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The translation equation

Translation equation

F(s+t,x) = F(S,F(t,x)),

s,t € C.
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The translation equation

Translation equation
F(s+t,x)=F(s,F(t,x)), s,t€C. (T)

We study solutions

F(s,x) = Z cy(s)x" € C|lx]

n>1

of ('T) in the ring of formal power series over C where ¢,:C — C, n > 1,
ci(s) #0,s € C.
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The translation equation

Translation equation
F(s+t,x)=F(s,F(t,x)), s,t€C. (T)
We study solutions

F(s,x) = Z cy(s)x" € C|lx]

n>1

of (T) in the ring of formal power series over C where ¢,:C — C, n > 1,
ci(s) #0,s € C.

Solutions of (T') are called iteration groups.

(T) implies ci(s+1) = c1(s)c1(t), s, € C, whence c; is an exponential
function.
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Iteration groups of type | and Il

Type |

If ¢c; £ 1, then F(s,x) is of type I.

Then ¢, (s)

P,(ci(s)),s€C, P,(y) €eClyl,n>1.
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Iteration groups of type | and Il

Type |

If ¢c; £ 1, then F(s,x) is of type I.

Then c,(s) = P.(c1(s)), s € C, P,(y) e Clyl,n > 1.
Type I

If F(s,x) #xandif c; =1, then F(s,x) is of type Il.

There exists an integer k > 2 so that F(s,x) = x + ci(s)x* + Z Cn(s)x",

n>k
where ci(s+1) = c(s) +ci(z), s,¢ € C, whence ¢ is additive,

and c,(s) = P,(ck(s)), s € C, P,(y) e Cly|,n > k.
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The cocycle equations

In connection with the problem of a covariant embedding of the linear
functional equation @(p(x)) = a(x)Q(x) + b(x) with respect to an iteration
group (F(s,x))sec We have to solve the two cocycle equations

o(s+1,x) = Oc(s,x)oc(t,F(S,x)), s,t € C, (Col)
B(s+1t,x)= B(S,x)oc(t,F(s,x)) + B(I,F(s,x)), s,t € C, (Co2)
under the boundary conditions

o(0,x) =1,  B(0,x) =0, (B1)

for

os,x) = Z o, (s)x", B(s,x) = Z B.(s)x".

n>0 n>0
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Formal equations

If a is a nontrivial additive function, (or if e is a nontrivial exponential
function) and if a polynomial relation P(a(s),a(t)) =0 (or
P(e(s),e(t)) = 0) holds true for all 5,7 € C, then P = 0.
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Formal equations

If a is a nontrivial additive function, (or if e is a nontrivial exponential
| function) and if a polynomial relation P (a(s),a(t)) = 0 (or

- P(e(s),e(t)) = 0) holds true for all 5, € C, then P = 0.

. This observations allows to study formal equations by replacing a(s) and

a(t) (or e(s) and e(z)) by indeterminates y and z.
|
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Formal equations

If a is a nontrivial additive function, (or if e is a nontrivial exponential
function) and if a polynomial relation P(a(s),a(t)) =0 (or
P(e(s),e(t)) = 0) holds true for all 5,7 € C, then P = 0.

This observations allows to study formal equations by replacing a(s) and
a(t) (or e(s) and e(z)) by indeterminates y and z.

In Cly| we have the formal derivation with respect to y.
In (Cly])[x]] we have the formal derivation with respect to x.
Moreover the mixed chain rule is valid for formal derivations.

Differentiation is now a purely algebraic process!
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The formal translation equation

Formal translation equation in (Cl|y, z])[|x]| for iteration groups of type II
G(y—l—z,X) — G(y7 G(Z,X)) (Tformal)

G(y,x) =x+y"+ ) B, P(y) €CDl n>k

n>k

G(0,x) = x. (B)
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The formal translation equation

Formal translation equation in (Cl|y, z])[|x]| for iteration groups of type II

G(y+z,x) =G(y,G(z,x)) (Ttormal)
G(y,x) = x4 yx* + Z P,(y)x", P,(y) e C]], n>k,
G(0,x) = x. (B)

Theorem. Let ¢, # 0 be an additive function. Then
F(s,x) = x4+ c(s)x* + ¥~ P.(ck(s))x" is a solution of (T) if and only if
G(y,x) = x+yx* + ¥, ., P.(y)x" is a solution of (Tiyma) and (B).
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The first cocycle equation

Let F(s,x) be an iteration group. If aL(s,x) =Y ,~¢0,(s)x" is a solution of
| (Col), then 0y is an exponential function and

| o) o(s,x) _
| U =00~ el

 is also a solution of (Col) and (B1).
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The first cocycle equation

Let F(s,x) be an iteration group. If aL(s,x) =Y ,~¢0,(s)x" is a solution of

(Col), then oy is an exponential function and

A _oafs,x)
Os,x) := do(s) oo(s)

is also a solution of (Col) and (B1).

