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In this paper we show in a more or less complete way how to apply methods from
algebraic combinatorics to the classification of motives. These methods can be described
in a very general way so that they can be applied for the classification of objects in dif-
ferent sciences. For instance for the isomer enumeration in chemistry, for spin analysis
in physics, for the classification of isometry classes of linear codes, in general for inves-
tigating isomorphism classes of objects (cf. [16, 17]). Here we present an application of
these methods to music theory.

First it should be mentioned that in British English the word “motive” is often
spelled as “motif”. Sometimes terms like “figure” or “subject” are used as synonyms
for it. Moreover there is no unique definition of a motive. The meaning of this word
was changing through the centuries so actually there exist many different definitions. In
general a motive is the smallest part of a composition which makes some musical sense.
In the second half of the eighteenth century such meaningful units of a composition were
mentioned for the first time in music theory. The first definitions of motives were given
in the first half of the nineteenth century. (Cf. [19, 18].) In H. Riemann’s definition [2§]
a motive includes rhythm, melody, harmony, dynamics and tone colour. ([3])

The concept of motives we are using in this paper was introduced by G. Mazzola
in [20]. It is a mathematical precise definition which is useful for investigating both tonal
and rhythmical aspects of music. (See section 6.) At the end of section 4 we present
some mathematical definitions for operations like transposing, inversion, temporal shift,
retrograde inversion etc. They can be applied to a motive such that from a given motive
we can construct many other motives. They all will be called similar or equivalent
motives. The exact definition when two motives are called similar will be given in
section 6.

In order to describe the musical meaning of the operations mentioned above we
demonstrate their application in the next three examples. We didn’t give any formal
definitions so far. In some later sections when the corresponding operations are defined
in our mathematical model the reader should check that these definitions coincide with
the usual meaning in music theory. First three short pieces of music — we call them
motives — are shown, which intuitively could be regarded as motives or as collections of
motives, together with similar motives which were produced by applying certain of these
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operations. The similar motives are divided from the original motives by 2 vertical lines.
The first example demonstrates transposition of a motive from J. S. Bach’s “Musical
Offering”.
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The next example shows retrograde inversion and inversion of a motive from “A
Midsummer Night’s Dream” by F. Mendelssohn-Bartholdy.
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Finally the last example “Danse de la chévre” by A. Honegger demonstrates a com-
bination of these three operations.
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The main aim of this paper is to show how the number of essentially different (i. e.
not similar) motives (for the definitions of motives and similarity of motives see sec-
tion 6) can be computed and how to construct a (complete) system of representatives
of motives. In other words, we try to get a list of motives such that motives of this list
are pairwise not similar and each possible motive is similar to (exactly) one motive of
this list. For the non experienced reader we start with some basic mathematical notions
and definitions concerning sets, functions, permutations and elementary number theory.
Then the concepts of groups, permutation groups and group actions are introduced.
Using these tools it is possible to give a mathematical description of an n-scale Z,, con-
sisting of exactly n pitch-classes, which generalizes the concept of 12 tones in one octave
to m tones in one octave. In addition to this, the musical operations of transposing or
inversion can be described as permutations of mathematical objects. In order to under-
stand the mathematical meaning of Z, we will learn some basic facts about rings and
fields. Then Mazzola’s definition of motives will be presented. The tonal aspects of a
motive are described by elements of an n-scale, the rhythmical aspects by elements of
an m-bar Z,,. (An m-bar is a collection of m equidistant beats, such that tones are only
allowed to start at one of these beats.) The notion of group actions is used for describ-
ing which motives are similar. In order to determine the number of different motives a
famous theorem by G. Pélya (|24, 23]) will be applied. The last part of this article is
dealing with the construction of lists of motives. Strong generators and the Sims-chain of
permutation groups will be introduced and Read’s method of orderly generation will be



described. Combining both algebraic methods and skilled programming techniques it is
possible to apply these methods to non trivial problems. Obviously the case n = m = 12
is of special interest. For instance in [10, 9] a list of more than 6 millions representatives
of 8-motives in that particular situation was computed.

In order to give a complete description of the methods used, all the main definitions
and theorems, which are useful for our approach, are mentioned and proved in the next
sections.! As it is usual in mathematical papers most of the theorems and corollaries are
followed by proofs which should prove the correctness of the preceding statements. When
the proofs are missing the reader should try to find them by himself. Usually they are not
too difficult but sometimes writing down all details can be a lot of work.? For the benefit
of the reader and in order to make the paper self-contained there are some introductory
chapters at the beginning of this article. For that reason it is not necessary to consult
different books for understanding the given proofs. On the other hand however the main
topic appears rather late in this article which demands some patience of the reader.
Nevertheless we chose this way of presentation, since for understanding a mathematical
model it is definitely necessary to have some mathematical background information.

1 Sets and functions

In this section basic facts about sets and functions are described and common mathe-
matical notions are introduced. The symmetry operations which will later be applied to
motives can be described as permutations of a finite set. These are functions with very
particular properties.

A set is a collection of its elements. In order to express that x is an element of the
set X we write x € X. Each element of a set occurs exactly once in a set and it does
not matter in which sequence the elements of the set are arranged. A set Y is called a
subset of X if each element of Y also belongs to X. This is indicated by Y C X. Trivial
subsets of X are the empty set () which consists of no elements and the complete set X
itself.

The union X UY of two sets X and Y consists of all elements which are elements of
X or elements of Y. The intersection X NY of two sets X and Y consists of all elements
which are elements of both X and Y. Two elements X and Y are called disjoint if and
only if X NY = (). The difference X \'Y of two sets X and Y consists of all elements
which are elements of X and not of Y.

