THE MONOTONE CATENARY DEGREE OF KRULL MONOIDS

ALFRED GEROLDINGER AND PINGZHI YUAN*

ABSTRACT. Let H be a Krull monoid with finite class group G such that every class contains a prime
divisor. The monotone catenary degree Cmon(H) of H is the smallest integer m with the following
property: for each a € H and each two factorizations z,z’ of a with length |z| < |2’|, there exist
factorizations z = zg, ...,z = 2z’ of a with increasing lengths—that is, |z9| < ... < |z|—such that, for
each i € [1,k], 2; arises from z;_1 by replacing at most m atoms from z;_; by at most m new atoms.
Up to now there was only an abstract finiteness result for cmon (H ), but the present paper offers the first
explicit upper and lower bounds for c¢mon(H) in terms of the group invariants of G.

1. INTRODUCTION

In an atomic monoid (this setting includes the multiplicative monoid of non-zero elements from a
noetherian domain), every non-unit can be written as a finite product of irreducible elements. Cate-
nary and monotone catenary degrees are arithmetical invariants describing the non-uniqueness of such
factorizations. We recall the definition of these concepts.

Let H be an atomic monoid. Then H is not factorial if and only if there is an element a € H having at
least two (essentially) distinct factorizations, say @ = w1« ... w1 ... Uy = Up * ... - UWWT - - . .- Wy Where
[,m,n € Ny, all u;, v, wy, are atoms (irreducible elements), and the v; and wy, are pairwise non-associated.
Then [ +m and | +n are called the lengths of the respective factorizations, and max{m,n} is called their
distance. If max{m,n} > 0 and N € N, then, checking the factorizations of a’V, we see that an element
may have factorizations with distance greater than the given N. Now the catenary degree c(H) of H
is the smallest m € Ny U {oo} with the following property: for each a € H and each two factorizations
2,7z of a there is a chain z = zg,21,...,2; = 2’ of factorizations of a between z and 2’ such that the
distance between two successive factorizations is bounded by m. Thus, roughly speaking, the finiteness
of the catenary degree means that general phenomena of non-uniqueness are not wilder than phenomena
occurring already at powers of elements.

The catenary degree is finite, among others, for orders in number fields, Krull monoids with finite
class group, and for C-monoids (these include higher dimensional noetherian domains R with non-trivial
conductor f, finite class group and finite residue field R/f ; see [15, Theorem 2.11.9], [27]). For recent
progress on the catenary degree we refer to [14, 16, 19, 3, 23], where Krull monoids, higher dimensional
noetherian domains, and numerical monoids are studied (the software package [6] includes tools for
calculating the catenary degree of numerical monoids).

Suppose H is an atomic monoid with finite catenary degree. Only little is known so far on the
structure of the concatenating chains. The monotone catenary degree asks for concatenating chains of
factorizations whose lengths are monotone. More precisely, the monotone catenary degree ¢inon(H) of H
is the smallest m € Ny U {oo} with the following property: for each a € H and each two factorizations
z,2" of a, where the length |z| of z is smaller than or equal to the length |2'| of 2, there is a chain
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z = 20,%1,-.-,25 = % of factorizations of a between z and 2’ such that the distance between two
successive factorizations is bounded by m, as well as the associated sequence of lengths is increasing (this
means |zg| < |z1] < ... < |2¢]). By definition, the catenary degree c(H) is smaller than or equal to the

monotone catenary degree Cpmon(H).

The additional requirement of monotonicity has a strong impact on the problem. It seems that even
the finiteness of the monotone catenary degree is a rare phenomenon (inside the class of objects having
finite catenary degree). More on monotone and near monotone chains of factorizations in various classes
of monoids and noetherian domains can be found in [9, 8, 10, 18, 13, 24, 25].

The focus of the present paper is on Krull monoids with finite class group such that every class contains
a prime divisor (this setting includes rings of integers in number fields; more examples are given in Section
2). Let H be such a Krull monoid, G its class group, and D(G) the Davenport constant of G. Then
the monotone catenary degree Cpon(H) of H is finite (this was first proved by Foroutan in [8]), and it
is well-known that both the catenary and the monotone catenary degree of H depend only on the class
group G (see Lemma 2.1 for details). It is not difficult to show that c(H) < D(G), and that equality holds
if and only if G is cyclic or an elementary 2-group (see [15, Section 6.4], and [14] for recent progress).

In contrast to the results on the catenary degree, there are so far no explicit upper and lower bounds
for the monotone catenary degree, let alone precise results for certain types of class groups (the above
mentioned theorem by Foroutan is an abstract finiteness result). The goal of the present paper is to
obtain such explicit bounds for the monotone catenary degree of H in terms of the class group G. We
formulate our main result, whose proof follows immediately from the slightly stronger Theorems 3.4, 4.5
and 5.1.

Theorem 1.1. Let H be a Krull monoid with finite class group G such that every class contains a prime
divisor.

1. If D(G) =1, then cmon(H) = c(H) =0. If D(G) € [2,4], then cmon(H) = c(H) = D(G).

2. If D(G) > 4, then

|G| +1

€]
2 .

Cmon (H) <

(2IGI(IG1 + D(D(G) + 1))

3. If G is neither cyclic nor isomorphic to any of the groups in {C3,C5,C2, C3, C%,03,Co®Cy, Co®
Ces}, then D*(G) < cmon(H).

In Section 2 we introduce the required concepts, and the proofs of each of the three statements will be
given in sections of their own (Sections 3, 4, and 5). Here we only discuss the relevance of the lower bound.
Suppose that G is isomorphic to Cp, ®...®Cy, with 1 <nq|...|n,. Then D*(G) =1+ >, (n; — 1),
D*(G) < D(@), where equality holds for p-groups and others (see Section 2). If G is such a group, and in
addition neither cyclic nor an elementary 2-group, then in combination with the above mentioned result
on the catenary degree we have

¢(H) < D(G) = D*(G) < Cmon(H) .

Cyclic class groups seem to have an exceptional behavior. We end with the following conjecture.

Conjecture 1.2. Let H be a Krull monoid with non-trivial, finite cyclic class group G, and suppose that
every class contains a prime divisor. Then cmon(H) = c¢(H) = D(G).
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2. PRELIMINARIES

We denote by N the set of positive integers, and we put Ng = NU {0}. For every n € N, we denote by
C,, a cyclic group with n elements. For real numbers a,b € R, we set [a,b] = {z € Z | a < x < b}. Let
L,L' CZ. We denote by L+ L' ={a+b|a€ L,be L'} their sumset. Two distinct elements k,l € L
are called adjacent if L N [min{k, 1}, max{k,1}] = {k,1}. A positive integer d € N is called a distance of
L if there exist adjacent elements k,l € L with d = |k — |, and we denote by A(L) the set of distances.

Monoids and factorizations. By a monoid, we mean a commutative, cancellative semigroup with unit
element. Let H be a monoid. We denote by A(H) the set of atoms (irreducible elements) of H, by H*
the group of invertible elements, by H..q = {aH* | a € H} the associated reduced monoid of H, and by
q(H) a quotient group of H with H C q(H).

For a set P, we denote by F(P) the free (abelian) monoid with basis P. Then every a € F(P) has a
unique representation in the form

a= H 7@ with v,(a) € Ny and vy(a) =0 for almost all p e P.
peP

We call |a| =3 . pvy(a) the length of a and supp(a) = {p € P | vy(a) > 0} C P the support of a.
The free (abelian) monoid Z(H) = F(A(Hyea)) is called the factorization monoid of H, the unique
homomorphism

w: Z(H) — Hyeq satisfying w(u) =u for each u € A(Hyeq)
is called the factorization homomorphism of H. For a € H and k € N,
Z(a) = 7' (aH*) C Z(H) is the set of factorizations of a,
Zi(a) ={z € Z(a) | |z| =k} 1is the set of factorizations of a of length k, and
L(a) = {|7| | z€Z(a)} CNy isthe set of lengths of a.
Then
A = U A(L)

a€H
is called the set of distances of H, and H is said to be half-factorial if A(H) = 0.

Let z, 2z’ € Z(H). Then we can write

Z=U e WV e VU and 2 =g wWe ... Wy,
where I, m, n € Ny and uy,...,u;, U1,...,0m, Wi,...,w, € A(Hyeq) are such that
{v1, .., o N {wy, ..., w,} = 0.
Then ged(z,2') =uy - ... -y, and we call

d(z,2') = max{m, n} = max{|z ged(z,2') |, |2 ged(z,2) |} € No
the distance between z and z'. If n(z) = 7(2') and z # 2', then
(2.1) 24 ||z = [2]| < d(z,2)
by [15, Lemma 1.6.2]. For subsets X,Y C Z(H), we set
d(X,Y) = min{d(z,y) |z € X,y €Y},
and thus d(X,Y) =0ifand only if ( X NY #Qor X =for Y =0).

Chains of factorizations. Let a € H and N € Ny U {oo}. A finite sequence z, ..., 2, € Z(a) is called
a (monotone) N-chain of factorizations if d(z;_1,2;) < N for all i € [1,k] (and |z0] < ... < |z or
|zo| > ... > |z|). We denote by c(a) € Ng U {oo} (or by cmoen(a) resp.) the smallest N € Ny U {oo} such
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that any two factorizations z, z’ € Z(a) can be concatenated by an N-chain (or by a monotone N-chain
resp.). Then
c(H) =sup{c(b) |be H} e NgU {00} and cmon(H) = sup{cmon(b) |b€ H} € Ny U {cx}

denote the catenary degree and the monotone catenary degree of H. The monotone catenary degree
is studied by using the two auxiliary notions of the equal and the adjacent catenary degrees. Let ceq(a)
denote the smallest N € Ny U {oo} such that any two factorizations z,z’ € Z(a) with |z| = |2'| can be
concatenated by a monotone N-chain. We call

Ceq(H) = sup{ceq(b) | b€ H} € No U {00}
the equal catenary degree of H. We set

Cadj(a) = sup{d(Zx(a),Z;(a)) | k,! € L(a) are adjacent},
and the adjacent catenary degree of H is defined as
Caqj(H) = sup{caqj(b) [ b € H} € No U {o0}.
Obviously, we have
c(a) < cmon(a) = sup{ceq(a), Cagj(a)} < suplL(a) forall a€ H,

and hence
(2.2) ¢(H) < cmon(H) = sup{Ceq(H), Caaj(H)} -

Note that c,qj(H) = 0 if and only if H is half-factorial, and if H is not half-factorial, then (2.1) shows
that 2 4+ sup A(H) < c¢(H). Moreover, ceq(H) = 0 if and only if for all @ € H and all k € L(a) we have
|Zi(a)] = 1. Thus a recent result of Coykendall and Smith implies that for the multiplicative monoid H
of non-zero elements from a domain we have ceq(H) = 0 if and only if H is factorial ([5, Corollary 2.12]).

