THE SET OF DISTANCES IN KRULL MONOIDS
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ABSTRACT. Let H be a Krull monoid with class group G and suppose that every class contains a prime
divisor. The set of distances A(H) of H is the set of all d € N with the following property: there are

irreducible elements w1, ..., ug,v1,...,Vg1q such that uy -...-up =v1-...-Vgyq, but ug-... - up cannot
be written as a product of [ irreducible elements for any ! with k < ! < k+ d. We show that A(H) is an
interval.

1. INTRODUCTION AND MAIN RESULT

Let H be a Krull monoid with class group G. Examples of such monoids are the non-zero elements of
a Krull or Dedekind domain (further examples will be discussed in Section 2). Then every non-unit of
H has a factorization as a finite product of atoms, (or irreducible elements), and all these factorizations
are unique (in other words, H is factorial) if and only if G is trivial. In case of a non-trivial class group,
the non-uniqueness of factorizations is described by arithmetical invariants, such as sets of lengths, sets
of distances, catenary and tame degrees. We recall some of these concepts.

Let L = {ly,...,l;} be a finite non-empty subset of the positive integers with I; < ... < lz. Then
A(L) = {la = l1,..., 1l — lp—1} is called the set of distances of L, and L is said to be an interval if it is
an arithmetical progression with difference 1, or equivalently if A(L) C {1}. If a non-unit « € H has a
factorization a = wuq -. .. u into atoms uy, ..., ug, then k is called the length of the factorization, and the
set L(a) of all possible k is called the set of lengths of a. An easy observation shows that in the Krull case,
all sets of lengths are finite. The set of distances A(H) is the union of all sets A(L(a)) over all non-units
a € H. In other words, A(H) is the set of all d € N such that there are atoms uy, ..., ug, v1,..., Vktd
with g -...-ugp =v1-...-Vgyq, and ug -. ..y has no factorization of length [ for any ! with £ <1 < k+d.

Now suppose that every class of G contains a prime divisor (rings of integers in algebraic number fields
have this property), and to simplify the discussion, suppose for the moment that 3 < |G| < oo . Then
the set of distances A(H) is finite, non-empty, and the system of sets of lengths has a well-described
structure which is known to be best possible ([12, Section 4.7], [17]). The assumption that every class
of G contains a prime divisor has a strong impact on the factorizations in H. Unions of sets of lengths
are intervals ([8], [10, Theorem 3.1.3]), and if the set of classes of prime divisors of some element a € H
form a subgroup of G, then the set of lengths L(a) is an interval ([12, Theorem 7.6.9]). The structure of
a crucial subset of A(H) was studied in [5, 16].

In the present paper we show that A(H) is an interval. We formulate our main result, where D(G)
denotes the Davenport constant of the group G (see Section 2).
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Theorem 1.1. Let H be a Krull monoid with class group G and suppose that every class contains a
prime divisor. Then A(H) is an interval. More precisely, we have the following.

1. If |G| <2, then A(H) = 0.

2. Suppose that G is finite with |G| > 3, say G = Cp, @ ... 0 C,, with 1 <ny|...|n,. Then A(H)
is a finite non-empty interval with min A(H) =1, and if [$D(G) + 1] < max{n,,1+ > ;[ 2%]},
then A(H) = [1,c(H) — 2], where c(H) is the catenary degree of H.

3. If G is infinite, then A(H) = N.

Let Gbeasin 2,80 G = Cp, ®...® C,, and set D*(G) =1+ Y. _,(n; — 1). Then D*(G) < D(G),
and equality holds for p-groups, groups of rank at most two, and others (see [10] for an overview).
In all these groups the above inequality involving D(G) is satisfied. The very definitions show that
A(H) C [1,c(H) — 2], and the standing conjecture is that max A(H) = ¢(H) — 2. Only recently, this
conjecture has been verified under the above assumption on the Davenport constant ([11, Corollary 4.1]).

In Section 2 we introduce the required concepts and tools. The proof of Theorem 1.1 will be given in
Section 3. After the proof we discuss several examples indicating that the fact that A(H) is an interval
is a very special feature of the Krull monoids under consideration.

2. PRELIMINARIES

Our notation and terminology are consistent with [12]. We denote by N the set of positive integers,
and for a,b € Z, we denote by [a,b] = {x € Z | a < z < b} the discrete, finite interval between a and b.
By a monoid we mean a commutative semigroup with identity which satisfies the cancellation laws. If H
is a monoid, then A(H) denotes the set of atoms (or irreducible elements) of H. A monoid F is called
free (with basis P C F'), and we write F' = F(P), if every a € F has a unique representation of the form

a= H 7@ with vy(a) € Ny and vy(a) =0 for almost all p e P.
peP

A monoid H is said to be a Krull monoid if it satisfies one of the following two equivalent conditions
(see [12, Theorem 2.4.8]).