XUY ={z|z€eXorzeY}, XNY:={z|zeXandz€ Y},

!Nevertheless for the interested reader, who is not familiar with these subjects, it will be necessary
to consult some other textbooks for really understanding all the details. As a standard reference for
number theory I would suggest to read [22], as an introduction to algebra, groups, rings and fields look
at [33] or [21]. Combinatorics under group actions is nicely described in [16, 17], Pélya’s Theory of
counting in [4]. These are just some suggestions, there exist many other textbooks dealing with these
topics as well.

2Moreover by doing this the reader can check whether he understood the main ideas of the previous
section.



X\Y:={z]zeXand 2z ¢Y}

The Cartesian product X x Y of two sets X and Y is the set of all pairs (z,y) for z € X
and y €Y.
XxY ={(r,y)|lzeX, yeY}

When writing (x,y) we stress that it is important in which order the elements of a pair
occur. In general (z,y) is different from (y, x).
We consider both infinite sets, e. g. the set of all integers

z ={...,-3,-2,-1,0,1,2,3,...},
the set of all positive integers
N:={z€ez|z>1},

the set of all nonnegative integers Ny := N U {0}, or the set of all rational numbers
a
Q ::{Z|aez, bEN},

and finite sets. E. g. forn € N let n:={1,2,...,n} and Z, :={0,1,...,n — 1}. These
sets fulfill
PCnCNCNyCZCQ.

Consider two sets X and Y and a subset f C X x Y such that for all x € X there
exists exactly one y € Y such that (z,y) € f, then the triple (X, Y, f) defines a function
f with domain X and range Y. Instead of writing (z,y) € f we usually write f(z) =y
and we say that x is mapped onto y under f, or y is the image of x under f. The image
of a subset X; of X under f is the set

f(X) ={f(2) [z € Xi}.
The pre-image of a subset Y; of Y under f is the set
() ={re X | flx) eV}

From these definitions it is clear that f(X;) C Y and f~}(V;) C X.
Let f be a function from X to Y and let X; be a subset of X then the restriction f|x,
of f to the domain X is the triple (X1,Y, f') where [ :={(z,y) | z € X1, (x,y) € f}.
If f is a function from X to Y then we write f: X — Y and the set of all functions
from X to Y is indicated by

Y*¥ ={f|f X =Y}

A function f is called injective if different elements of X are mapped onto different
elements in Y. (Or, equivalently, f(x1) = f(z2) implies z; = x5.) A function f is called
surjective if each element of Y occurs as the image of an element of X, i. e. f(X) =Y.
A function f is called bijective if f is both injective and surjective.
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1.1 Example.
1. Consider X =5 and Y = 3 and sets fi,..., f5 defined by:

fio= {(1,2),(2,3),(3,2),(4,2),(5,3)}
foo= A{(1,2),(2,3),(3,2), (4,2)}

fs = A(1,1),(1,2),(2,3),(3,2),(4,2),(5,3)}
foo= {(1,2),(2,3),(3,2),(4,2), (5,5)}

s = {(1,2),(2,3),(3,2),(4,2),(5,1)}.

We want to investigate which of these sets define functions from X to Y. f; is a
function, f5 is not a function from X to Y because for x = 5 there is no y € Y
such that (5,y) € fo. f3 is not a function since both (1,1) and (1,2) are in f3, so
there are two different elements (and not exactly one element) y € Y such that
(1,y) belongs to f3. Furthermore f; is not a function from X to Y since (5,5) € f;
is not an element of X x Y. Finally f5 defines a function which is surjective since
f5(X) =Y. The function f; is not surjective since f;(X) = {2,3}. Neither f; nor
f5 is injective since both functions map the elements 1 and 3 of X to the element
2¢Y.

2. Let X be a set, then the identity function idx is given by idx(x) := z for all
r € X. It is a function from X to X which is both injective and surjective since
idx(z1) = idx(z2) implies x; = x5 and z is the image idx(z) for each z € X. So
id x is bijective. o

From two functions fi: X; — Y7 and fo: Xo — Y5 such that f1(X;) € X5 a new
function from X; to Y5 can be constructed by first applying f; to x € X and then f; to
fi(z). This composition fy o fi is defined by (fs 0 f1)(x) := fa( fi(x)) for all z € Xj.

1.2 Lemma. Forl <i < 3let f; denote a function from X; to'Y; such that f1(X;) C Xo
and fo(Xa) € Xs. Then the composition of these three functions can be written as
f3o fao f1 since

fso(fao fi) = (f30f2) o fi.

In other words, the composition of functions is associative.

Proof. The function f; o f; has domain X; and range Y3. Since (f2 o f1)(X;) =
fo(f1(X1)) C f2(X3) € X3 the composition f3 o (fy o f1) can be formed and it has
Xj as it’s domain and Y3 as its range. Using similar arguments it is possible to prove
that the composition (f3 o f3) o fi is well defined and has domain X; and range Y3 as
well. Thus we only have to decide whether (f3 o (fa o f1))(x) = ((f3 0 f2) o f1)(x) for
all z € Xy. Let x € X then (fs o (f20 f1))(@) = f3((f2 0 f1)(®)) = f3(f2(f1(x))) and
((fso f2) o fi)(x) = (fs o f2)(f1(x)) = f3(f2(f1(x))), which finishes the proof. O

With the following lemma we characterize the injective and surjective functions.
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1.3 Lemma.

1. A function f: X — 'Y is injective if and only if there exists a function l: f(X) — X
such that l o f =idx. The function [ is called the left-inverse of f.

2. A function f: X — Y is surjective if and only if there exists a function r:Y — X
such that f or =idy. The function r is called a right-inverse of f.

Proof.

1. Let f be an injective function, then for each y € f(X) there exists exactly one
z, € X such that f(z,) =y, 1. e. f'({y}) = {z,}. Consequently we can define a
function I: f(X) — X by l(y) = z,. (This function is even a bijection between X
and f(X).) From the construction of [ we derive that [ o f has X as its domain
and range and that (lo f)(x) =I(f(z)) =z forall z € X. Solo f =1idx.