Krull monoids. A monoid homomorphism ¢: H — D is called
e a divisor homomorphism if ¢(a) | ¢(b) implies that a|b for all a,b € H.
e cofinal if for every a € D there exists some v € H such that a|p(u).
e a divisor theory (for H) if D = F(P) for some set P, ¢ is a divisor homomorphism, and for
every p € P (equivalently for every p € F(P)), there exists a finite subset () # X C H satisfying
p = ged (p(X)).
The quotient group C(y) = q(D)/q(¢(H)) is called the class group of ¢. For a € q(D), we denote by
[a] = [a], = aq(e(H)) € q(D)/q(p(H)) the class containing a. If p: H — F(P) is a cofinal divisor
homomorphism, then
Gp ={lpl =pale(H))|pe P} CC(p)
is called the set of classes containing prime divisors. The monoid H is called a Krull monoid if it satisfies
one of the following equivalent properties ([15, Theorem 2.4.8] or [17, Chapter 22]):

(a) H is v-noetherian and completely integrally closed,
(b) H has a divisor theory,
(¢) H has a divisor homomorphism into a free monoid.

If H is a Krull monoid, then a divisor theory is essentially unique and the associated class group depends
only on H (it is called the class group of H). An integral domain R is a Krull domain if and only if its
multiplicative monoid R\ {0} is a Krull monoid, and thus Property (a) shows that a noetherian domain
is Krull if and only if it is integrally closed. Rings of integers, holomorphy rings in algebraic function
fields, and regular congruence monoids in these domains are Krull monoids with finite class group such
that every class contains a prime divisor ([15, Section 2.11]). Monoid domains and power series domains
that are Krull and have prime divisors in all classes are discussed in [20, 21, 2].
Main portions of the arithmetic of a Krull monoid—including catenary and monotone catenary degrees—

can be studied in the associated monoid of zero-sum sequences over its class group. We introduce the
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necessary concepts, and summarize the relationship between a Krull monoid and its associated monoid
of zero-sum sequences in Lemma 2.1.

The monoid of zero-sum sequences. Let G be an additively written abelian group and Gg C G a
subset. Then (Gy) C G denotes the subgroup generated by Go. A tuple (e;);er of elements of G is said
to be independent if all elements are non-zero and if

Zmiei =0 implies mye; =0 foralli € I, wherem; €7Z.
i€l
The tuple (e;);er is called a basis if (e;);cs is independent and ({e; | i € I'}) = G, and Gy is called a basis
if the tuple (¢9)geq, is a basis. If 1 < |G| < 0o, then we have
r
G=Cp @...0C,,, andweset d*(G)=) (n;—1) and D*(G) =d*(G)+1,
i=1
where r = r(G) € N, ny,...,n, € N are integers with 1 < n; | ... | n, and n, = exp(G) is the exponent
of G. If |G| =1, then r(G) =0, exp(G) = 1, d*(G) =0, and D*(G) = 1.
For our purposes it is convenient to consider sequences over Gy as elements in the free monoid F(G)).
Thus sequences will be written multiplicatively. For such a sequence

S:glgl: H gvg(s)ef(GO)’

9€Go
we set ©(S) = ¢(g1) - ... - ¢(g) for any homomorphism ¢: G — G’', and in particular, we have —S =
(—g1) .-+ (—g1). We call vy(S) the multiplicity of g in S,
S| =1= Z v4(S) € Ny the length of S, supp(S)={g€ G|vy(S)>0}CG the support of S,

geG
!
o(S) = Zgi the sum of S and X(S)= {Zg, |0#£1C [l,l]} the set of subsums of S.
=1 iel
The sequence S is said to be a zero-sum sequence if o(S) = 0, and the monoid B(Gy) = {S € F(Gy) |
0(S) = 0} is called the monoid of zero-sum sequences over Gy. Since the embedding B(Gy) — F(Gp)
is a divisor homomorphism, B(Gy) is a Krull monoid. For every arithmetical invariant *(H) defined
for a monoid H, it is usual to write *x(Gy) instead of *(B(Gp)) (whenever the meaning is clear from the
context). In particular, we set A(Go) = A(B(Gp)) and cmon(Go) = Cmon (B(Gop)).
The Davenport constant D(Gy), defined as

D(Go) = sup{|U| | U € A(Go)} € No U {00},

is a central invariant in Combinatorial Number Theory. If Gy is finite, then D(Gy) < oo ([15, Theorem
3.4.2]). Let G be finite. Then D*(G) < D(G), and equality holds for p-groups, groups having rank at
most two, and others (see [12, Section 2], [28, Section 4.1]).

Lemma 2.1. Let H be a Krull monoid, ¢: H — F = F(P) a cofinal divisor homomorphism, G = C(p)
its class group, and Gp C G the set of classes containing prime divisors. Let 3: F — F(Gp) denote the
unique homomorphism defined by B(p) = [p] for allp € P.

1. The homomorphism 8 = Bop: H — B(Gp) is a transfer homomorphism with c¢(H, 3) < 2.
2. If H is not half-factorial, then

Ceq(H) - ceq(GP) 3 Cadj(H) = Cadj (GP) 3 and cmon(H) = Cmon (GP) .
Proof. See Lemmas 3.2 and 3.3 in [13]. O



6 ALFRED GEROLDINGER AND PINGZHI YUAN™

3. AN UPPER BOUND FOR THE MONOTONE CATENARY DEGREE

The non-uniqueness of factorizations in atomic monoids and domains can be described by a variety
of arithmetical invariants, such as sets of lengths, catenary and tame degrees. Only recently these
arithmetical invariants have been characterized in abstract semigroup theoretical terms, such as minimal
relations and presentations (see, for example, [4, 26, 24]).

In the present paper we will make use of the abstract upper bounds both for the equal and for the
adjacent catenary degrees derived in [1]. Let H be an atomic monoid. Then

~Heq= {(2,y) € Z(H) x Z(H) | n(z) = n(y) and |z] = |y}
is called the monoid of equal-length relations of H. For a subset H' C H, we set Z(H') = {z € Z(H) |
w(z) € H'}. Let Z C Z(H) be a subset. We say that an element x € Z is minimal in Z if for all elements
y € Z with y|z it follows that z = y. We denote by Min(Z) the set of minimal elements in Z. Let
x € Z. Since the number of elements y € Z with y |z is finite, there exists an z* € Min(Z) with z* | z.

Lemma 3.1. Let H be an atomic monoid.
1. ceq(H) < sup{|z|| (z,y) € A(~H,eq) for some y € Z(H)\ {z}}.
2. Forde A(H) let Aq = {x € Z(H)||z| —d € L(x(x)) }. Then
Caqj(H) < sup{|z| | z € Min(Aq), d € A(H)}.

Proof. See [1, Proposition 4.4]. O

In Section 5 we shall see that the above upper bounds are sharp for Krull monoids with small class
groups. Here we are going to combine these abstract upper bounds with a result on so-called primitive
partition identities due to Diaconis, Graham and Sturmfels. The idea to use this result for getting upper
bounds on arithmetical invariants is due to Freeze and Schmid (see [11, Theorem 6.5]). We formulate
the theorem on partition identities in a language which is suitable for our applications. Let d € N and
A C 74 be a finite subset with (4) = Z¢. Then

P(A) ={(S1,52) € F(A) x F(A) | 0(S1) = 0(S2)} C F(A) x F(A)

is a submonoid, and since the embedding P(A) — F(A) x F(A) is a divisor homomorphism, it is a Krull
monoid. Consider C' = (g)4c4 as an integer |A| x d matrix and define

M(A) = max{| det(C")| | C" is a d x d minor of C}.

Lemma 3.2. If S = (51, 55) is an atom of P(A), then

|S1 +152| < (2d)*(d + 1) M(4).
Proof. See [7, Theorem 1], and note that the atoms of P(A) correspond to the primitive partition identities
in that paper. |
Proposition 3.3. Let G be an abelian group and Gy C G a finite subset. Then

Go| +2

Cmon(GO) S %

Proof. Since Gy is finite, the set A(G)) is finite and hence D(Gy) < oo ([15, Theorem 3.4.2]). We define
a map

((2|Gol +2)(|Go| + 2)(D(Go) + 1))\Go\+1 ‘

fr A(Go) = N§° xNg,  where f(U) = ((vy(U))geqo,1) for all U € A(Gy),
and we set
A= {((mg)gec, 1) €NG® xNo [ 1+ > my < D(Go) +1} C 29 x 7.
g€Go
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We observe that f(U) € A for all U € A(Gyp), and that (A) = Z% x Z. By [22], it follows that

M(A) < (D(Gy) + 1)‘G°‘+1. Now we proceed in two steps.

First we show that the equal catenary degree is less than or equal to the asserted bound. We use Lemma
3.1.1. Let (z,y) € A(~B(G)eq), say # =Ur-...-Upand y = Vi -...-V}, with Uy, Vi, ..., Uy, Vi, € A(Go).
We set Sy = f(Uy) ...« f(Ug) € F(A) and Sy = f(V1) - ... f(Vi) € F(A). Then ¢(S1) = 0(S3), and
since (x,y) is an atom of ~pg(,),eq, it follows that (Si, S2) is an atom of P(A4). By Lemma 3.2, we infer
that

1
o = k= S1] = S (1S1] + [S2]) < 5 (2|Gol +2)1FI(|Go| +2)90 120 (4)

N | =

< 1922 (916 + 20| + D(D(Go) +1)
and thus
CealG0) < 1902 (01| + 2)(1Gol +2)(D(G) + 1) %
In the second step we consider the adjacent catenary degree. We use Lemma 3.1.2. Let d € A(Gy)
and x € Min(A4,4). Suppose that z = Vi - ... - Viiq and that Uy - ... - Uy = Vi - ... - Vjry, where

Ul;---;Uk;‘/i;-~-;Vk+d S A(Go) We set 51 = f(Ul) Tt f(Uk)(O,].)d € .7:(14) and 52 = f(‘/l) et
f(Vita) € F(A). Since z € Min(Ag) and (0,1) 1 Sz, it follows that (S1,.S2) is an atom of P(A). Using
Lemma 3.2 and arguing as above, we infer that

1
|zl = [S2] = 5 (|S1] +152]),

and thus
|G0| + 2
2

|Gol+1

Cadj(Go) < ((21Go] + 2)(IGo| +2)(D(Go) + 1))

Note the upper bound in Theorem 1.1 is a special case of Theorem 3.4.