Substitution into the logarithmic series yields
Y(s,x) :=log(&(5,x)) = Y a(s)x"

satisfying
Y(s+1,x) = ¥(s,x) +¥(r,F (s,x))

| together with y(0,x) = 0.

(COllog)
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If F(s,x) =x+ Y~ P.(ck(s))x" is an iteration group of type Il, then each
uni  coefficient function v,(s) is a polynomial B,(ci(s)) and for all s,z € C

GRAZ

) Pu(al(s) Fel)x" = i o

n>1

| Y Pu(ci(8)x"+ Y Pu(cr(t)) |x+ Y Pr(ck(s))x”

n>1 n>1 r>k
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If F(s,x) =x+ Y~ P.(ck(s))x" is an iteration group of type Il, then each
coefficient function v, (s) is a polynomial P,(c(s)) and for all s,z € C

;lp Ck —|—Ck )) — ] -
" gpﬂ(ck(s))anr len(ck(f)) X+Z;<Pr(6k(s))x”

This yields the formal first cocycle equation in (C|[y,z])[x]| for iteration
groups of type Il

[(y+2z,x) =T(y,x) +F(Z, G(y,x)) (Colformal)

together with T'(0,x) = 0 for ['(y,x) = Y, P.(y)x", where
G(y,x) = x+yx* + Y-, P.(y)x" is a formal iteration group of type II.
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If F(s,x) =x+ Y~ P.(ck(s))x" is an iteration group of type Il, then each
coefficient function v, (s) is a polynomial P,(c(s)) and for all s,z € C

;lp Ck —|—Ck )) — ] -
" gpﬂ(ck(s))anr len(ck(f)) X+Z;<Pr(6k(s))x”

This yields the formal first cocycle equation in (C|[y,z])[x]| for iteration
groups of type Il

[(y+2z,x) =T(y,x) +F(Z, G(y,x)) (Colformal)

together with T'(0,x) = 0 for ['(y,x) = Y, P.(y)x", where
G(y,x) = x+yx* + Y-, P.(y)x" is a formal iteration group of type II.

Theorem. Let ¢, # 0 be an additive function. Then

Y(s,x) = Y,.>1 Pu(ck(s))x" is a solution of (Col,,,) satisfying y(0,x) = O if
and only if I'(y,x) = ¥,,=1 P.(y)x" is a solution of (Colgyma) satisfying
(0, x) = 0.
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Three equations derived from (Colya1)

(%F(z,x) =K (T'(z,x)),

where K(x) := a%F(y,x)|y:0.

| Differentiation of (Colma1) With respect to y and setting y = 0 yields

(COlDformal)
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Three equations derived from (Colya1)

Differentiation of (Colg,mar) With respect to y and setting y = 0 yields

%F(z X) = K(F(Z,X)), (ColDrormal)

where K(x) := a%F(y,x)|y:0.

Differentiation with respect to z together with the mixed chain rule yields

0 0

—T — K H(x ColPD orma

5o T00) = K(3) + H() 3T, (COTPDppn)
where H (x ):ai (v,x) |y=0 is the formal generator of the formal iteration
group G(y,x).
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Three equations derived from (Colya1)

Differentiation of (Colg,mar) With respect to y and setting y = 0 yields

%F(z X) = K(F(Z,x)), (ColDrormal)

where K(x) := a%F(y,x) ly—0-
Differentiation with respect to z together with the mixed chain rule yields

a%F(y,x)_K( )+ H (x )aax I(y,x), (ColPDsormal)

where H(x) = %G(y,x)\y:() is the formal generator of the formal iteration
group G(y,x). There is also an Aczél-Jabotinsky differential equation

K(x) —I—H(X)%F(y, xX) = K(F(y, x)) (ColAJsormal)
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Theorem. Each solution of (ColPDgyma1) or (ColDygymar) together with
['(0,x) = 0 is a solution of (Colymal)-
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Theorem. Each solution of (ColPDyya1) or (ColDygymar) together with
['(0,x) = 0 is a solution of (Colymal)-

Theorem. Let K(x) =Y, k,x" be a formal series of order at least 1.
Then the solution of (ColDyopya) With IT'(0,x) = 0is

Z/ G(0,x)| JdG—I—E(G(y,x)) — E(x),

where E(x) is given by %E(x) _ Z,Zk(:;x
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Theorem. Each solution of (ColPDyya1) or (ColDygymar) together with
['(0,x) = 0 is a solution of (Colymal)-

Theorem. Let K(x) =Y, k,x" be a formal series of order at least 1.
Then the solution of (ColDyopya) With IT'(0,x) = 0is