Conversely, if there is a function [: f(X) — X such that [ o f = idx then it can

be proved that f is injective. Take z1,z5 € X such that f(z1) = f(z2), then
x1=(lo f)(x1) =1U(f(z1)) = U(f(x2)) = (I o f)(x2) = x5, hence f is injective.

2. Let f be a surjective function, then f~*({y}) # 0 for all y € Y. Define a function
r:Y — X by choosing 7(y) as an arbitrary element in f~*({y}). Then (for)(y) =
f(r(y)) =y for all y € Y since r(y) € f~'({y}). Hence for =idy.

Conversely, if there is a function 7Y — X such that for = idy then f is surjective
since Y = (for)(Y)=f(r(Y)) Cf(X)CY. 0

1.4 Corollary. A function f: X — Y 1is biyjective if and only if there is a function
f~L.Y — X — the inverse of f — such that f~' o f =idx and fo f~!' = idy. The
function f=1 is bijective as well.

Proof. If f is bijective then f(X) =Y and f is injective, consequently its left-inverse
function [ is a function from Y to X such that (I o f) = idx. From the construction of
[ it is clear that f~'({y}) = {l(y)} for y € Y so that (fol)(y) = f(l(y)) = y, which
proves that fol = idy. Thus the function [ is both a left- and right-inverse of f. Above
it was denoted by f~!.

Conversely, if there is a function f~*:Y — X such that f~'o f =idy and fo f~! =
idy then f has a left- and a right-inverse function, therefore f is both injective and
surjective, which implies that f is a bijection. O

1.5 Lemma.

1. The composition of two injective functions is injective.
2. If both f: X — Y and g:Y — Z are surjective, then go f: X — Z is surjective.
3. If both f: X — Y and g:Y — Z are bijective, then go f: X — Z is bijective.



A set X is called of cardinality n € N if and only if there exists a bijection f from X
to n. A set X is called finite if and only if either there is some n € N such that X is of
cardinality n or X is the empty set. For instance the sets n and Z,, are of cardinality n.
The cardinality of a finite set X is indicated as |X|. A subset of a set X of cardinality
k is called a k-subset of X.

If X and Y are finite and |X| = |Y], then a function f: X — Y is injective if and
only if f is surjective. In this case injectivity, surjectivity and bijectivity are equivalent
properties of f.

Bijective functions with the same finite set X as domain and range are called per-
mutations. The set of all permutations on X is the symmetric group Sx on X.

Sx :={m X — X | 7 is bijective}
1.6 Lemma. The symmetric group S,, of n consists of n! :=mn-(n—1)---2-1 elements.

Proof. All elements 7 of S,, can be constructed in the following way. For defining
7(1) choose from all elements of n, so there are n possibilities to choose (1) € n. After
having defined 7(1) we choose 7(2) in the set n \ {m(1)}, since 7(2) must be different
from 7 (1), thus there are (n — 1) possibilities left. Going on like this we see that when 7
is already defined on 1,2...,n — 2 then there are two possibilities left to define m(n — 1)
and finally one possibility for choosing 7(n) such that 7 is injective. Multiplying all
these possibilities amounts to n! possible elements in S,,. |

For elements of S,, the following notations are usually used:

7T:<7r(11) 7r(22) " ) or 7=[m(l),7(2),...,7(n)].

m(n)

A third form of writing a permutation = € S, is the cycle notation of w. For k € Ny
define 7% by
Wk__{idﬁ it k=0
T morFl if k>0,
then 7% € S,,. For an arbitrary element i € n compute the sequence (i, w(3), 72(i), . ..)
which consists of elements of n. Since n is a finite set, there exists a minimal integer
k € N such that (i) € {4, 7(i),..., 7 (i)} which means 77 (i) & {i,n(i),..., 7 (i)}
for j < k. Then 7*(i) must be equal to i, because otherwise if 7%(i) = 7/(i) for some
j€{l,...,k—1} then 7(7*71(3)) = 7*(i) = 7/(i) = w(79~1(i)). Since 7 is injective
7 1(i) = 7971(4) and 0 < j — 1 < k — 2 which is a contradiction to the minimality of k.
This proves that the permutation 7 exchanges the elements 7, (), 72(i), . . . cyclically.

i (i) = T2 s () o TR () =

In other words, the elements i, 7(i), ..., 7*7(i) form a cycle of length k. This cycle
is indicated as (i,7(4),...7%71(i)) or in general a cycle of length k as (iy,...,4;) with
i1,...,1 pairwise different elements in n. The notation of a cycle is not unique since

(ila"'yik) = (i27"'7ik7i1) == (ikailw"aik—l)-
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The element of a cycle of length 1 is called a fixed point of w. Cycles of length 2
are usually called transpositions. Two cycles are called disjoint if the elements which
are cyclically permuted form two disjoint sets in n. Each permutation = € S, can be
decomposed as a product of pairwise disjoint cycles. A possible method for decomposing
a given permutation 7 is the following. Take an element 7 € n and determine the cycle
(2,7(1),...). While there are still elements in n which did not occur in the cycles so far
take such an element ¢ and determine its cycle (i,7(4),...). The following method can
be used for making this cycle decomposition of 7 € S,, unique. First determine the cycle
which contains 1. And then while there are still elements which did not occur in the
cycles so far, find the smallest element among them and determine its cycle. This way
the standard cycle decomposition of 7 is obtained in the form

(il, W(il), .. ,Wll_l(il)) 0...0 (Z'C(ﬂ.), 7'['(2'0(7.-)), .. ,7Tlc<”)_1(ic(,7))),

where c(7) is the number of cycles in m, 1 =4y < ... <'ic(r), [, is the length of the v-th
cycle, and i, is the smallest element in the v-th cycle. Cycles of length one are often
omitted in cycle decompositions. For example these are four different possibilities to
write down the permutation

1

2 3
2 3 1

4 6 7
4 6 5

o =2,3,1,4,7,6,5 = ( ? ) — (1,2,3)(4)(5,7)(6) = (1,2,3)(5,7).