Theorem 3.4. Let H be a Krull monoid, o: H — F = F(P) a cofinal divisor homomorphism, G = C(p)
its class group, and Gp C G the set of classes containing prime divisors. Suppose that Gp C G is finite,
and set G% = Gp \ {0}.

1. If H is half-factorial, then cmon(H) = c(H) < D(Gp).
2. Suppose that H is not half-factorial. Then

G. + 2 L] L ) L]
cmon(H) < T2 (21631 4+ 2)(1631 + 2)(D(@3) + 1)
Proof. 1. If H is half-factorial, then cymon(H) = c(H) by definition, and c¢(H) < D(Gp) by [15, Theorem

3.4.10.5].

2. If 0 € Gp, then B(Gp) = F({0}) x B(G%). This shows that cpmon(Gp) = Cmon(G%). Thus the
assertion follows from Lemma 2.1 and from Proposition 3.3. O

IGpl+1

The above upper bound does not seem to have the right order of magnitude. However, this is what
one gets without solid information on the minimal relations in the monoid B(G). The complexity of a
full discussion of possible minimal relations is extreme, even for small groups. This will be demonstrated
by the examples in Section 5.
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4. A LOWER BOUND FOR THE MONOTONE CATENARY DEGREE

Throughout, we will use the following observation. Let H be an atomic monoid, a € H and k € L(a).
If Zp(a) = ZU Z' | then ceq(H) > ceq(a) > d(Z,Z").

Lemma 4.1. Let G = Cy & Cay, with n > 2. Then ceq(G) > 3n — 2.
Proof. Let (e1,e3) be a basis of G with ord(e;) = 2 and ord(es) = 2n. Then

z = (e1(nes)(e1 + ne2))2n_2 (e2(—e2))"
and
2 = el" % (ne2)”" " (e1 + ne2)?" 2 (e (ne2)) ((—e2)™(nes))
are factorizations of the same element A = w(z) = 7(2’), and we have |z| = |z’| = 3n — 2. We provide the
list of all atoms dividing A:

e%: (”62)2, (e1 +n62)2a ey (nes), (—ezx)ez, (—e2)"(nes),

erel(e1 +nes), er(—ea)"(e1 + ne2), er(nes)(er + nes).
Thus, if ejef(e; +ney) or e;(—es)™(e; +nes) is a divisor of a factorization y € Z(A), then (—es)™e; (e1 +

nes) |y or e (nes) |y, and so |y| < 3n — 3 < |z|. Therefore z and 2’ are the only two factorizations of A
having length 3n — 2, and hence

Ceq(A) > d(2,2") = |2] =3n — 2. 0O

Proposition 4.2. Fori € [1,2], let H; be an atomic monoid and a; € H; such that L(a;) = {2, m;} with

m; > 3, and |Zy,,(a;)| = 1. Then

mimy — 4
d

Proof. For i € [1,2], let x;,y; € Z(a;) with |z;| = 2 and |y;| = m;. Furthermore, let k,I € N with

ged(k, 1) =1 and

Ceq(Hy % Hy) > where d = ged(my — 2,ms — 2).

a=a(k,l) =akd, € H x H,.
Then
z=z%l and 2 =ybal
are factorizations of a, and for their lengths we have
|2| =2k +1Ims and |2'| = kmy + 2.
Obviously, |z| = |2'| if and only if k(m; —2) = I[(my —2) if and only if k = ™22 and | = ™12, Suppose
this holds. Then any factorization y € Z(a) has the form

u —~—v l—v

y=27" "y 3"yt where we [0,k],v € [0,] and Z1 € Zy(ay), 73 € Zy(az),
and then
lyl = 2(k —u) + umy +2v + (I —v)mg = 2k +lms + (M1 — 2)u — (M2 — 2)v.
Then |y| = |z| if and only if (u,v) € {(0,0), (272, ™1=2)} This shows that Z|,|(a) = Z U Z', where
Z ={w"yh |71 € Zr(ar)} and Z' ={y{T' |73 € Zr(a)},
and hence
1Mo —4

Ceq(H1 X H) > ceqla) =d(Z,2') = |2] = 2k + Ilmy = — O

Corollary 4.3. Let G be a finite abelian group.
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2

1. If G=C5 withr > 5, then ceq(G) > [#J + {#J —4>r+1=D(G).

If G=C,, &Cy, with2 <ny|ny and d = ged(ny — 2,n2 — 2), then ceq(G) > %3_4.

If G=C5®Cp withr >2,n>2 even and d = ged(r — 1,n — 2), then ceq(G) > %.

Let G=Cp®...®C,, withl<ny|...|n., r>2, andletk,... k. €N be such that 2k; < n;
forallie[l,r].

=N

(i) Let I,J C[1,r] be disjoint subsets such thata =1+, .;k; >3 andb=1+3 . ;k; > 3.

(ii) Leta=1+Y'"!k; >3 and b € [3,n,].

Then, in both cases, we have

b—4
Ceq(G) > a 7 where d=ged(a—2,b—2).

Proof. 1. Let (e1,...,e,) be a basis of G, ¢t € [2,7] and s e [1,t — 1] with ged(s — 1,6 —s—1) = 1. We
set Hi = B({e1,...,es)), a1 = (e -...-esex + ...+ es)) , and note that L(a;) = {2,s + 1}. We set
Hy = B({€s+1,---,€1)), a2 = (€51 ... er(espr + ...+ et)) and note that L(as) = {2, — s+ 1}. Since
ged(s — 1,6 —s — 1) = 1, Proposition 4.2 implies that ceq(G ) (s+1)(t—s+1)—4.

If r =2m + 1 with m > 2, then we choose s = m and ¢t = 2m + 1, and thus

‘ +1\°  r+1
cea(C) > (m+1)(m+2)—4=m2+3m—2:(r2 ) T as e
If r = 2m with m > 3, then
- _ ™2 r r+1)2 r+1
Cea(C5) > cea(C5T) > (5) +5—4= |5~ +| 5] -4

2. Let e1,e3) be a basis of G with ord(e;) = n; and ord(es) = ns. For i € [1,2], we set H; = B({e;)),
a; = ((—e,-)e,-)ni, and observe that L(a;) = {2,n;}. Now Proposition 4.2 implies the assertion.

3. Let (e1,-..,er+1) be a basis of G with ord(e;) = ... = ord(e,) = 2 and ord(e;+1) = n. We
set H = B({e1,...,e.)), ag = (61 e (<2 e P er))Q, and note that L(a;) = {2,7 + 1}. We set
Hy = B({es4+1)), a2 = ((—er+1)ert1)", and note that L(az) = {2,n}. Now Proposition 4.2 implies the
assertion.

4. Let (e1,...,e,) be a basis of G with ord(e;) = n; for all i € [1,7]. For a subset Q C [1,7] with kg =
L+ caki 23, weset eq = — ), kie; and ag = eq(—eq) [[;cq efi(—e)k € B({e; | i € Q)). Then
[15, Lemma 6.4.1] implies that L(aq) = {2, kq} and |Zg, (aq)| = 1 (however, in general |Z,(ag)| > 1).

(i) We set Hy = B({e; | i € I)), a1 = ar, H» = B({e; | j € J)) and as = ay. Then Proposition 4.2
implies that ceq(G) > %.

(ii) We set I = [1,r — 1], HL = B({e; | i € I)), a1 = ar, Ha = B({e,)) and as = (—=V)V with

V =el " ((b+ 1)e,). Since |Z,(az)| = 1, Proposition 4.2 implies that ceq(G) > 224, O

Lemma 4.4. Let a,b € N with b > a > 3, and let ¢ > 3 be the smallest prime power dividing a (thus, q
is either an odd prime or ¢ = 4). Then there exists some v € [0, ¢ + 1] such that ged(a, b —v) =1.

Proof. There are uniquely determined positive integers v and ¢ such that
b=2u+t with tell,2].
q q
If ¢ is an odd prime, then gcd(%u+1, q)=1or gcd(%u— 1,¢) = 1, which implies that b— (t—1) = g-u+ 1

orb—(t+1) = %u— 1is coprime to a. If ¢ = 4 and %u is even, then gcd(%u—l— 1,q) = 1, which implies that
b—(t—1)= %u+ 1 is coprime to a. Suppose that ¢ = 4 and %u isodd. If t > 2, then b— (¢t —2) = %u+2
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is coprime to a. If t = 1 and % > 2, thenb—3:%—215 coprime to a. If t =1 and % =1, then a = 4,
b= wu+1, and there is some v € [0, 2] such that ged(4,b —v) = 1. O

Theorem 4.5. Let H be a Krull monoid with finite class group G such that every class contains a prime
divisor. Suppose that G is neither cyclic nor isomorphic to any of the groups in {C3,C3,C2, C3, C3,C3, Co®
C4,Cy ® Cs}. Then D*(G) < cmon(H), and in case that G is not isomorphic to C, & C,, with n € [4,5],
then we even have D*(G) < Ceq(H).

Proof. Since G is not cyclic, we may suppose that G =Cp,, @ ... ® C,, withr >2and 1 <nq|...|n,,
and then D*(G) =1+ .7 ,(n; —1). By Lemma 2.1 it is sufficient to consider B(G) instead of H.

