, where m, n € N and (m,n) = 1, then r is the sum of two rational squares
if and only if both m and n are the sums of two integral squares. In particular, a positive integer
is the sum of two rational squares if and only if it is the sum of two integral squares.

c) If r € Q is the sum of two rational squares, then there are infinitely many (z,y) € Q2
such that r = 22 + y2.

d) Let n € N, r(n) = |{(a,b) € Z* | n = a® + b%}|, and define x(n) = (=1)*"V/2if 2 4 n,
and x(n) = 0 if 2|n. Then

r(n) = [{(a,b) € Z* | a® + b =n} =4 Y x(d) =4(A-B),
1<d|n
d odd
where A = [{d € N | d|n, d = 1mod4}| and B = |{d € N | d|n, d = 3mod 4}|. In
particular, if p = 1mod 4 is a prime, then p has a ”unique” representation as sum of two
squares. Hints: Set n = 2Fm, m = pi' ... pSr, where k, r € Ny, p1,...,p, are distinct odd
primes, and ey, ..., e, € Ng. Then

r(n) = 4{a < Z[i] | (Z[i]:a) = n}| = 4H {a < Z[i] | (Z[]:0) = p§*}|,

for an odd prime power p® we have [{a < Z[i] | (Z[i]:a) =p°} = s _o x(»")-

29. For i € {1,2,3}, let K; = Q(6;), where 63 — 1801 —6 = 0, 63 — 3602 — 78 = 0, and
03 — 5403 — 150 = 0. In all cases, (1,6;,07) is an integral basis, and A, = 22356 (use the
Eisenstein criterion). However, the fields are distinct (indeed, 5 splits only in K3, and 11 splits
in K1, but not in K»).

30. The Dirichlet field. Let K = Q(v/d1,/dz), where dy, dy € Z \ {1} are squarefree and
distinct. Then K/Q is a galois algebraic number field of degree 4 with three quadratic subfields
K1, Ky, K3. A rational prime p splits in K in one of the following 4 ways.

L. pOk = p1p2pspa, where f(p;/p) =1 (p splits completely).

II. pOk = p1p2, where f(p;/p) =2 (p has inert divisors).

L. pOg = pip3, where f(p;/p) =1 (p splits ramified).

IV. pOk = p*, where f(p/p) =1 (p ramifies completely)

If p splits in K7 and Ko, then p also splits in K3, and p splits completely in K. If p splits in K3
and is inert in Ko, then p is also inert in K3 and has inert divisors in K. If p splits in K; and

ramifies in Ko, then p also ramifies in K3 and splits ramified in K. If p ramifies in K7, K5 and
K3, then p = 2 and p ramifies completely in K.

31. The domains Og 5 = Z[\/2] and Og(y=3) = Z[v~2| are factorial [for Z[V/=2] see
Exercise 24, for Z[/2] use that for every x € Q(v/2) there exists some ¢ € Z[v/2] such that
INg(vz)e@ — @)l <1].

A prime p splits in Q(v/2) if and only if p = 22 — 2y? for some z, y € Z, and then it follows
that p = +1 mod 8. A prime p splits in Q(v/—2) if and only if p = 2242y for some z, y € Z, and
then it follows that p = 1 or 3 mod 8. Now apply Exercise 30 to the field Q® = Q(v/2, v/—1),

and deduce that
2 2
) = (_1\®*-1)/8
<p> (—1) .
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Observe that p splits in Q(v/—1) if and only if p = 1 mod 4, and that p splits completely in Q(®)
if and only if p = 1 mod 8.

32. Let K be a galois algebraic number field and G = Gal(K/Q). For P € P(Ok) set
Gp ={o € G|oP =P}. Then G C G is a subgroup, called the decomposition group of B,
and its fixed field Ky = K G is called the decomposition field of B.

a) Let pe P, PNZ=pZ,and G =;_,0;Gyp. Then {o;P | i € [1,r]} is the set of all
prime ideals of Ok lying above p, and G, = az-quai_l for all i € [1,r]. (Hint: G operates
transitively on the set of all P|p). In particular, |G| = e(B/p)f(B/p), and if ¢ = P N Ky,
then P is the only prime ideal lying above q, and e(q/p) = f(q/p) = 1.

b) Let K/Q be cyclic of even degree [K :Q] = 2d and Kj the only quadratic subfield of K.
Let p € P and P € P(Ok) such that P|p. Then the following assertions are equivalent: (i)
2|(G:Gyp); (i) Ko C Kgp; (i) p splits in Ko; (iv) pOk is the product of an even number of
prime ideals.