Z/ G(0,x)| JdG—I—E(G(y,x)) — E(x),

where E(x) is given by %E(x) _ Z,Zk(:;x

By applying the exponential series we obtain the solutions of (Col) as

~

where E(x) =exp(E(x)) =1+....
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Theorem. Let K(x) =}~ k,x" be a formal series of order at least 1.
The polynomials P,(y) describing the coefficients of the solution of
(Co1Dsormar) and I'(0,x) = 0 are universal polynomials of the form

( Ky n<k
R =R ~ n=k
| \ K”ly—|_ pid Q)Kn_k+1 y2_|_ Qn(y7 Ky, ... 7Kn—k) n> ks

| and of a formal degree 1+ 2= |.
|
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Theorem. Let K(x) =}~ k,x" be a formal series of order at least 1.
The polynomials Pn(y) describing the coefficients of the solution of
(Co1Dsormar) and I'(0,x) = 0 are universal polynomials of the form

( K,y n<k
P(y) = ko +3y’ n=k
Ky (n—k+12?1<n_k+1y2 L 03,1y Kny) 1>k,

and of a formal degree 1+ [2=1 |.

Similarities to the solutions G(y,x) = x + yx* +Y,,~ s P.(y)x" of (Tformal) of
type Il depending on the formal generator H(x) = Y.~ h,x":
The polynomials P,(y) are universal polynomials of the form

Ny if k <n<2k—1
Pn(y) — hzk_1y+§y2 ifn=2k—1
hny + n_—glhn—k—l—ly2 + (I)n(ya hk—|—17 S 7hn—k) if n > 2k:
n—1

and of a formal degree |7 |.
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Reordering the summands

UNI
:
Solution of (Colformal): T(y,x) = Y Pu(y)x" € (Cly])[x]
n=1
L . n—1
:ZPn,ijEC[y]v dn:l_"\‘ Ja nZL
O = =1
I O

d 8
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Reordering the summands

' Solution of (Colma): T(,x) = ¥ By(y)x" € (C[y]) 1]
| n>1

| n—1

dn
P.)W=Y P, v eClyl, d,=1 , > 1,
| 0)= LA €CB, du=1+|f=5 ], n

' L(y,x) = ) Wa(x)y" € (C) ]

n>1

W)=Y P, n>1.

| r>1

(\|fn(x))nZl and (\p,/l(x)y”)n21 are summable families.
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Reordering the summands

' Solution of (Colma): T(,x) = ¥ By(y)x" € (C[y]) 1]
| n>1

d
~ n ~ O n_l
Py)=Y P,y eClyl, d =1+ | > 1,
| (¥) le JY vl L{ IJ n

' L(y,x) = ) Wa(x)y" € (C) ]

n>1

W, (x) = Zf’r,nxr, n>1.

| r>1

(\|fn(x))nZl and (\pn(x)y’”l)n21 are summable families.

This allows us to rewrite (ColPDyya1) as

| D ()Y = K(x)+H(x) ), (x)y".

n>1 n>1
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(1) is satisfied if and only if

i) = K(x)
Vit () = —— HW; ()

holds true.  VWi(x) = K(x),
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(1) is satisfied if and only if

Wi (x) = K(x)
Vi () = ——HOW, (), 0> 1,

holds true.  W1(x) = K(x),
ya(x) = H(x)K'(x) /2,

ys(x) = (H(x)H'(x)K'(x) +H(x)2K”(x)) /6.

Similarities to formal iteration groups G(y,x) = Y.,,~0®.(x)y" of type II:

uis(x) = — < HOO, (), 720
01 (x) = H(x),
0,(x) = H(x)H'(x)/2,
03(x) = (H(x)H'(x)*+ H(x)°H"(x)) /6
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Some results

UNI . . . . .
Generalizing the representations given on the previous slide:

i g
| V@) == YLOK W] [HO@] ", n>2
v 2T =0
|
J, = (ij)jz_l‘i_lzl, i;>0, Yij=n—1, ¥ ji;=n—1—ip,
| | 7=0 Jj=1

| where L:J,~,J, — N is recursively determined.
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Some results

UNI . . . . .
Generalizing the representations given on the previous slide:

i g
| V@) == YLOK W] [HO@] ", n>2
v 2T =0
|
J, = (ij)jz_l‘i_lzl, i;>0, Yij=n—1, ¥ ji;=n—1—ip,
| | 7=0 Jj=1

| where L:J,~,J, — N is recursively determined.

Similarities to iteration groups of type II:

1 n—1 i
| 0n(x) =~ Y LOT [H )], n>1,
ne icly j=0
|
In: (ij)jZO ij>0, l()>17 ZZJ:I’I, Z]ljzn—l y
| Jj=0 Jj=1

where L:J,~ 1, — N is recursively determined.
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Solution as a Lie—-Grobner-series
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Solution as a Lie—Grobner-series

|
where

l D:C[lx] = Clx],  D(f(x)) :=H(x)f'(x).

Similarities to iteration groups of type II:

Gly.x) == ¥~ D"(x)y",

!
nzon.

where
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