If G is an elementary 2-group of rank r, then by assumption we have r > 5, and hence the assertion
follows from Corollary 4.3.1. From now on we suppose that G is not an elementary 2-group. We consider
a partition of [1,r], say [1,7] = I W J, and set

n; n;
a:a(I)zl%—ZL?J and b=0b(J) :1+ZL?J such that b>a.
iel jeJ
Suppose that in all possible partitions we always get a = 2. Then G equals one of the following groups:
C3,C5 ® Cap,Cs @ C3,, with n € N. By assumption, G differs from C3. If G = Cy & Cyy,, then n > 4
by assumption, and Lemma 4.1 implies that ceq(G) > 3n —2 > 2n+1 = D*(GQ). If G = C5 & Cs,, then
n > 2 by assumption, and Corollary 4.3.2 implies that ceq(G) > 9n —4 > 3n + 2 = D*(G).
Now we fix an arbitrary partition with b = b(J) > a = a(l) > 3. Before we enter the discussion of
various cases, we note that D*(G) < 2(a + b) — 1, and if n; is even, then 2(a + b) = D*(G) +r + 3.
Moreover, if ged(a — 2,b — 2) = 1, then Corollary 4.3.4(i) implies that

(%) Ceq(G) —D*(G) > ab—4—2(a+b)+1=(a—2)(b—2) - 7.

CASE 1: a = 3.
First we handle the case b = 3. Then G equals one of the following groups: Co@Co®Cy, C4BCy, C5HC 5.
If G = Cy & Cy & C4, then Corollary 4.3.3 implies that cq(G) > 8 > 6 = D*(G).
If G =C4 ®Cy and (eg,e2) is a basis of G, then

z= (61(—61))4(63(262))2((—62)2(262))2 and 2 = e‘f(—el)‘leg(—eg)‘l((262)(262))2
are factorizations of the same element A = 7(z) = m(2'), and hence cmoen(G) > caqj(4) > 8 > D*(G).
If G =C5 ®Cs and (eg,e2) is a basis of G, then

z= (61(—61))5(63(—262))3((—62)2(262))3 and 2 = e‘;’(—el)5((—62)62)6((262)(—262))2
are factorizations of the same element A = 7(z) = m(2'), and hence cmoen(G) > caqj(4) > 11 > D*(G).

Now we suppose that b > 4, and we distinguish two subcases.

CASE 1.1: 2|n;.

Since D*(G) = 2(a + b) — r — 3, Corollary 4.3.4(i) implies that

Ceq(G) —D*(G)=b—-T+r.

Ifb+r > 7, then we are done. Suppose that b+ < 7. Since b > 4, we get r € [2,3]. If r = 3 and n; =4,
then G = C4 & C,,, & C,,, and hence b > 4, a contradiction. If r = 3 and n; = 2, then G = C2 ® Cy § Cayy,
b=n+1 =4, and thus Corollary 4.3.3 implies that ceq(G) > 14 > D*(G). Suppose that r = 2. Then
(b,r) € {(4,2),(5,2)}, G = C4 ® Cyy, and hence b = 2n + 1, which implies b = 5 and n = 2. Thus
G =Cy4 & Cg, D*(G) =11 and ceq(G) > 14 by Corollary 4.3.2.
CASE 1.2: 2 n;.

If b > 10, then (x) implies the assertion. Suppose that b € [4,9]. Here is the list of possible groups:

e G = C3 & Cy: Then D*(G) = 13, and Corollary 4.3.4(ii) (with b = 9) implies that coq(G) > 23



THE MONOTONE CATENARY DEGREE OF KRULL MONOIDS 11

o G=Cl®C? withi € [2,4]: Then D*(G) = 2i + 11. If i = 3, then Corollary 4.3.4(ii) (with b = 6
and a = i +4 = 7) implies the assertion. If i € {2,4}, then Corollary 4.3.4(ii) (with b = 6 and
a =i+ 3) implies the assertion.

e G =C} g with i € [5,7): Then D*(G) = 2i + 6. If i = 6, then Corollary 4.3.4(ii) (with b = 6
and @ = 7) implies the assertion. If i € {5,7}, then Corollary 4.3.4(ii) (with b = 6 and a = 1)
implies the assertion.

e G = C! with i € [6,10]: Then D*(G) = 2i + 1. Corollary 4.3.4(ii) (with b = 3) implies that
Ceq(G) > 3i — 4, and hence the assertion follows.

CASE 2: a > 4.

We distinguish two cases.
CASE 2.1: ged(a—2,b—2) =1.

If b > 6, then (x) implies the assertion. If b < 6, then (a,b) = (4,5). Then Corollary 4.3.4(i) implies
that ceq(G) > 16, and G equals one of the following groups: C7, C4 @ Cs, C3 & Cy, C3 & C3, C3 & Cs.
For all of them we have D*(G) < 16.

CASE 2.2: ged(a—2,b—2) > 1.

First we handle the case a = 4. Then ged(a —2,b—2) = 2. We choose v = 1 in Lemma 4.4 and obtain

that ceq(G) > a(b—1) — 4. If 2| nq, then 2(a +b) = D*(G) +r + 3 and

Ceq(G) —=D*(G) > ab—1)—4—2(a+b)+r+3=2b+r—13.

So it remains to consider the case b = 4.
If 2 ny, then D*(G) < 2(a+b) — 1 and

Ceq(G) —D*(G) > a(b—1)—4—-2(a+b)+1=2b—-15.
So it remains to consider the cases b € {4,6}.
Suppose that a = b = 4. We provide the list of possible groups and for each group a lower bound for
Ceq(G) which is strictly larger than D*(G):
G = C3 & Cy: Corollary 4.3.3 implies that c.q(G) > 16.
G = C3 & Cg: Corollary 4.3.3 implies that ceq(G) > 10.
G = Cf§: Corollary 4.3.4(ii) (with b = 3) implies ceq(G) > 14.
G = C§ & Cg: Corollary 4.3.4(ii) (with b = 5) implies ceq(G) > 16.
G = (C% ® C%: Using a new partition with ' = 3 and b = 5 Corollary 4.3.4(i) implies that
Ceq(G) > 11.
e G = (g & Cq: Corollary 4.3.4(ii) (with b = 5) implies ceq(G) > 16.
e G =C7®Cr: We use Lemma 4.4 with v = 1 and 4.3.4(i) to obtain c.q(G) > 16.
Suppose that a = 4, b = 6 and that n; is odd. We provide the list of possible groups and for each
group a lower bound for ceq(G) which is strictly larger than D*(G):
o G =C3&Cs P Cy: Corollary 4.3.4(ii) (with b = 9) implies ceq(G) > 41.
e G = C§ & Cs: Using a new partition with ' = 3 and b’ = 7 Corollary 4.3.4(i) implies that
Ceq(G) > 17.
e G = C§: Corollary 4.3.4(ii) (with b = 3) implies ceq(G) > 20.
e G =Cj5 ® Cy: Corollary 4.3.4(ii) (with b = 9) implies ceq(G) > 41.

Now suppose that b > a > 5. We use Lemma 4.4 with b —2 > a — 2 > 3. Let ¢ > 3 be the smallest
prime power dividing a — 2, and let v € [0, “gz +1] be such that ged(a —2,b—2—wv) = 1. Then Corollary
4.3.4(i) implies that

ceq(G)Za(b—v)—42a(b—aT_2—l)—4.

We set b = ac with ¢ € Q>1, and distinguish two more cases.
CASE 2.2.1:  2|n;.
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We use that 2(a 4+ b) = D*(G) + r + 3, and consider the lower bound for ce(G) — D*(G) as a function
fin a. Thus

_9 2_ 9
f(a):a(b—a —1)—4—D*(G):a20—2ac—3a+(r—1)—a ” a
-1 . 2 —1 3
S B (cg=1) + qa—{—(r—l).
q q
Since 2(2 1 3 N1 2 1 3 3
<cq—>+q(cq—) dnam L, w
q q cqg—1 cqg—1

it follows that f(a) > 0 for all @ > 7.
If a = 6, then a —2 = 4 = g and 2+ -=; < 6, which implies that f(a) > 0. Suppose that a = 5. Then

¢q=3.Ifb>7, thenc> I >§,2—+—3C_1 <5 and f(a) >0. If b < 7, then 1 < ged(a —2,0—2) =3
implies b = 5. Now we use Lemma 4.4 with v = 1 and obtain
Ceq(G) = D*(G) >alb—v) —4—2(a+b)+r+3=r—1>0.

CASE 2.2.2: 24n,.
We use that D*(G) < 2(a + b) — 1, and again we consider the lower bound for c.q(G) — D*(G) as a
function f in a. Thus

—9 -2
f(a):a(b—a —1)—4—D*(G):azc—2ac—3a—3—aa
-1, 2cg-1
_ca—1, 2q-1+3¢ o
q q
Since
2(eq— 1)+ 3¢ 3q 3q 3q

=2 8
cqg—1 + a(cg —1) +cq—1+ (cq—1)< ’

itfollowsthatf() >0foralla>8 Ifa=7thena—2=>5=gqand 2+ 22 1+7(%"’_1)<7,which
implies that f(7) >

Supposethata—ﬁ Thena—-2=4=¢q. Ifb>7, thenc>7 2+4c Tt 3 (4c 1)<6andf()
If b = 6, then we use Lemma 4.4 with v = 1 and obtain

Ceq(G) = D*(G) > a(b—v) —4—2(a+b)+1>0.
Suppose that a = 5. Then a —2 =3 =¢q. If b > 8, then ¢ > %,2-}-3;’—_1—#5(30 7) <5 and f(5) >
If b <7, then 1 < ged(3,b — 2) = 3 implies that b= 5.
So finally we suppose that a = b = 5. Again we provide the list of possible groups and for each group
a lower bound for cey(G) which is strictly larger than D*(G):

C3 @ Ce,C30CE,C8,C5 ®Cy,C2,Cs .

For the first two groups we use a new partition with a’ = 3 and ' = 7, and then Corollary 4.3.4(i) implies
that ceq(G) > 17. For the remaining groups we use Corollary 4.3.4(ii) (with b = exp(G)) and obtain
lower bounds for ceq(G) which are strictly larger than D*(G) O

Remark 4.6. We briefly discuss the exceptional groups listed in Theorem 4.5. For all of them, apart
from Ci,C4 and Cy & C4, we will see that the monotone catenary degree is strictly greater than the
catenary degree. Let G be a finite abelian group with |G| > 3. Recall that ¢(G) < D(G), and that
equality holds if and only if G is cyclic or an elementary 2-group ([15, Theorem 6.4.7]).