The cycle decomposition of 7 € S,, determines its cycle type A(m). It is a sequence of
non-negative integers \;(m)

M) = (A (m), A7), ..oy An())
where \;(7) is the number of cycles of length i in the decomposition of 7, i. e.
Xi(m)={v|1<v<c(n), l, =i}|.
From the definition it is clear that Y., i-A;(m) = n. For example the above permutation
o is of cycle type (2,1, 1).
2 Divisors, primes and congruences

For the next sections we need some knowledge from elementary number theory. For
that reason some of the basic facts are collected in this paragraph. First it should be
mentioned that the elements in Z are totally ordered by

<3< 2<-1<0<]l<2<3 <. ...

In several places we will need the following version of division in Z.
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2.1. Division algorithm. For each z € Z and each n € N there exist exactly one
integer ¢ € Z and exactly one nonnegative integer r < m such that z = nq +r. The
integer r s called the residue of z divided by n.

Proof. First we show that for given integers z and n we can find integers ¢ and r
as indicated above. Determine ¢ as the greatest integer less than or equal to the real
number £. Then ¢ < £ < ¢+ 1 and ng < 2z < ng +n. When setting r = 2 — ng then
0 <r < n, thus we found ¢ and r as required.

In order to prove the uniqueness statement, assume that z can be expressed as
z =nq; +7r; and as z = ngs + 19 such that 0 < rq, 79 < n. Without loss of generality let
ro > r1. Then the difference 19 — 11 = n(q; — ¢2) is a multiple of n. According to the
special choice of r; and 7y this is only possible for ro —r; = 0, which means ro = r; and

finally ¢; = ¢o. |

An element d € Z is called a divisor of a € Z (or a a multiple of d) if and only if there
is an element b € Z such that db = a, which is indicated by d | a. Otherwise d does
not divide a, which is denoted by d fa. Obviously for any a € Z it is true that £1 | a,
+a | a and a | 0. Moreover each a € Z \ {0} is not a multiple of 0. For a € 7 the
absolute value of a is defined by

la = a fa>0
W= —a ifa<o.

If d is a divisor of a # 0, then |d| < |a| and the set D(a) := {d € Z | d is a divisor of n} is
a subset of the (finite) set {z € Z | —|a| < z < |a|} for a # 0. For two integers a,b € 7,
not both of them equal to zero, the greatest common divisor of a and b is the maximal
element in the intersection D(a) N D(b).

ged(a, b) := max(D(a) N D(b))

This intersection is not empty since 1 is an element both of D(a) and D(b). This set
is finite (since at least one of these two sets is finite) hence the maximum exists, it is
uniquely defined and it is positive. Another characterization of the greatest common
divisor is given by

2.2. Bezout’s Identity. The greatest common divisor of two integers a and b, not both
of them equal to zero, is given as

min {ax + by | x,y € Z, ax + by > 0}.
Especially, ged(a,b) = 1 if and only if there exist integers u and v such that au+bv = 1.
Proof. Define the positive integer m as the minimum of the set

{ax +by | x,y € Z, ax + by > 0}.



This set is bounded from below and a? + b? is an element of this set. Therefore the
minimum exists, and let m = au + bv be this minimum. Since ged(a,b) is a positive
divisor of m > 0, it is true that ged(a,b) < m. If we can prove that m is a divisor of
both a and b then m < ged(a,b) must hold, so finally we get m = ged(a,b). Assuming
in contrary that m is not a divisor of b, an application of 2.1 leads to b = gm + r with
integers ¢, r such that 0 < r < m. Then r can be written as

r=0b—qm=">b—qlau+ bv) = —auq + b(1 — qu).

Hence r is a positive integer less than m which can be expressed as a linear combination
of @ and b. This is a contradiction to choosing m as the smallest positive element with
this property. This contradiction was caused by the assumption m } b, consequently m
divides b. The same arguments can be used in order to prove that m | @ and the proof
is finished. O

Two elements a,b € 7 are called relatively prime if and only if ged(a, b) = 1.
The least common multiple of a,b € Z \ {0} is the smallest integer n € N such that
both a and b are divisors of n.

lem(a, b) := min {n EN |a|nandb| n}

Since |ab] > 0 is a common multiple of @ and b and N is bounded from below, this
minimum exists and it is uniquely defined.
The following propositions will be useful in various places:

2.3 Lemma. Leta,b € Z such that not both of them are equal to zero.
a b _
1. Then gcd(—gcd(a’b)7 —gcd(mb)) = 1.
Let ¢ € N then cged(a,b) = ged(ac, be).
Ifa#0%#band c €N then clem(a,b) = lem(ac, be).

If ged(a,b) =1 and ¢ € Z such that a | be then a | c.

ged(a, b) = ged(a + ¢b,b) for c € 7.

The next lemma describes an interesting relationship between ged(a, b) and lem(a, b).
2.4 Lemma. Fora,be 7 \ {0} it is always true that
|ab| = lem(a, b) ged(a, b).

Proof. Without loss of generality we can assume that both a and b are positive.
Consider first the case that ged(a, b) = 1. From a | lem(a, b) it is obvious that lem(a, b) =
ac for some ¢ € N. Since b | lem(a,b) = ac and ged(a,b) = 1 it follows from 2.3 that
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b|c,i. e. there is some d € N such that ¢ = bd. Finally we derive that lem(a,b) = abd
for some d € N, but lem(a, b) < ab, therefore d =1 and lem(a, b) = ab.

For the general case let g := ged(a,b), then from 2.3 it follows that ged (3, g) = 1.
The first part of this proof shows that

Multiplying this equation by ¢? and applying 2.3 yields

9 a b
g~ lem(—, —) = glem(a, b) = ab,
(g g) (a,b)

which completes the proof since g = ged(a, b). o

An integer p > 1 is called a prime number if and only if the set of divisors of p is
given by D(p) = {£1,£p}. For a prime p it is obvious that ged(a,p) # 1 if and only if
a is a multiple of p and in that case ged(a, p) = p.