¢) A structural proof of the Quadratic Reciprocity Law. Let p and ¢ be distinct odd primes,
¢ = (-1)V2¢ K = QW the ¢-th cyclotomic field, Ky = Q(v/¢F) C K, and p € Ok such
that P | p. Apply b) and the decomposition law for cyclotomic fields to show that

*

(B)=1 [= s =1modq] = (L) =1.

33. Let A € N be not a square and A =0 or 1 mod 4.

a) Let vy be the smallest v € N such that Av? + 4e is a square for some e € {£1}. If A > 5,
up €N, eg € {£1} and Av3 + deg = u3, then ep = M is the fundamental unit of O,
and NQ(\/Z/Q(EA) = ep. What is special for A = 57

b) Let n € N, s € {£1}, D=n?’+s, A=Dif D =1mod4, and A =4D if D # 1
mod 4. Then ea =n + VD.

c) Let A=1mod 4 and ep = %, where u, v € Z and u = v mod 2 [in fact, a) implies
that u, v € N; also note that O4a = Z[VA] C Z[%] = Oa]. Then ggp = ep ifu=v =0
mod 2, and g4a = 82 fu=v=1mod 2. If A =5 mod 8, then e4p = ea.

d) If NQ(\/E)/Q(sA) = —1, then no prime p = 3 mod 4 divides A.

34. Determine all integral solutions of the diophantine equation 3z? — 4y? = 11. Hint:
Determine the fundamental unit of Q43 = Z[/12] and all solutions (u,y) € Z? of the norm

equation Ng 3 /o(u + yv/12) = 33.

35. Let K be a quadratic number field and Gal(K/Q) = (7).

a) 7(R) = R for every order R C K. In particular, 7(Og) = Ok, and if a € J(Ok), then
7(a) € I(Ok), and a7(a) = N(a)Ok.

b) An ideal a € J(Ok) is called ambiguous if 7(a) = a [equivalently, a> = N(a)Ox]. Let
p1,.-.,pt be the prime divisors of Ax and p;Of = p? for all i € [1,¢]. Then an ideal a € J(Ok)
is ambiguous if and only if a = ap;, - ... -p;, forsomea € N, reNpand 1 <4 < ... <4, <t.

c) Let ¢ € O, Ngjg(e) =1 and @ = 1 +e. Then o® = Ng/g(a)e, and aOy is an
ambiguous ideal. Deduce that Ng/g(ea) = —1 if Ak is a prime.

36. a) If K = Q(v/6), then hgr = 1, and if If K = Q(v/—6), then hx = 2. Determine (in
both cases) the prime ideal factorization of 60k.
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b) Let K = Q(v2,v/—3). Then Ax = 242 (it is a compositum of fields with coprime
discriminants), hx =1 (though Q(v/—6) C K), and O} = (1 + /2, HT\/—?)

c) ho(y=23) =3, hgy=ma) = hoy=o) = 4 CQ(m) cylic, and CQ(\/—Tl) is not cyclic.

37. Let R be a Dedekind domain. K = q(R), S C P(R) a finite subset, 8" = P(R) \ S,
and R® = {z € K | vy(z) >0 for all p € S’}. Then R® is a Dedekind domain,

-1
RS = ﬂ R, = (R\ U p) R, and there is a (natural) exact sequence
pes’ pes

1 - R — (R - [][K*/RS — C(R) — C(R®) —1.
pes
In particular, let K be an algebraic number field with r; real and ro pairs of complex embeddings,
and R = Ok. In this case, (O3)* is called the S-unit group and C(R”) is called the S-class

group of K. By the exact sequence it follows that C(O%) is finite and (O%)* = u(K) x
Z‘S‘+T1+T2—l.