1. Let G = Cf§ with r > 2. Then ¢(G) > r + 1, equality holds for r € [2,3], and there is known
no r with ¢(G) > r + 1 ([14, Corollary 5.1]). If r = 2, then Corollary 4.3.2 implies that ceq(G) > 5,
and hence cmon(G) > c(G). If r € [3,5], then Corollary 4.3.4(ii) (with b = 3 and a = r) implies
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that ceq(G) > 3r — 4. Thus, in case r = 3, we have cyon(G) > 5 > 4 = ¢(G). If r = 5, then
Cmon(G) > 11 = D*(G) = D(G) > ¢(G).

2. If G = C3 @ Cg, then Lemma 4.1 implies that cpmen(G) > 7= D*(G) = D(G) > c(G).

3. If G = C3, then, in the next section, we will show that c(G) = cmon(G) = D(G). We have
c(C3) = D(G) =5 and c(Cy @ Cy) = D(G) — 1 = 4 ([15, Corollary 6.4.8]), and for these two groups the
question, whether ¢(G) = cpon(G) does hold or not, remains open.

5. CLASS GROUPS G WITH D(G) < 4

In this section we determine the monotone catenary degree of Krull monoids with class group G
satisfying D(G) < 4. This completes the proof of Theorem 1.1.

Theorem 5.1. Let H be a Krull monoid with finite class group G such that every class contains a prime
divisor.

1. If D(G) =1, then |G| =1 and cmon(H) = c(H) = 0.

2. If D(G) € [2,4], then cmon(H) = c(H) = D(G).
Proof. If D(G) =1, then |G| =1, H is factorial and cpmen(H) = ¢(H) = 0. Similarly, D(G) = 2 implies
that |G| = 2, hence H is half-factorial and cyen(H) = ¢(H) = 2 (for both arguments see [15, Corollary
3.4.12)).

Suppose that D(G) € [3,4]. Then H is not half-factorial, and G is isomorphic to one of the following
groups: Cs,C3%,Cy,C3. Since c¢(H) = D(G) by [15, Theorem 6.4.7] and cmon(H) = Cmon(G) by Lemma
2.1, it remains to prove that cpmen(G) < D(G). Now we consider the four groups. As before we set
G* = G\ {0} and show that cyon(G*) < D(G). For all four groups we have A(G) = [1,D(G) — 2] by [15,
Theorem 6.7.1]. For d € A(G) we set Ay = {z € Z(G) | |z| — d € L(w(x))}, and we will use Lemma 3.1
without further mention.

1. Let G = C3. We set G = {0, g, —g}, and list the elements of A(G*):

U=g¢* -U=(-9)? V=_(-9).
Since Min(A;) = {V?3}, it follows that caqj(G) < 3. Since A(~p(ae).eq) = {(U,U),(=U,=U),(V,V)}, it
follows that ceq(G) = 0. Thus caqj(G) = Cmon(G) = 3.

2. Let G =Cy ® C2. We set G = {0,e1,€e2,e1 + ea} and list the elements of A(G*®):
U1 = 8%, U2 = 6%, U3 = (61 +62)2, V = 6162(61 + 62) .

Since Min(4;) = {U,U2Us}, it follows that c.q;(G) < 3. Since A(~p(ge).eq) = {(U1,U1), (Us,U2), (Us, Us), (V,V)},
it follows that coq(G) = 0. Thus cag;(G) = tmon(G) = 3.

3. Let G = Cy. We set G ={0,9,29,—g} and list the elements of A(G*):
Ur=g", U1 = (=9)", U2 = (29)*,Us = g(~9),Us = ¢°(29), ~Us = (=9)*(29) -

We have U1(—U1) = Ug, U4(—U4) = UQU??, U1(—U4) = U??U4 and (—Ul)U4 = Ug(_Uzl) which shows that
Min(A4z) = {U4} and Min(4,) = {U,U2,U2U,,U3(—U,)}. Thus we obtain that c,qj(G) < 4. Since

A(~BGeyea) \{V,V) |V € AG*)} =
{10, U3), ((=U10)Us, (=Us)?), (U1 (=Us)?, (=Up)UZ) },
it follows that coq(G) < 3. Thus cagj(G) = tmon(G) = 4.

@G
G
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4. Let G = C3. We choose a basis {e;,es,e3} of G and list the elements of A(G*):
el e3,e3,(e1 +e2)?, (€1 +e3)?, (ex +e3)?, (e1 +e2 + e3)%;
eres(er +e2),eres(er + e3),eses(es + e3), (e1 +ea)(er +e3)(ex +e3),
ei1(es +e3)(er +ea+e3),ea(er +e3)(er + e +e3),es(er +ea)(er +es + e3);

er(er +ez)(er +e3)(er +ex +e3),ea(er +e2)(e2 +e3)(er +e2 +e3),e3(er +e3)(ex +e3)(er +ea +e3),

616263(61 —+ €9 —+ 63),6162(61 —+ 63)(62 —+ 63),6163(61 —+ 62)(62 —+ 63),6263(61 =+ 62)(61 =+ 63).

Some simple facts

F1. Let Uy, Us € A(G*®) be distinct with |U;| = |Uz| = 3. Then
|ged(U, Us)| =1 and U U, = ¢*V,

where g € G and V € A(G*) with |V| = 4.

F2. Let Uy, Us, Us € A(G*®) be pairwise distinct with |U;| = |Uz| = |Us| = 4. Then | ged(Uy,Us)| = 2,
and if supp(U,UsUs) = G*, then | ged(Uy, Us, Us)| = 1.

F3. Let Uy, U; € A(G*®) be distinct with |U;| = |Ua| = 4 and g € G* with g { UyU,. We determine
the structure of U,U>g?, and then discuss its factorizations.

We set supp(Uy) N supp(Usz) = {g1,92} and Uy = ¢19293(g91 + g2 + g3). Then {g1, g2, g3} is a basis of
G, supp(U1Uzg) = G*, and g € {g1 + 92,91 + 93,92 + g3} If g = g1 + ga, then supp(U,Usg) = G* implies
that Uy = g192(g1 + g3)(g2 + g3). The cases that g = g1 + g3 and g = g» + g3 are similar.

Now we set Us = (g1 + g2)? and list some factorizations of U; UsUs:

= (g1 +92)° (919293(91 +g2 + !]3)) (91!]2(91 +93)(92 + 93)) ;
9192(1 +92)) (93(91 +93)(g2 +93)(91 + 92 +g3))
9192(91 + 92)) (9293(92 + 93 )(91 (91 +92)(g1 +93)(91 + 92+ g3

2 = (

= (9192 )(

(9192(91 +92)) (91 (92 +93) (g1 + 92 + g3) )( 3(91 +93) (g1 + 92
= (9192(91 + 92)) (92(91 + 93) (91 + g2 + g3)) (

= (9192 ) (

= (9292 ) (

?

?

))
))
9193(91 + 92)(92 +g3)) )
))
) -

9192(91 + 92)) (93(91 + 92) (g1 + g2 + 93 )(9192 91+ 93)(92 + 93 and
9192(91 + 92)) (9195(91 + 93 )(92(91 +92)(92 +93)(g1 + g2 + g3
Obviously, we have |z| = ... = |27] = 3, d(2;,2i41) = 3 for all i € [1,6], and for all W € A(G*) with

|W| = 4 there is an i € [1,7] with W | z;.
F4. Let U,V € A(G*) with |U| =4,|V| =3 and ged(U, V) = 1 (equivalently, supp(UV) = G*). Then

ZUV) = {W(W'UV) | W € A(G*) with |W| = 4} .

Note that WUV € A(G*®), |WtUV| =3 and WUV runs through all T € A(G*) with |T| = 3.

F5. Let Uy, Us,Us € A(G®) be pairwise distinct with |Uy| = |Uz| = |Us| = 4 and supp(U1UxUs) # G°.
Then ged(Uy, Us,Us) = 1, and for any V € A(G*) with |V| = 3 and supp(U,UsU3V) = G*, there exists
some 4 € [1, 3] such that ged(U;, V) = 1.
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F6. We set A =1]] g* and list some factorizations of length 5:

geqe
ei(e; +e2)(e; +e3)(er +es+ 63)) eaes(es +e3)?,
es(er +e3)(ea +e3)(e; +€2+€3)) eles(er +e0)?,

( 2

2
ex(e1 +e2)(ex +e3)(er +e2+ 63)) ele2(e; +e3)?,

=
=
=
(ele er +esz)(ex + eg))zeg(el +es)?(er +ea +e3)?,
= (erez(er +e2)(es + 63))263(61 +e3)%(e; +es +e3)?,
(6263 e1 +e2)(e; + 63))26%(62 +e3)?(e; +es +e3)? and
2 = (616263 e1 +es+ 63)) (e1 4+ e2)*(er +e3)?(e2 +e3)?.
Obviously, we have |z1| = ... = |27| = 5, d(2;, z;41) = 4 for all 7 € [1, 6], and
Z5(A) D {UQg%gigg | U € A(G*) with |U| = 4 and G* \ supp(U) = {g1, 92,95} } -
F7. If A= (ejeses(er +ex + 63))2(6263(62 + 63))2(61 +e2)?(e1 +e3)?, then
Zs(A) D {e3e3UV? | U,V € A(G®) with |U| =4, |V| =3, and ged(U,V) = 1}.
F8. If A=[],cc

Zs(A) = {Ug 939393 | U € A(G®) with |U| =3 and G* \ supp(U) = {g1,92,9s,94} } -

g%, then

The adjacent catenary degree c,q;(G)

Let A € B(G*). We show that c,qj(A4) < max{4,ceq(G)}. To do so we choose a factorization { € Z(A)
with || < maxL(A) and find factorizations ¢, &" € Z(A) such that d(¢',&") < 4, |¢"| = |¢], and

o [l e L),
|€]+2  otherwise.

Suppose that & = Uy -...-UVi-.. .- Vi, Wi - .- Wy, where all U;, V;, Wy, are atoms, [Uq] = ... = |Uj| =4,
Vi|=...= Vx| =3 and |Wy|=...=|W,| =2.