(a) H is v-noetherian and completely integrally closed.
(b) There exists a monoid homomorphism ¢: H — F = F(P) into a free monoid F such that a|b in
H if and only if ¢(a) | () in F.

Condition (a) shows that the multiplicative monoid of non-zero elements of a noetherian domain is Krull
if and only if the domain is integrally closed. Rings of integers, holomorphy rings in algebraic function
fields, and regular congruence monoids in these domains are Krull monoids with finite class group such
that every class contains a prime divisor ([12, Section 2.11 and Examples 7.4.2]). Monoid domains and
power series domains that are Krull are discussed in [15, 4]. For the role of Krull monoids in module
theory, we refer the reader to [6, 7].

Most aspects of the arithmetic of a Krull monoid can be studied in the associated block monoid (this
is the monoid of zero-sum sequences over its class group). Let G be an additively written abelian group.
An element S =gy -...-g; € F(G) is called a sequence over G, o(S) = g1 + ...+ g; is called its sum, and
|S| =1 its length. The monoid

B(G) ={S € F(G) [ o(5) = 0}
is the monoid of zero-sum sequences over G, and since the embedding ¢: B(G) — F(G) satisfies Condition
(b), B(G) is a Krull monoid. As usual, we set A(G) = A(B(G)) and A(G) = A(B(G)). Note that the
atoms of B(G) are precisely the minimal zero-sum sequences over G, and

D(G) = sup{|U| | U € A(G)} € NU {o0}
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is the Davenport constant of G. The next lemma states that sets of distances in a Krull monoid can be
studied in the associated monoid of zero-sum sequences over its class group. Its proof can be found in
[12, Theorem 3.4.10].

Lemma 2.1. Let H be a Krull monoid with class group G and suppose that every class contains a prime
divisor. Then A(H) = A(G).

3. PROOF OF THE MAIN RESULT

In this section, we give the proof of Theorem 1.1, and provide some examples showing that in general
sets of distances need not be intervals.

Proof of Theorem 1.1. If |G| < 2, then H is half-factorial by [12, Corollary 3.4.12], and thus A(H) = 0.
Suppose that G is infinite. Then by a Theorem of Kainrath, every finite set L C N> is a set of lengths
in H (see [14] or [12, Theorem 7.4.1]). This implies that N C A(H) C N.

Now we suppose that G is finite with |G| > 3. Then A(G) is finite by [12, Corollary 3.4.13], and
if the condition on the Davenport constant D(G) holds, then max A(H) = c(H) — 2 by [11, Corollary
4.1]. By Lemma 2.1, we have A(H) = A(G), and thus it remains to prove that A(G) is an interval with
min A(G) = 1.

We start with two simple observations. If U = gy - ...- g € A(G) with |U| =1 > 2, then g; ‘g5 (g1 +
92)U =(g1+92)93 ... g1 € A(G) too. Conversely, if U' = (g1 + g2)g3 - ... - g1 € A(G) with |U'| =1 > 2,
then g1g2(g1 + g2) U’ is either an atom or a product of precisely two atoms.

Now we define a function f: A(G) — N as follows. If d € A(G), then there are k,l € Nand Uy, ..., U,
Vi,..., Vi € A(G) such that

Ui Us=Vy-...- Vi,
where [ —k = d, and Uj - ... - Uy, has no factorization of length in [k + 1,1 —1]. Let f(d) be defined as the
minimum over all |U; - ... Ug| where Uy,..., Uy stem from such a configuration. We continue with the
following assertion.

A. Foreveryd € [1,max A(G)], the interval [d, max A(G)] C A(G) and the function f | [d, max A(G)]:

[d, max A(G)] — N is strictly increasing.
Clearly, A implies that A(G) = [1,max A(G)] is an interval with min A(G) = 1.