38. Let (K, v) be a discrete valued field, U, = O, and for n € N set U]} =1+ p..
a) There exist (natural) isomorphisms U, /Ul = kX and U"/UM! =5k, for all n € N.
b) If K CQ, pePisaprime and v(p) =e €N, then v|Q =ev,: Q — Z U {oco} (where
vy, denotes the p-adic valuation). The infinite series
> ..n
e(z) = Z % converges for all z € K satisfying v(z) >

n=0

e
p—1

)

and for those z we have v(e(x) — 1) = v(z).

Prove first: If n € Nand n =ag+aip+ ...+ ayp”, where r € Ny and ayg,...,a, € [0,p — 1],
then

Vp(n!):n—(ao—i-...—i—ar) " e )

p— and ’U(ﬁ) Zn(v(aﬁ) B

39. (Power series rings) Let R be a commutative ring and R* the set of all sequences
f = (fu)n>o in R, endowed with an addition and multiplication defined by

n>0"

(fn)nZO + (gn)nZO = (fn + gn)nZO and (fn)nZO : (gn)nZO = (Z fjgn—j>
=0

Then R* is a commutative ring, and the map ¢: R — R*, defined by (c) = (¢,0,0,...) for
c € R, is a ring monomorphism.
We identify R with «(R) C R*, set t = (0,1,0,0,...) € R*, and write the elements f =

(frn)n>0 in the form
F=Y"fat™.
n=0

Then we call R* = R [t] the power series ring in t over R. It contains the polynomial ring R[t]
as a subring.

a) R[i]* ={f € R[t] | fo € R*}.

b) For f € R[t], we call ord(f) = inf{n € Ny | fn, # 0} € Ny U {oo} the order of f.
Then ord(f + g) > min{ord(f),ord(g)}, with equality if ord(f) # ord(g), and ord(fg) >



110 5. EXERCISES

ord(f) + ord(g), with equality if R is a domain. In particular, if R is a domain, then R [t] is a
domain.

c) Let p € (0,1) be a real number. For f, g € R[t], we set d(f,g) = p°"4/~9). Then d is a
metric on R [t]. For f € R[t] and n € N, we set B,(f) = f +t"R[t]. Then {B,(f) | n € N} is
a fundamental system of neighborhoods of f (in particular, the topology does not depend on p).
Addition and multiplication on R are continuous, and R [t] = R[t]. If (g, )n>0 is any sequence
in R (t] such that (ord(gn))n>0 — oo and f € R[t], then the series > 7, fngn converges. In
particular, if g € R[t], and ord(g) > 1, then f(g) € Rt].

d) If char(R) = p is a prime, then

fr=>Y"fr forall f € Rt].

n=0

e) Let R be a field. Then R((t)) = q(R[t]) is called the field of formal Laurent series over

R. Its elements have a unique representation

h= Y hot", where h,€K and h,=0 foralmostall n<O0.

n=—oo

The function ord has a unique extension to a valuation ord: F((¢)) — ZU{oc}, and (F((t)),ord)
is a complete discrete valued field with valuation domain R [[t].

40. Let K be a field of characteristic 0. For formal Laurant series f € K((t)) define its
derivative f € K((t)) as usual and give algebraic proofs of all differentiation rules including
the chain rule (you may assume the corresponding rules for polynomials). Define the formal
exponential and the formal logarithm by

E(t) = i %t” and  L(t) = i (_17):_1#
n=0 """ n=1

and prove E'(t) = E(t), L'(t)=(1+t)", BE(L(t)) =1+t and L(E(t) —1) =t.

41. Let F be a field and K = F(t) a rational function field. Then there is a unique
valuation veo: K — Z U {oo} such that voo(f) = —deg(f) for all f € F[t]. For every monic
irreducible polynomial p € Ft], let v, be the pK|t]-adic valuation of K. Then {v, | p €
F[t] monic and irreducible } U {vo} is the set of all valuations v: K — Z U oo} such that
v|F* =0. If p € F[t] is a monic irreducible polynomial and k, denotes the residue class field
of (K,vp), then dimp(k,) = deg(p).