Suppose that m > 2. If two of the V;’s are equal, say Vi = Vo = g1¢293, then we set V/ = g7 € A(G*)
for i € [1,3], & = ViVo) 'WYVJVYE, and " = €. If all V;’s are pairwise distinct, then F1 gives us a
factorization &' with |[£"| = |¢| where the number of atoms having length 3 is smaller. Thus we may
suppose that m < 1. Note that |¢] < maxL(A) implies that [ +m > 2.

Suppose that there exist two distinct U;’s, say (by F2) U1 = 616263(61 +es+e3) and Us = erea(e; +
e3)(e2 + e3). Then we set ¢’ = ¢ and find a & = (U;Us)"'eiel (es(er + e3)(ea + e3)(er + es + €3))€ as

required. From now on we suppose that U; = ... =U;. If m = 0, then [ > 2, there is no factorization of
length |£] + 1, and since 4 € L(U}), it is clear how to define &' and &".
Suppose that m = 1. After a renumbering we have ¢ = U'VW, -...- W, with U,V € A(G®), |U| =4

and |V| = 3. Suppose that |ged(U, V)| > 1, say U = ejesez(e; + e2 +e3) and V = ejgh with g, h € G.
Then it follows that |ged(U,V)| = 2, say V = ejea(e; + e3), and it is clear how to define ¢’ and £".
From now on we suppose that ged(U,V) = 1. Then supp(UV) = G*, say U = ejesez(er + ex + e3) and
V = (e1 +e2)(er +e3)(ex +e3). If I =1, then it follows that |{] = maxL(A), a contradiction. Thus we
have [ > 2. Since

U2V = (61 + é9 + 63)2 ((61 —+ 62)6162) ((61 -+ 63)6163) ((62 + 63)6263)
and hence 4 € L(U?V), it is clear how to define &' and ¢£".
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The equal catenary degree c.(G)

Let (&,¢') € A(~B(G*),eq)- By Lemma 3.1 we have to show that there exists a monotone 4-chain of
factorizations between & and ¢'. We proceed by induction on [€]. If || = 1, then £ = &' = U € A(G®),
and the assertion is clear. Suppose that |£| > 1, and that the assertion holds for all (¢,(") € A(~p(G*),eq)
with [(] < ||

We need some additional notation. First, we set w(§) = A. If (supp(A4)) is a proper subgroup of G,
then Ceq(A) < ceq(C3) < 3. Thus we may suppose that (supp(A4)) = G. Furthermore, for v € [1,4] and
a factorization z € Z(G), we denote by w,(z) the number of distinct atoms U € A(G) with |U| = v and
U|z. If £ is divisible only by atoms of length 2, then |&'| = |¢| = |A]/2, £ is divisible only by atoms of
lengths 2, and hence € = ¢, a contradiction. Thus both, £ and &', are divisible by at least one atom of
length 3 or 4. By F1, we may suppose that neither £ nor ¢’ is divisible by two distinct atoms of length
3. So, in more technical terms, we have w3 (&) + w4 (&) > 1, w3(§') +wa(§') > 1, w3(§) < 1, w3(&') < 1. By
symmetry, we may suppose that ws(§) > w4 (§').

We start with four assertions which handle some special cases.

A0. Suppose that there exists a monotone 4-chain of factorization y = yq,...,yr = & of A such that
|ged(y, &)| > 1. Then there exists a monotone 4-chain of factorizations between £ and &'.

A1. Suppose that £ = Uz, & = VP, where U,V € A(G*®) with |U| = 4,|V| =3, a,b € N, and 21,9,
are products of length 2 atoms. Then there exists a monotone 4-chain of factorizations between &
and &'\

A2. Suppose that wy(&') < 1, and supp(4) = G*. Then there exists a monotone 4-chain of factoriza-
tions between £ and &',

A3. Suppose that ws(¢') = 2 and supp(A) = G*. Then there exists a monotone 4-chain of factorizations
between £ and ¢£'.

Proof of AO. Let W € A(G*®) be such that W | ged(y,£). By induction hypothesis there exists a
monotone 4-chain of factorizations between W =1y and W ¢ and hence a monotone 4-chain between y
and £. Combining this chain with the monotone 4-chain between between y and £ we obtain a monotone
4-chain between ¢ and &'. O

Proof of A1. After a base change if necessary, we may assume that U = ejesez(e; + es + e3). We
distinguish two cases.
First suppose that gcd(U, V) = 1. Then we obtain V' = (e; + e2)(e1 + e3)(e2 + e3). The minimality of
(&, &) implies that
E=Ue; +e2)(e1 +e3)’(e2 +e3)’ and ¢ =VPeleSel(er + ex + e3)”
where a, b are even with a + 3b/2 = b+ 2a. This shows that a = 2 and b = 4. Setting
2 .
21 = e2e2(e; + e)? (63(61 +e3)(es +e3)(er +ex + 63)) (e1 +e3)?(es +e3)® and
2 2 .
zo = eje3(es(er + e2)(er + ez +e3)) ((e1 +e2)(er +e3)(ea +e3)) (e1 + e3)*(es + €3)°

we infer that £ = zg, 21, 20,23 = £' are factorizations of A with |z1]| = |22] = || = 8 and d(z;,2;41) =4
for all ¢ € [0,2].

Now suppose that ged(U, V) # 1. Then | ged(U, V)| = 2, and we may assume that V = ejes(e; + e2).
Again by the minimality of (£, ¢’) it follows that

E= e%e%(el + ey)* (616263(61 +eq + (23,))2 and ¢ = (6162(61 + 62))4e§(61 +es+e3)”.
If
2] = ejes (6162(61 + 62))2(63(61 +e2)(er +e2+ 63))2 ,
then zp = &, 21,20 = £ are factorizations of A with |z;]| = |{] =6 and d(z;, z;41) =4 for all 4 € [0,1]. O
Proof of A2. We distinguish three cases.
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First suppose that w3(¢') = 0. Then &' is divisible by an atom V of length 4, say (after a base change
if necessary) V = ejezez(er + e2 + e3), and supp(A) = G* implies that

€' = (ereses(er +ea +e3)) (er +e2)?(er + e3)?(ea + e3)

where a € N and z is a product of length 2 atoms. If a > 2, then (616263(61 + ey + 63))2(61 +e2)%(e; +
e3)?(ea +e3)? | €', and since wy(€) > wa(€') = 1, the assertion follows from F6 and AOQ.
If a =1, then
z1 = Vxl

Z9 = (6162(61 + 62)) (63(61 + 62)(61 + és + 63))1‘2
z3 = (eres(er +e3))(e2(er +e3)(er + ez +€3))zs  and

z4 = (6263(62 + 63)) (61(62 +e3)(er +ex + 63))334 )
where z1, xo, x3, 24 are products of length 2 atoms, are all factorizations of length |£'|. Now the assertion
follows from the fact that d(z;, z;) = 3 for all distinct 4, j € [1,4].
Second, suppose that wy(¢') = 0. Then we may assume that &' = V', where V = ejes(e; +e3), b € N,
and y is a product of length 2 atoms, and supp(A) = G* implies that

¢ = (6162(61 + eg))beg(el +es +e3)%(er + e3)?(es + e3)?x,

where b € N, and z is a product of length 2 atoms. If b = 1, then A has only one factorization z such
that |z| = |¢'| and this is £’. If b = 2, by F8, the only factorizations of 7(¢’) are of the form V?h, where
V1 € A(G®) with |V1| = 3 and h is a product of length 2 atoms. If b = 3, then the only factorizations of
A are of the form VV{?h, where V; € A(G*) with |Vi| = 3 and h is a product of length 2 atoms. Hence
we are done for b < 3.

For b > 4, F8 shows that the factorizations of the element (eje2(eq + eg))Qeg(el + es + e3)%(e1 +
e3)?(es + e2)? € B(G) have the form

U’gi 959395, where U € A(G®) ,g1,...,94 € G* such that |U| = 3, and supp(Ug1929394) = G* .
For every such U € A(G*®) with |U| = 3, the factorizations of (eje2(e1 + 62))2[]2 € B(G*) have the form
UZg* where U, € A(G®) with |U;| =4 and U; # ez(es +e1)(ea + e3)(e1 + ea +e3).

If ¢ is divisible by an atom of length 3, then there is a factorization z of A such that d(z,¢') < 4 and
ged(&, 2) is divisible by an atom W of length 3. Therefore the assertion follows from AO.

If ¢ is divisible by an atom W of length 4 with W # es(e; + es)(e2 + e3)(e1 + e2 + e3), then, by the
above argument, there is a monotone 4-chain of factorizations between z and &' such that ged(E, 2) is
divisible by an atom W of length 4. Therefore the assertion follows from AO.

If £ = (es(er +e3)(ex +e3)(er +ex + 63))a$, where @ € N and 2 is a product of length 2 atoms, then
the assertion follows from A1l.

Finally, suppose that there are U,V € A(G*®) with |U| = 4, |V| =3 and UV |¢'. If ged(U,V) = 1,
then F4 and AO imply the assertion. Otherwise, we may assume that U = ejesez(e; + e + e3) and
V =ejea(er; + e2). Then

¢ =UV e +e3)’(ex +e3)?,
where a,b € N, and z is a product of length 2 atoms.
If a > 2 and b > 2, then U?V?(e; + e3)?(e2 + €3)? | €', and F7 and A0 imply the assertion.
Ifb=1and a > 1, then
UV (ey +e3)*(es +e3)?| €.
Since Z(U2(61+63)2(62+63)2) D {w = U?(e;+e3)?(ea+es)?, w' = e2el (63(61+63)(62+63)(61+€2+63))2},
and supp(V(eg(el +e3)(es +e3)(er +es + 63)) = (*, the assertion follows from F4 and AO.
Ifa=1and b > 1, then
UVZ2(er +e3)*(ea +e3)?| €.
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Since Z(VZ(e1 + e3)%(e2 +e3)?) D {w = V3(e1 +e3)?(e2 + e3)%, w' = efed((e1 + e2)(er +e3)(ea + 63))2},
and supp(U ((e1 + e2)(e1 + e3)(e2 + e3)) = G*, the assertion follows from F4 and AO. O

Proof of A3. After a base change if necessary and by F2, we may assume that ViV5|&' where
V1 = ereses(e; +ex +e3) and Vo = eq(eg + es)(e; + e3)(er + ez + e3). We distinguish two cases.