2.5 Lemma. For an integer p > 1 the following two statements are equivalent:

1. p is a prime number.

2. If p divides the product of two integers a and b then p | a or p|b.

Proof. If pis a prime, p | ab and p fa then ged(a,p) = 1. According to 2.3 p | b.

For proving that 2. implies 1., assume that p is not a prime, whence p can be written
as p = ab such that 1 < a,b < p. Moreover since p divides ab we deduce from 2. that
p | aor p|b, but this is not possible because of a < p and b < p. Thus we end up with
a contradiction which was caused by the assumption that p is not prime. O

The next theorem describes the important role of prime numbers.

2.6. Fundamental theorem of arithmetics. Any integer n > 1 can be expressed as
a product of finitely many primes. If there exist two representations of n as a product
of prime numbers n = py---pr = q1---q then | =k and there is a permutation m € S,
such that p; = qx ).

Proof. We apply induction on n in order to show that each n > 1 can be expressed
as a product of primes. In the case n = 2 it is possible to set £k = 1 and p; = 2 and
we are done. Let n > 2 and assume that each integer m (such that 2 < m < n) can be
expressed as a product of finitely many primes. Now two cases must be distinguished.
Either there is a non-trivial divisor a of n, thus n = ab for 1 < a,b < n. According to the
assumption both a and b can be expressed as products of finitely many primes, therefore
the same holds for n = ab. Or in the second case there does not exist a non-trivial
divisor of n, hence the positive divisors of n are just 1 and n, so n is a prime and similar
to the case n = 2 we can put k =1 and p; = n.

11



Now assume that there are two possibilities to write n as a product of primes: n =
PP = q1---q. Here we apply induction on k. If £ = 1 then p; = ¢, ---q;, hence
¢; | p1 for all i. Since p; is prime, [ = 1 and p; = ¢;. Now assume that k > 1 and that
each product of £—1 primes is unique with exception of the ordering of the factors in this
product. Then [ > 1 and the prime number p; divides ¢ - - - ¢;. According to 2.5 there
exists j € [ such that py | ¢;. Since g; is a prime, p, = ¢;. Without loss of generality
j = [ and therefore p, = ¢;. As a consequence

n
— =P1 " Pk-1=q1" Q11
Pk

can be written as a product of k£ — 1 primes. From the induction assumption we deduce
that k —1 = [ — 1 and that there is a permutation p € Sp_; such that p; = g, for

i < k. Immediately we have k = [. Now define 7 € S by m(i) = p(i) for 1 <i < k and
m(k) =k, then p; = ¢ for 1 <i < k. O

As a consequence of 2.6 each integer n > 1 can uniquely be written as

2.7 n = ﬁp;“
i=1

for some integer r € N, prime numbers p; < py < ... < p, and integers a; > 0.
As we will see in 4.2 the elements in Z,, relatively prime to n are of particular interest.
Their number is expressed by the Fuler function ¢. For n € N it is defined by

p(n) =i 0<i<n, ged(i,n) =1} = {i € Z, [ ged(i, n) = 1}].
2.8 Lemma. The Fuler function has the following properties:

1. (1) =1.
2. o(p*) = p*t(p—1) for any prime p and any integer a € N.

3. Let p be a prime and n a positive integer. Then

_J p=Dep(n) ifpfn
Pnp) = { pp(n) ifp|n.

4. If the integer n > 1 has the (unique) factorization 2.7 into primes then
p(n) =] pi " (0 — D).
i=1

Proof. The first item follows directly from the definition of ¢. In order to prove the
second item let @ € N, then ged(i,p*) # 1 for an integer ¢ if and only if 7 is a multiple
of p. The set of non-negative multiples of p less than p® is given by {jp | 0 < j < p®~'}.
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It is of cardinality p®~'. Consequently there are p® — p*~! = p®(p — 1) elements
i€{0,1,...,p"* — 1} such that ged(i,p*) = 1.

In order to prove the third item we have to investigate two cases. If p is not a divisor
of n then the set of all divisors of np is the disjoint union of D(n), the set of all divisors
of n, and p-D(n) = {pd | d € D(n)}. And ged(i,np) is different from 1 if and only if 7 is
a multiple of p or ged(i, n) is different from 1. (This can be proved in the following way:
If ged(i,np) =d # 1 and p Ji then p fd, hence d is a divisor of n which implies that
ged(i,n) = d # 1. Conversely, if ¢ is a multiple of p then p divides ged(i, np). Finally
from ged(i,n) # 1 it follows immediately that ged(i, np) # 1.) For that reason let S be
the set {i € Z,, | ged(i,n) # 1} then 2.3 shows that

{i € Zny | ged(i,np) =1} = Z, \ ({kp |0 <k <n}U{kn+i|0<k<p, 1 €S}).

After having subtracted from Z,, all the n multiples of p and the p(n — ¢(n)) elements
in Z,, which are not relatively prime to n we have to add those elements of Z,, again
which are both multiples of p and which are not relatively prime to n. These are the
n — ¢(n) elements of {ip | i € S}, such that we finally get

p(np) =np —n —p(n —pn)) +(n—en)) = (p—1pn).