Proof of A. We proceed by induction on d. Obviously, the assertion holds for d = max A(G). Now
suppose that the assertion holds for some d € [2, max A(G)]. We have to show that it holds for d — 1. To

do so, we start with a configuration as in the definition of f(d). Thus, let Uy,..., Uk, V1,...,V, € A(G)
such that

U Ug=Vi-...- Vi,
where [ —k =d, U; - ... - Uy has no factorization of length in [k + 1, — 1], and f(d) = |Uy - ... Ug|. For

every i € [1,1], weset V; = Uy ;... Uy, with Uy 4,...,Ug,; € F(G) such that
Uj = U]’71 : ...-UjJ forall je [1,]6].
Note that f(d) = |Uy ... - Ug| = |Vi-...- V| > 2l = 2k + 2d. Thus, after renumbering if necessary, we

may suppose that |Us| > 3, |U1,1| > 1 and |Uy 2| > 1. Moreover, say g1 |U1,1 and g2 | Uy 2 with g1,92 € G.
Clearly,

U{ = (gl + 92)91_192_1(]1 and ‘/1/ = (gl -+ 92)91—192—1‘/1‘/2
are zero-sum sequences, U{ € ,zl(G)7 and

UlUs ... Uy =V{Vs-...- V.
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First, we assert that UjUs - ... - Uy has no factorization of length in [k + 1,1 — 2]. Indeed, assume to
the contrary that

UUs ... Ug=Wy-...- Wy,
where t € [k+1,1—2], Wy,...,W; € A(G) and (g1 + g2) | W1. Since (g1 + g2) "1 g1g2W1 is either an atom

or a product of two atoms, Us -. . .- Uy would have a factorization of length in [k+1,]—1], a contradiction.
Now we assume to the contrary that U;Us - ... - Uy has no factorization of length [ — 1. Then there
exists a t > [ such that U{Us - ... - Uy has a factorization of length ¢, but no factorization of length in

[k +1,t — 1]. Therefore, t —k € A(G),t—k>1—k=d, and
fE=k) <|U10z2 ... Ul =|Ur-... - Up| =1 = f(d) - 1,

a contradiction to the induction hypothesis that f is strictly increasing on [d, max A(G)].
Thus UjUs ... Uy has a factorization of length [ — 1 which implies that | —1—k =d—1 € A(G) and
fd=1)<|UUg-...-Ug| < |Uy-...-Ug| = f(d). O

Remarks 3.1. On the one side, the set of distances (also called the delta set in the literature) of an
atomic monoid H cannot be an arbitrary subset of the positive integers. For example, we always have
that ged A(H) = min A(H) ([12, Proposition 1.4.4]). But on the other side, even for nice classes of
monoids the fact that A(H) is an interval whose maximum equals c¢(H) — 2 is a very special feature of
the Krull monoids under consideration. We briefly outline this by several examples.

1. A straightforward observation shows that 2 4+ sup A(H) < c¢(H) whenever H is non-factorial ([12,
Theorem 1.6.3]). A list of examples for which this inequality is strict can be found in [11, page 146].

2. Sets of distances have been studied in detail for congruence monoids and numerical monoids. In
particular, it was demonstrated that sets of distances of such monoids need not be intervals (see for
example [1, 2]).

3. Suppose that H is a Krull monoid whose class group G is a finite cyclic group of odd order
|G| =n =2m+ 1 > 7, and suppose that Gy = {g, mg,—g} C G is the set of classes containing prime
divisors. We outline that A(H) = A(G)p) is not an interval (by Claborn’s Realization Theorem, there are
Dedekind domains having such a distribution of prime divisors, see [12, Theorem 3.7.8]). We have

A(Go) = {g", (—9)", 9(—9), (mg)", g(mg)?, g" ™ (mg), (mg)(—g)"} .

Then g"(—g)" = (g(—g))n and ¢g"(mg)" = (g(mg)Q)m(g"_m(mg)) show that n—2, m—1 € A(Gp). Since
max A(Gp) < ¢(Gp)—2 < D(Gp) —2 = n—2, it follows that max A(Gp) = n—2 = c¢(Gp) —2. Furthermore,
we get that 1 = ged(n — 2,m — 1) = gcd A(Go) € A(Gy). It is easy to check that n — 3 ¢ A(Gy), and
hence A(H) = A(G)p) is not an interval.

4. We end with some more positive examples. Indeed, the set of distances A(H) equals N in each of
the following cases:

e H is a semiring of polynomials with non-negative coefficients taken from a domain D with Z C
D cCR: [3].

e H is a Krull monoid with infinite class group G, and the set of classes Go C G containing prime
divisors has the property that, for a positive integer h, the h-fold sumset of Gy equals G: [13].

e H is the set of non-zero integer-valued polynomials. Indeed, S. Frisch [9] proved that every finite
set L C N>y can be realized as a set of lengths of some polynomial f € Int(Z), and hence
A(Int(Z)) =N.
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