First suppose that ws(¢') = 0. Then ¢ = V2VPy, where a,b € N, and y is a product of length 2
atoms. Since supp(A4) = G*, it follows ViVa(ez + e2)? | €. Then F3 implies that, for any W € A(G*®)
with W ¢ and |W| = 4, there is a monotone 3-chain of factorizations zg,z21,...,2; of the element
ViVa(es + e3)? € B(G) such that 29 = Vi Va(es + e3)? and W | 2. Therefore the assertion follows by AO.

Now suppose that ws(¢') = 1, say V3 € A(G*) with |V3] = 3 divides ¢’. By F3 and A0, we may
suppose that (es +e3)? 1 &', and by F4 and A0, we may suppose that Vi = e1(es +e3)(e; + es +e3). We
set

Uy =es(e; +e3)(es +e3)(ep +ex +e3), Uz =erezes(e; +es +e3),
Us = erea(er +e3)(ea +e3), Uy =ejes(er +ez)(ex+e3), Us = eseg(er +e2)(er +e3),

and distinguish two cases.
First suppose that ws(£) = 0. Then we set

E=U{USUUse  and € =V/ViVy,
where f,g,h € N, a,b,c,d, e, € Ny, and z,y are products of length 2 atoms. Since

Al —4(a+b+c+d+e) |A| —4(f +9) — 3h

b d
a+btctd+e+t 5 5 :

=l =11=Ff+g+h+

we obtain
h
(5.1) a+b+c+d+e:f-|-g+§.
It follows that
a+b+c+d<f+g+h,
which implies that €2 | and (e; + e + e3)? | €.

If €3¢ and a+ b > 0, say a > 0, then we observe that Z(e3U;) D {w = eiU;,w' = V3(eres(er +e3)) },
and hence the assertion follows by A0. If (e; + ey +e3)? | € and ¢ +d > 0, the argument is similar. Since
a+b+c+d >0, we are done for this case.

Now we suppose that w3(£) = 1. Then we set

E=UMULUSULUSU's and €& =V VIVIy,

where f,g,h,i € N, a,b,c,d,e,€ No, U € A(G*) with |U| = 3 and z,y are products of length 2 atoms.

If (e2|¢and a+b>0) or ((e; +e2 +e3)?|€ and ¢+ d > 0), then we are done by the same argument
as above. Since a+b+c+d > 0, we are left with the cases that (e? |£, a = b =0 and (e; + ez +e3)? 1 £),
and ((e; + ez +e3)? |, ¢ =d =0 and €2 { £). Since the arguments of these two cases are the same, we
consider only the case that e} |£, a = b =0 and (e; + es + e3)? t £&. Thus we have

E=UsUfUSU's  and € =V]V¥Viy,
hence
|A| —4(c+d+e) —
2

|A| —4(f +g) — 3h

.
ctdteti+ L= €| =frg+ht 5 ,

and thus
20c+d+e)+i=2(f+g)+h.
Since (€1 +ex+e3)? 1€, we have (e; +es+e3) |U, U € {ez(e; +e3)(e1 +ea+e3),e3(er +es)(er +ea+e3)}
and
t>f+g+h.
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It follows that either U = ey(e; +e3)(e;+es+e3) and (e +e3)? | €', or that U = e3(e; +ez)(e1 +ex+e3) and
(61 +€2)2 |£I Since Z((€1 +€3)2V1) D) {w = (61 +€3)2V1,U)’ = U(€1€3(€1 +€3))} and Z((€1 +€2)2V1) D
{w=(e1 4+ e2)*Vi,w' =U(erea(er +e€2))}, the assertion follows by AO. O

Now we start the actual proof that there is a monotone 4-chain between ¢ and &'. If wy(§) > 5,
then wy(¢') < 2, supp(A) = G*, and hence A2 and A3 imply the assertion. Thus we assume that
wq(€) € ]0,4], and we distinguish four cases. Whenever necessary we use a suitable base change without
further mention.

CASE 1: wy(§) < 1.

We divide this proof into six subcases.

CASE 1.1:  Suppose that £ = U%zy,&' = Vbyy, where U,V € A(G*®) with |U| = [V| =3, a,b € N, and
x1,y1 are products of length 2 atoms.

We may assume that U = ejea(e; + e2) and V = ejez(e; + e3). Then the minimality of (£, £") implies
that

&= (6162(61 + e2))2e§(e1 +e3)? and ¢ = (6163(61 + 63))63(61 + e3)?
and hence d(&,¢') = 4.
CASE 1.2: Suppose that £ = U%zy, &' = VPy,, where U,V € A(G*®) with |U| =4,|V| =3, a,b € N, and
x1,y; are products of length 2 atoms.

This case is settled by A1l.

CASE 1.3:  Suppose that £ = UfUdzy, & = Vey,, where Uy, Us, V € A(G®) with |Uy| = 4, |Us| = |V| = 3,
a,b,c € N, and z1,y; are products of length 2 atoms.

If gcd(Uy,Us) = 1, then F4 shows that there is a £” € Z(A) with d(£,£") = 3 and V' |¢". Thus
the assertion follows by A0. So we suppose that gcd(Uy,Us) # 1, say Uy = ejeses(er + ex + e3) and
Us = ejea(er +e2). If ged(Ur, V) =1, then V = (e1 +e2)(es +e2)(e1 + e3), supp(A) = G*, and thus the
assertion follows from A2.

Now suppose that | ged(Uy, V)| = 2. Then we may assume that Us = ejes(er +e2), V = ejes(er +e3),

N b B t2
§= (616263(61 +e2 + 63))2a (6162(61 + 62))2 (61 + 63)zce§c 2“e%c 2a Qb’ and

. 2
f' = e§a+2b(el +es + 63)2a(61 + 62)2b (6163(61 + 63)) ¢

Since |¢| = |&'|, we get 2a+2b+c+ (c—a)+ (c—a—Db) = (a+b) +a+ b+ 2¢, and hence ¢ = 2a +b. By
the minimality of (§,&'), it follows that a = 1, b = 1, and ¢ = 3, whence

2 2
E= (616263(61 + ey + 63)) (6162(61 + 62)) (e1 + 63)66%63 and
. 6
f' = 6%(61 + es + 63)2(61 + 62)2 (6163(61 + 63)) .
Now we define

2 2 2 .
z = (6163(61 + 63)) (62(61 +esz)(e; +es+ 63)) (6162(61 + 62)) (e1 + e3)’eles,

2 2

29 = (6163(61 + 63)) (61 (e1 +e2)(e; +e3)(er +e2 + 63)) (e1 + 63)26%636§ ,

4 2

23 = (6163(61 + 63)) ((61 +es)es(er +ea + 63)) (e1 +e3)?e?ed
and obviously the chain & = zg, 21, 22, 23, 24 = £ satisfies the requirement.
CASE 1.4:  Suppose that £ = U%zy,&' = Vbyy, where U,V € A(G*®) with |U| = |[V| =4, a,b € N, and
z1,y1 are products of length 2 atoms.

Arguing as in CASE 1.3, it remains to consider the case U = ejesez(e; + e3 + e3),V = ejea(e; +
es)(es + e3) and, by a similar computation as above, we infer that
2 . 2

f = (616263(61 + €9 + 63)) (63 + 62)2(61 + 63)2 and g’ = 6%(61 —+ €9 —+ 63)2(6162(61 —+ 63)(62 =+ 63)) .
This shows that d(§,&') = 4.
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CASE 1.5:  Suppose that & = UtUlz, ¢ = Vey;, where U,U;,V € A(G*®) with |U| = |V| =4, |U,| = 3,
a,b,c € N, and z1,y; are products of length 2 atoms.

By F2, we may suppose that U = ejeses(e; +e2 +e3) and V = eg(ex + e1)(er + e3)(er + es + e3).
Using F4 and arguing as in CASE 1.3, we may suppose that gcd(U, U;) # 1, and by A2 we may suppose
that ged(V,U;) # 1. Thus it follows that U; € {ejea(e; +e2),e1es(er +e3)}, say Uy = ejea(e; +e2). By
computing the minimal relations as above, we obtain that el |&'. Since the element Ve3 € B(G) has two
factorizations z = Ve3 and 2’ = (erea(e1 +e2))(e2(er +e3)(er +ea +e3)) = Up(ea(er +e3)(er + e +e3)),
the assertion follows from AO.

CASE 1.6: Suppose that ¢ = UU{zy, & = VVidyy, where U, Uy, V, Vi € A(G®) with |U| = |V| = 4,
|Ui| = |Vi| =3, a,b,c,d € N, and z1,y; are products of length 2 atoms.

We may suppose that U = ejeses(e; + es + e3) and V = eg(e; + es)(e; + e3)(ey + ez + e3). Using
F4 and A2, and arguing as above, we may suppose that ged(U,U;) # 1, ged(V,Uy) # 1, ged(U,Vq) # 1
and ged(V, V1) # 1. Thus it follows that Uy, V1 € {ejea(er +e2),e1e3(er +e3)}, say Uy = ejea(er + ez).
Then Vi = ejes(e; +e3). By computing the minimal relations as above, we obtain that e} | £'. Since the
element Ve3 € B(G) has two factorizations z = Ve3 and 2z’ = (e1e2(ey +e€2)) (ea(er +e3)(e1 +ex +e3)) =
Uy (62 (e1 +e3)(er +e2 + 63)), the assertion follows from AO.

CASE 2: wy(§) =2.

If supp(A) = G*, then the assertion follows from A2 and A3. Suppose that supp(4) # G*. This
implies that w4(¢') < 1. Let Uy, Us denote the length 4 atoms dividing £&. We may assume that U; =
eresez(er +ex +e3) and Us = ey(e1 + ez)(er + e3)(er + ex + €3).

CASE 2.1:  w3(¢') =0.

Then ¢ is divisible by an atom of length 4, and supp(A) # G* implies that & = V¢, where V =

eses(er +e2)(e; +e3), c € N, and y is a product of length 2 atoms. Since |£] = |¢'],

A -8 |4 4| =3¢ 4
2 T2

sl <2+ and [¢'| =c+

¢

2 T2 2
it follows that ¢ > 4, and hence e (e; + es + €3)?V?| &', Since Z(e3(er + ez + €3)?V?) D {w = ef(es +
ex +e3)?V2 w' = (e; +e3)?(e1 + e2)?U?}, the assertion follows from AO.
CASE 2.2:  wy(&') =0.