If p is a divisor of n then ged(i,np) = 1 if and only if ged(i,n) = 1. (If ged(i, np) = 1
then it is obvious that ged(i,n) = 1. Conversely, if ged(i,n) = 1 it is clear that p Jn
which implies that ¢ is not a multiple of p, so ged(i,p) = 1 and ged(i,np) = 1.) Hence
©(pn) is the cardinality of the set {kn+i|0 <k <p, i ¢ S} which is pp(n). Induction
over r (the number of different prime divisors of n) proves the last item of this lemma.
In the second item the proof was given for r = 1. Let » > 1 and let n' = H:;ll pi*. From
the third item we know that ¢(p,n') = (p. — 1)p(n’) and by induction on k it follows
that o(pfn’) = pF=L(p, — 1)p(n') = o(p¥)p(n’). Applying the induction hypothesis to
©(n') finishes the proof. o

2.9 Corollary. Let d be a positive divisor of n € N then the number of elements i € Z,
such that ged(i,n) = d is p(%5).

Proof. Since ged(i,n) = d if and only if gcd(%, Z) =1 (cf. 2.3) the number of integers
i € Z, such that ged(i,n) = d is equal to

{ie 21wy 5y =1f| = |{i € Zuatweati By =1} = o)
and the proof is finished. ]

Let a,b € Z and n € N. Then a is congruent to b modulo n if and only if n is a
divisor of the difference a — b.

a=bmodn:<=n|(a—>b)
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This is an equivalence relation on Z. (An equivalence relation on a set X is a subset R of
X x X with the following properties. Reflexivity: (z,z) € R for all x € R. Symmetry: If
(x,y) € R then (y,z) € R. Transitivity: If (z,y) and (y, z) € R then (z,2) € R. Usually
we write x Ry instead of (x,y) € R in order to indicate that = and y are equivalent. The
equivalence class of x is the set of all y such that (z,y) € R. The equivalence classes of
two elements 1, xo are either equal (then (z1,25) € R, i. e. x; and x4 are equivalent),
or they are disjoint (when x; is not equivalent to z5).)

The equivalence classes of congruence modulo n are the sets i+nZ = {i +nz | z € Z}.
It follows from the Division Algorithm 2.1 that the elements of Z, = {0,1,...,n — 1}
form a complete set of representatives of these equivalence classes.

2.10 Lemma. For a,b,c € Z and n € N the cancellation law holds:

ac=bemod n <= a = bmod — .

ged(c,n)
Proof. An application of 2.3 yields: ac = bcmodn <= n | (ac — bc) <= n |
(a—b)c <= m | (a — b)gcd(cc’n) — gcd?c’n) | (a —b) <= a=0bmod m. ]

Next we solve linear congruences of the form a-x = ¢ mod n for a,c € Z and n € N.
An integer b is a solution of this congruence if and only if ab = ¢ mod n. If b is a solution
of this congruence then each integer of the form b+ zn for z € Z is also a solution of it.
Therefore we are mainly interested in incongruent solutions modulo n. These are the
solutions in a complete set of representatives modulo n, for instance the solutions in Z,,.

2.11 Theorem. Let a,c € Z and n € N. The linear congruence a - x = ¢ mod n has a
solution if and only if ged(a,n) divides c.

If the linear congruence has a solution then there exist ged(a,n) solutions which are
incongruent modulo n. (In other words, if gcd(a,n) | ¢ then there exist ged(a, n) different
solutions in Z,.)

Proof. If the linear congruence has a solution, i. e. ab = ¢ mod n for b € Z, then n
divides ab—c. So there is d € Z such that nd = ab—c or nd—ab = —c. Since ged(a, n) di-
vides the left-hand side it must divide the right-hand side as well, consequently ged(a, n)
is a divisor of c.

Conversely, if ged(a,n) divides ¢, then define a' := —— ¢ 1= —F—
ged(a,n) ged(a,n)
sed(amy- Due to this construction (see 2.3) ged(a’,n') = 1 and from 2.10 we conclude

that for z € Z
2.12 az=cmodn <= d'z=c modn'.

and n' =

An application of Bezout’s Identity 2.2 to ged(a’,n") = 1 shows that there exist integers
u,v such that a’u + n'v = 1, thus there exists a” € {1,2,...,n' — 1} such that d'a” =
1 mod n'/. The second congruence in 2.12 has a solution of the form a”¢, since a'a”’c =
1 = ¢ mod n'. The set of all solutions (in Z,) of the congruence on the left side of 2.12

is then given as
{a"d +kn' | k=0,1,...,gcd(a,n) — 1}.
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Finally we solve systems of simultaneous congruences: Before doing this we introduce

for r > 2 the least common multiple of numbers ny,...,n, € Z \ {0}. It is recursively
defined by

lem(ny, ..., n,) =lem(lem(ny, ..., n.—_1),n,).

2.13 Lemma. Let r > 2 and nq,...,n, € N, such that ged(n;,n;) =1 for all i # j.
Then ny - --n, = lem(ny,...,n,).

2.14 Lemma. Let ny,...,n, €N and z,2 € Z then
z=zZ modn; fori=1,...,r <= 2z =2 mod lem(ny,...,n,).

2.15 Theorem. Let ny,...,n, € N and ay,...,a, € Z such that ged(n;,n;) =1 for all
1 # j, then the following system of congruences

2.16 r=a;modn; fori=1,...r
has a solution. Moreover two different solutions of 2.16 are congruent modulo ny - --n,.

Proof. Letn :=n;---n, then gcd(:-,n;) = 1 for all j. Bezout’s Identity 2.2 guarantees
J
that there exist integers b; such that *-b; = 1 mod n;. Since furthermore -b; = 0 mod
J

n; for © # j the integer ’
)
z = E —b,a;
Apey 5
j=1

is a solution of 2.16. If 2’ is an arbitrary solution of 2.16, then 2’ = z mod n; for all .
In 2.13 and 2.14 it is shown that

Y =zmodn<= 2 =zmodn; fori=1,...,r.

3 Groups and group actions

In this section the very important notion of groups is introduced. We learn some basic
facts about groups, subgroups, permutation groups and group actions. As was already
mentioned the notion of group actions is later used for introducing the n-scale Z,, and
for describing when motives are regarded to be similar or equivalent. In general the set
of all (symmetry) operations on a set X forms a group called the symmetry group of X.