If u=1t""1, then Voo = Vypp, (F((t)),ord) is the completion of (K,v¢), and (F((u)),ord) is
the completion of (K, vu).

42. Let K be a field. Then K (t) C K((t)). The following Theorem of Hankel characterizes
K@) N K][t]. For f € K[t] and n, s € No, set Dy, = det(fnti+j)i, jeo,s] € Ms+1(K). Then
f € K(t) if and only if there exists some s € Ny such that D =0 for all n > 1.

Hint: One direction is easy. For the other one, use a determinant relation due to Sylvester:
For A = (ai,j)i,je[l,n]7 set A° = (ai,j)i,je[Q,nflb and let o; ; = (—1)Z+] det(a,,ju)(l,’#)#i’j) be the
coefficient of a; j in the determinant expansion of A. Then

det(A) det(Ao) = (alylanyn — oznyloqm) .
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Deduce DyD:75 = D 4D5~ 1 — (Dg7)% Now prove that there exists a smallest s such that,

for some ng > 0, DS =0 for all n > ng and DS~ # 0 for all n > ng + 1. Finally determinate
the coefficients of a polynomial of degree s in the denominator of f from a system of linear
equations.

43. Let p € P be a prime and 2z € Q. Then 2 has a unique p-adic expansion

o0
z= Zanp”, where a, € [0,p—1] forall n>d and aq#0.
n=d

In this expansion, d = vp,(2). The sequence (ay)n>0 is ultimately periodic if and only if z € Q.
Calculate the p-adic expansion of 2 and of —2, and the 5-adic expansion of %

44. Let Z [t] be the power series ring and p € P a prime. Then there is a natural isomorphism
Z[t)/(t -pZ[t] = Zp.

45. Let p, g € P be primes and ®: Q, — Q, and isomorphism. Then p = ¢ and ® = idg, .

46. Let (K, v) be a complete discrete valued field, f € O,[X], » € N and a € O, such that
v(f(a)) >2r—1 and v(f'(a)) =r — 1. Then there exists some b € O, such that f(b) =0 and
v(b—a) > r. Hint: Construct a sequence (b,),>0 recursively by by = a, v(b, —b,41) > r+v
and v(f(b,)) > 2r + v — 1. Observe that f(u +v) = f(u) + vf'(u) mod v20,.

Use the above result to prove:

a) If a € Z5, then a € Z5? if and only if a = 1 mod 8.

b) If a € Z, then a € Z3? if and only if a = +1 mod 9.

c) Let (K,v) be a above and m € N such that char(K) tm. Then there exists some r € N
such that {a € O, | a =1 mod pl,} C OF™.

47. Let p € P be a prime, @p an algebraic closure of Q, and |- |,: @p — R>q the extension
of the p-adic valuation. Then |- |,: @p — R>g is a non-archimedean non-discrete absolute
value,and (Q,, |- |p) is not complete.

Hints: Assume the contrary. For n € N, let (,, € @p be a primitive n-th root of unity. Then

n=1

pin
Then oy, € K = Q,(a), and the residue class field of K contains infinitely many roots of unity.
[ The completion C, of @p is algebraically closed, but this is more involved .

0o m—1

o= chp” € @p, and for m € N such that ptm, set a, =p ™ (a — Z Cnp”> )
n=0
ptn

48. Every complete discrete valued field is uncountable.

49. Let (K,|-|) be a discrete valued complete field, K D K and algebraic closure, o € K
separable over K, n € Nand P = X" 4+ a, 1 X" ' +... + a1 X 4+ ap € K[X] the minimal
polynomial of o over K. Then there exists some € € R with the following property :

fQ=X"+b, 1 X" ' +... 4+ X +by € K[X] and |a, —b,| < ¢ for all v € [0,n — 1], then
there exists some 3 € K such that Q(8) =0 and K (o) = K(8). Hint: Krasner’s Lemma.