Then ¢ is divisible by an atom of length 3. Since supp(A) # G*, we may assume that &' = Vy,
where V = ejez(e1 + e3), ¢ € N, and y is a product of length 2 atoms. It follows that e3U,|&'. Since
Z(e3Us) D {w = e3Us,w’ = V (e3(e1 + e2)(e1 + €2 + e3)) }, the assertion follows from AO.

CASE 2.3: w3(&') > 1 and wy(¢') > 1.
Since supp(A) # G*, we have that & = VVily, where Vi = eses(er + e2)(e1 + e3),

Vo € {erea(er +€2),e1e3(er +e3),ea(er +e3)(er + e2 +e3),es(er + e2)(er + €2 +e3)},

¢,d € N, and y is a product of length 2 atoms.
If Vo € {ea(er +e3)(er +ea + e3),e3(er + ea)(e; + ex + e3)}, then €2 | £'. Since

Z(eiVi) D {w =eiVi,w' = (erez(er + e2)) (eres(er + e3)) }

and (ejes(er + e2))Va € {€3Us, (e + €2)?Uy }, the assertion follows by AO.
If Vo € {erea(er +es),eres(er +e3)}, then (eq + es + e3)? | €. Since

Z((el +e2 +€3)2V1) ) {w =(e1+e +€3)2V1;w' = (62(61 +e3)(er+e2 +63)) (63(61 +ez)(er +e2 +€3))}
and (ex(e1 +e3)(e1 + €2 + e3)) Vo € {€3U2, (e1 + €3)?Un }, the assertion follows by AO.

CASE 3:  wy(&) = 3.
Let Uy, Us, Us denote the length 4 atoms dividing £&. We distinguish two cases.
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CASE 3.1:  supp(4) # G*. Then supp(U;UsUs) # G*. This implies that gcd(Uy,Usz,Usz) = 1 (see F5),
that &' is not divisible by an atom of length 4 but that it is divisible by some V € A(G*) with |V| = 3,
and that we must have supp(V') C supp(U;U,Us). Without restriction we may suppose that
Ui =ei(er +ex)er +e3)ler +ea+e3), Us=ea(er +ea)(ea+e3)(er + e +es),
Us =ejex(e; +e3)(ea +e3) and V =ejea(er +ea).
We set
E=UUUSUSe  and €& =V/y,
where Uy € A(G*®) with |Us| =3, a,b,¢, f,€ N, d € Ny, and z,y are products of length 2 atoms. Since
Al —4(a+b+c)—3d Al -3f
A= fat b =30 (g =gy = 4 A
it follows that f = d + 2(a + b + ¢). This shows that e3|z. Since Z(Uye3) D {w = e3U;,w' =
(62 (e1 +e3)(er +e2 + 63))V}, the assertion follows by AO.
CASE 3.2: supp(A) = G°.
If wy(€¢') < 2, then the assertion follows by A2 and A3. Since wy(&') < wy(§) < 3, we obtain that
wy (&) = 3. Let V1, V5, V3 denote the length 4 atoms dividing &'. We distinguish two cases.
First suppose that either supp(V1V2V3) # G* or that supp(U;UsUs) # G°. By symmetry we may

suppose that supp(V1V5V3) # G*. Then supp(UU2Us) = G*, and we may assume that

U = ejezes(er + ez +e3), Uy = ei(e; +ea)(er +e3)(er +ex +e3),

Us = es(e; +es3)(ex +e3)(er +es + e3), Uy = es(er +e3)(es +e3)(er + e + e3),

Vi =ejea(er +e3)(ea +e3), Va = ejes(er + ez)(ex + e3), V3 = esez(er +ea)(er +e3).
We set

a+b+c+d+

E=UfRUUsz  and € =V/VIVPVy,
where Uy, V, € A(G*) with |Us| = |V4| =3, a,b,¢, f,g9,h € N, e,i € Ny, and z,y are products of length 2
atoms. By F3 and A0, it suffices to consider the case
(5.2) (e1 +es+e3)?fy, e2tm,, (ex+e3)’tx and (ex+e3)fz.
By F4, F5 and A0, e > 0 implies that
Us € {(e1 +ea)(e1 +e3)(e2 + e3),e2e3(ez +e3),e1e3(er +e3)}
and i > 0 implies that
Vi & {ei(ez +e3)(er +e2 +e3),e2(en +e3)(er +ea+e3),e3(er +ea)(er +e2 +e3)t.
Hence (e; + ez + e3) & supp(V1V2V3Vy), and so (e; + ez + e3)? |y, which contradicts (5.2).
Second we suppose that supp(V;1V2V3) = supp(U1U2Us) = G*. We may assume that
U, = ejeses(e; +es + e3), Uy =ei(e; +ex)(er +es)(er +es +e3),
Us = ea(er +e2)(ea +e3)(er +ea + e3), Vi =es(er +e3)(ex +e3)(er +ea +e3),
Vo = ejea(er +e3)(ea + €3), Vs = eres(er + e2)(ea + e3), Uy = eses(e; +e2)(er +e3),
and we set
§=UPURUsUse  and € = VIVIVIVy,
where Uy, Vy € A(G*) with |Us| = |Va| =3, a,b,¢, f,g9,h € N, e,i € Ny, and z,y are products of length 2
atoms. By F3 and AQO, it suffices to consider the case
(5.3) ey, (e1+e)* 1y, (e1+ex+es)’ty, ezfx, (e1 +e3)’fxand (ex+e3)’fz.
By F4, F5 and A0, e > 0 implies that

Us & {(e1 +e2)(e1 +e3)(ex + e3),e2e3(e2 + €3),e1e3(er +e3)}
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and i > 0 implies that
Vi & {erez(er +e2),ea(er +e3)(er +ex +e3),es(er +ex)(er +ex +e3)l.

Suppose that (e + ez + e3) | Us. Since (e1 + e2 + e3)? { y, we have
(5.4) f4+i=Ve,testes(A) >a+b+c+e and Vi =-ei(e2 +e3)(er +ex +e3).
Since (es + e3)? t , we have

f-l_.g-'_h’-l_Z SV62+63(A) :C+€,

which contradicts (5.4).

Now suppose that (e; + ez + e3) t Us. Then Us # er(ea + e3)(e; + ex + e3) and e > 0 implies that
(e2 +e3) 1 Us.

If (1 + ea +e3) | Vi, then Vy = e1(e2 + e3)(e1 + ez + e3). Since (e1 + €2 + €3)? 1y, we have
(55) f+i :V61+€2+63(A) >a+b+ec.
Since (es + e3)? t =, we have

f+g+h+2 SV62+€3(A) =C,

which contradicts (5.5).

Thus we get (e; + ea + e3) { Vy. Since (e + ez + e3)? { y, we have
(56) f = Veiteates (A) >a+b+e
Since (es + e3)? t , we have

f+g+h S V€2+83(A) = C,

which contradicts (5.6).
CASE 4: wy(§) = 4.

This implies that supp(4) = G*. If ws(£') < 2, then the assertion follows by A2 and A3. Since

wy (&) < 3, we may suppose that wys(¢') = 3. We denote by Uy, Us, Uz, Uy the length 4 atoms dividing &,
and by Vi, V3, V3 the length 4 atoms dividing &'

CASE 4.1: ng(Ul,UQ,Ug,U4) ;é 1.
We may assume that
U, = 616263(61 +es + 63), Uy = 61(61 + 62)(61 + 63)(61 +es + 63) ,
Us = 62(61 + 62)(62 + 63)(61 + e + 63), U, = 63(61 + 63)(62 + 63)(61 + es + 63) ,
Vi= 6162(61 + 63)(62 + 63), Vo = 6163(61 + 62)(62 + 63), Vi = 6263(61 + 62)(61 + 63) ,
and we set
_grarrbyrrerrdrre 1y Py 9y ki
E=UU,UsUL U x and &=V Viy,
where Us, Vy € A(G®) with |Us| = |V4| =3, a,b,¢,d, f,9,h € N, e,i € Ny, and z,y are products of length
2 atoms. If (e; + es + e3)? |y, then we are done by F3 and A0. Suppose that this is not the case. If
supp(UsU;) = G* for some j € [1,4], then we are done by F4 and A0. Thus we may suppose that
Us € {e1(es +e3)(e1 +e2 +e3),ea(er +e3)(er +ea +e3),e3(er +ez)(er + e + e3)}, which implies that
T =Veiqestes(A) =a+b+c+d+eand Vy € {e1(ea+e3)(er +ex+e3),ea(er +e3)(er +e2+e3),e3(er +

e2)(e1 + e2 + e3)}. Therefore we get supp(VaV;) = G* for some j € [1, 3], and the assertion follows from
F3 and AO.

CASE 4.2: ng(Ul,UQ,Ug,U4) =1.
We may assume that

U, = 616263(61 +es + 63) R U, = 61(61 + 62)(61 + 63)(61 + e + 63) ,
Us = ea(er +e2)(ea +e3)(er +ex +e3), Uy =erea(e; +e3)(ea +e3),
Vi :63(61 +€3)(62 +€3)(61 +€2+63), Vs 26163(€1+62)(€2+63), Vs :6263(61 +62)(61 +63),
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and we set
€ =UPULUSUIUSx and ¢ = VIVIV]Viy,

where Us,Vy, € A(G*) with |Us| = |Vu4| = 3, a,b,¢,d, f,g,h € N, e,i € Ny, and z,y are products of
length 2 atoms. As above, it suffices to consider the case supp(UsU;) # G* for all j € [1,4], and hence
Us € {e1(ea+e3)(e1 +ea+ez),ea(er +e3)(er +ea+e3),erea(er +e2)}. If & is not divisible by a length 3
atom, then e3 | £, and thus the assertion follows by F3 and A0. If ¢’ is divisible by a length 3 atom, then
by the same argument as above and since es 1 V4, we may suppose that Vs = (e; + e2)(e1 + e3)(e2 + e3),
which implies that a = v, (A) = f + g + h. It follows that e?| &', and the assertion follows by F3 and
AO0. O
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