An inner composition on a set X is a mapping x from X x X to X. For z1,25 € X
we usually write z1 * x5 instead of x(x1, z3). For instance addition + and multiplication
- are inner compositions on sets like N, Z or Q.

A set G together with an inner composition % is a group (G,*) if and only if the
following axioms hold.
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e x is an associative composition, i. e. g1 *(ga*g3) = (g1*ga)* g3 for all g1, g2, g3 € G.
e There exists an identity element e € G such that exg=gxe =g for all g € G.

e For all g € GG there exists an inverse element ¢’ such that gx g = ¢ xg =e.

If moreover this composition is commutative, i. e. g1 x go = gox g1 for all g1, g € G, then
G is called a commutative group or an Abelian group.

3.1 Examples.

1. The set Z together with + is a commutative group. The identity element is 0, the
inverse of z € Z is —z. Using the same arguments you can show that (Q,+) is a
commutative group.

2. The set Q \ {0} together with - is a commutative group. The identity element is
1, the inverse of ¢ € Q \ {0} is ¢! = 1/¢q. Why is (Q, ) not a group?

3. Define on Z,, an inner composition (an sum) by

a@b::{a+b ifatb<n for a,b € Z,,

a+b—n ifa+b>n

then (Z,,®) is a commutative group. From the definition it is clear that a ® b =
a+ b mod n. For the rest of this paper we rather use + instead of @ for indicating
this composition.

4. The symmetric group Sx together with o, the composition of mappings, is a group.
(Hence it makes sense to call it a group.) In general this group is not commutative.
<

For simplifying the notation we usually use the notation of a multiplicative group
(G,-) or just G. Instead of g - h we write gh, for g,h € G. Then the identity element is
denoted by 1 and the inverse of g by g~ !.

A subset U of a group (G, -) is called a subgroup of G if and only if (U, -) is a group as
well, which will be indicated as U < . Since U must contain an identity element, U is
different from (). Moreover the identity element of G is the same as the identity element
of U. Trivial subgroups of G are G or the group consisting of the identity element only.
For instance (Z,+) is a non-trivial subgroup of (Q, +).

The set of all subgroups of a group G is indicated by L(G). This set is called the
subgroup lattice of G.

L(G)={U | U <G}

The cardinality |U| of a (finite) subgroup U of G is called the order of U. The following
characterization of subgroups of G is often very useful.

3.2 Lemma. A subset U of a group G is a subgroup of G if and only if U is not empty
and for all g,h € U the element g~*h is also in U.
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Proof. Let U be a subgroup of GG then the identity element 1 of G also belongs to U,
therefore U # (). The inverse of g € U must belong to U, so the product ¢g~'h is in U as
well.

Let U be a non-empty subset of GG then there exists some g € U. According to the
assumption g 'g = 1 € U, i. e. the identity element of G is in U and it is the identity
element of U. For each g € U the inverse of ¢ is also in U, since g7'1 = g~ € U. The
multiplication is an inner composition on U since for all g, h € U the element ¢~ € U
and (since the inverse of g~! is ¢) the product gh € U. The multiplication is associative

in U, since it is associative in G. This proves that U is a group, whence U is a subgroup
of G. -

3.3 Lemma. ForU C L(G), the intersection

V=[\U

veld

of subgroups U of a group G is again a subgroup of G. (In other words, the intersection
N is an inner composition on L(G).)

Proof. The characterization 3.2 can be applied in order to show that V' is a subgroup of
G. The set V is not empty since the identity element 1 of G lies in each of the subgroups
U, thus 1 € V. Take two elements g, h of V', then g,h € U for all U € U. Since these
U are subgroups, g 'h is also an element of U for all U € U, consequently g~ 'h € V.

i

For a given subset S of a group G the subgroup (S) generated by S is defined by

(S) = ﬂ U.

U<aG
SCU

From this definition it is clear that (S) is the intersection of all subgroups of G which
contain S. According to 3.3 it is the smallest subgroup of G which contains S. If S
consists of only one element, i. e. S = {g} for some g € G, then the group (g) := ({g})
is called a cyclic group generated by g.

3.4 Example.

1. The cyclic group U := (g) < G is given by

U={g|z€z},
where ¢g* is defined by
1 if2z=0
g =<K glg ifz>1

(g72) " ifz<0.
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This set U is a subgroup of G by 3.2 since 1 € U and g~ ¢g*2 = g~ *7*2 € U for all
21,22 € Z. And U is the smallest subgroup of G containing g, since together with
g all the powers g" (for n € Ng) of g and all the powers (¢~ )" = g~ of g~ must
belong to U.

If GG is finite then it is enough to consider the positive powers g” of g. Since the set
{g" | n € N} is a subset of the finite set GG, there must be some natural numbers
i,7 € N such that i < j and ¢° = ¢. Multiplying both sides with ¢~ we get
1 =¢° = ¢’~". Let k be the smallest positive integer such that ¢* =1,

k:=min{n e N | g" =1},

then (g) is of order k and the elements of this subgroup are given as (g) =
{g.9% ...,g"}. The identity element is g* and the inverse of g’ for 1 <i < k —1
is g*~%. The integer k is called the order of g in G.

2. The permutation group C,, := ((1,2,...,n)) is a cyclic group of order n. It is
generated by the cyclic permutation 7 := (1,2,...,n). The elements of C,, can be
seen as all possibilities of rotating a regular n-gon.

1
s

Figure 1: Cyeclic shifts in a regular 5-gon.

3. For n > 3 the group D,, := ((1,2,...,n),(1,n)(2,n — 1)...) is called a dihedral
group. It is of order 2n. Let m and o denote the two generators of D,,, where 7 is
the cycle of length n, then depending on n the permutation o is of the form

. { (L,n)(2,n—1)... (%52, 28) (=) if nis odd
(L,n)(2,n—1)...(5,5+1) if n is even.