50. Let p be a prime number. For n € N, let Q;S,") = Qp((n), where (, is a primitive n-th
root of unity. Suppose that n = p*m, where k € Ng, m € N and p{m. Let f € N be minimal
such that pf = 1 mod m.
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a) (@":Q) = f = FQ"/Q), Q" /Q) =1, and Oyum = Zy[Gn] (use Hensel’s
Lemma).

b) (@ : Q) =9 p — 1) = e(QF/Qy), FQF/Q) =1, and Oy = Zy[Ge] (use
an Eisenstein polynomial).

o) @ =Qf"af”, e el =@, (@:Q,) =P e - 1)f, and Oy = ZylGl.

51. Let (K,v) be a complete discrete valued field, |kx| = ¢ < co, K D K an algebraic
closure and n € N. Then there exists a unique field L such that K ¢ L C K, [L:K]=n and
L/K is unramified. Explicitly, L = K"~ is the field of (¢" — 1)-th roots of unity over K, and
L/K is cyclic.

52. Recall Exercise 39e).

a) Let R be an algebraically closed field, K = R((t)) the Laurent series field and L/K a
finite extension of degree n. Then L = R((t'/™)).

b) Let (K,v) be a discrete valued complete field with residue class field kg . Assume that
kx has a separating transcendence basis over its prime field, and char(K) = char(kg). Then
K = kg((t'/™). Hint: Let F be a common prime field of K and kg, (7;)ic; a separating

transcendence basis of ki /F', and (¢;);er a system of representatives in Of. Let R be a maximal
field such that F({t; |i € I}) C R C Ok (Zorn’s Lemma). Then Ox = R [t] for some ¢t € Ok.

53. Let K be a discrete valued complete field and K C L, M C K finite extensions.

a) If L/K is unramified, then LM /M is unramified.

b) If L/K and M /K are unramified, then LM /K is unramified.

c) If L/K is separable and T is the inertia field of L/ K, then L/T is fully ramified. If L/K
is galois, then T/K and ky /kx are also galois, and there is a natural isomorphism Gal(T/K) =
Gal (kL/kK) .

d) If L/K separable, then e(LM/M) < e(L/K).

54. Let K be an algebraic number field, p € P(Ok), and let K C L, M C Q be algebraic
number fields.

a) Let q € P(Oys) be such that q|p. If p splits completely in L, then g splits completely in
LM.

b) If p splits completely in L and in M, then p splits completely in LM,

c) If M /K is the normal closure of L/ K and p splits completely in L, then p splits completely
in M,

Hint: Consider the complete localizations at p.

55. Let (K| - |o) be a discrete valued field, L/K a finite galois extension, G = Gal(L/K),
|- | an absolute value of L and || | K = |- |o. Let (K,]|-|o) be a completion of (K, |-|o) and
(E,\ -]) a completion of (L,|-|) such that K C L. For o € G, set |- |le =] |oo: L — R>p.
Then {|-|s | o € G} is the set of all absolute values of L extending | - |o, L/K is galois, and if
Go={0€G|| |y =]}, then there is an isomorphism Gal(L/K) = Gy, given by 7 — 7| L.

56. Let I, p € P be primes, [ # p, ¢ € Q\ Q' and K = Q(/c) C C. Then there exists some
a € Z\ Z' such that vy(a) € [0,1 — 1] and K = Q(\/a). We set @ = a + pZ € F,,.

a) If p|a, then pOg = p! for some p € P(O).
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b) Suppose that pfa and p=1 mod [. If @ ¢ Fé, then pOx € P(Ok), and if a € IF';, then
pOk = p1...-p;, where p1,...,p; € Ok are distinct, and f(p;/p) =1 for all i € [1,1].

c) Suppose that p{a, p# 1 mod I, and let f € N be minimal such that p/ = 1 mod I. Then
pOx = pop1 - ... pr, where r € N, [ =1+ fr, po,...p, € P(Ok) are distinct, f(po/p) = 1,
and f(p;/p) = f for all i € [1,7].

sni Hint: Factorize the polynomial X! — @ over F,, and then (by means of Hensel’s Lemma)
X! — a over Qp.