Since 0 o™ = 7! 0 0, each element in D, can be written as 7*¢7 such that
ke {0,1,...,n—1} and j € {0,1}. The elements of D, can be seen as all
possibilities of rotating and reflecting a regular n-gon. The reflections are the
elements of the form 7*c. If n is odd then each reflection consists of exactly
1 fixed point and ”T’l transpositions. If n is even then there are 7 reflections
consisting of § transpositions, and 7 reflections consisting of two fixed points and
5 — 1 transpositions. (For more details see the proof of 5.7.) &

A mapping ¢: G — H from a group (G, *) to a group (H, ) is a group homomorphism

if and only if for all g;, go € G the following identity holds:

P(g1 % g2) = ¢(g1) * (g2)-

18
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Figure 2: Reflections in regular 4- and 5-gons.

The image ¢(U) of a subgroup U of G is a subgroup of H. A bijective group homomor-
phism G — H is called a group isomorphism. If there exists an isomorphism from G to
H then the groups G and H are called isomorphic. If G = H then a homomorphism is
called an endomorphism, and bijective endomorphisms are called automorphisms.

3.5 Lemma. The symmetric group Sx of a set of cardinality n is isomorphic to the
symmetric group Sy.

Proof. Since |X| = n there is a bijection f: X — n. For 7 € S, the composition
f~tomo f is a bijective mapping from X to X, whence it is an element of Sx. For that
reason the mapping

¢: S, — Sx, T ¢(m)i=flomof

is well defined. We show that it is a group isomorphism between S, and Sx. It is
a homomorphism since ¢(m om) = flo(mom)of = flomoid,omo f =
(ftomof)o(ftomof)=¢(m)o ¢(m) for m,ms € S,. It is bijective since the
mapping

:Sx — Sy, T ah(n) = fomo f1

fulfils ¢ o ¢ = idg, and 1 o ¢ = idg,. i

From the last lemma we deduce that the symmetric group Sy of a set X of cardinality
n is already described by the symmetric group S,,.

There are various possibilities to construct new groups from given groups. A very
simple and basic construction is the following:

3.6 Lemma. The Cartesian product H x G of two groups (G, ) and (H,*) together
with the following composition

(h1,91)(h2, g2) := (hy * ha, g1 % g2)
s a group, the direct product of H and G.

Now when discussing group actions of a group G on a set X we meet another kind
of composition an outer composition. A group element ¢ is composed with an element
x € X in order to get a new element gx of X. This composition of g and x must follow
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certain rules in order to be a group action. The identity element 1 € G may not change
an element of X; and when applying the product gog; (of two group elements) to an
element z it must be the same as first applying ¢g; to = (in order to get g;x) and then
go to gix. These properties are collected in the next definition. A group action X of
the group G on the set X is given by a mapping

GxX— X, (9,7) — gm,

which fulfils 1z = z and (g291)x = g2(g1x) for all x € X and ¢1, 92 € G. A group action
is called finite if both G and X are finite.

3.7 Lemma. A group action X determines a group homomorphism ¢ from G to the
symmetric group Sx by

¢:G_)SX7 gHQS(g) = [x'_)gx]a
which is called a permutation representation of G on X.

Usually ¢(g) is abbreviated by g, which is the permutation of X that maps x to gz. For
instance 1 is always the identity on X. Accordingly the image ¢(G) is indicated by G.
It is a permutation group on X, i. e. a subgroup of Sx. If X is finite then G is finite
since it is a subgroup of the symmetric group Sx which is of cardinality |X|!. Hence
whenever X is finite we can speak of a finite group action.

3.8 Examples.

1. A trivial action of an arbitrary group G on a set X is given by (g, T) b gr =x
for all g € G and = € X. In this situation G = {idx}.

2. Another trivial example of an action of a subgroup U of Sx on X is given by
(m,2) — mx ;= w(x) for all # € U. In this situation U = U. <

Before describing some more interesting examples of group actions we investigate certain
structures which are induced by group actions. A group action ¢X defines the following
equivalence relation on X. x; ~g xo if and only if there is some ¢ € G such that
xo = gx1. The equivalence classes G(z) with respect to ~¢ are the orbits of G on X,

G(x) ={gr| g€ G}.
The set of all orbits is denoted by
G\X ={G(z) |z € X}.
For each z € X the stabilizer G, of x
Gy ={g€CG|gr=ua}
is a subgroup of G. Finally the set of all fized points of g € G is denoted by
X, ={re X |gr=u}.

Here are some more examples of group actions.
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3.9 Examples.

1. A subgroup U of G acts on G by multiplication from the left
UxG— G, (u, g) — ug.

The orbit U(g) is the right-coset Ug := {ug | v € U} and G is the disjoint union
of the different orbits Ug in U\\G which is usually written as U\G. If G is finite
then each orbit Ug consists of |U| elements and |G| = |[U\\G| - |U|. This way we
proved that the order of any subgroup U of a finite group G is a divisor of |G|.
Moreover the order of g € G equals the order of the subgroup (g), thus it is also
a divisor of |G].

The subgroup U also acts from the right on G,

UxG—G,  (ug)—gu’,

the orbits are the left-cosets gU and U\\G = G/U.

2. A group G acts on itself by conjugation
GxG— G, (g,h) — ghg™'.

The orbit G(h) = {ghg™' | g € G} is the conjugacy class of h. The stabilizer of h
is the set {g € G | gh = hg}. The set of fixed points of g is {h € G | gh = hg}.

3. A group G acts on the subgroup lattice L(G) by conjugation
Gx L(G) = L(G),  (9,U) = gUg™" :={gug™ [uecU}.

The orbit G(U) is the conjugacy class U := {gUg™" | g € G}. The stabilizer of U
is the normalizer Ng(U) :={g € G | gU =Ug} of U.

4. Let ¢X be a group action, then G acts on YX by

3.10 GxY¥=Y* (g, f)— fog !,

where § is the permutation representation of ¢ acting on X. f o g! is again a

function from X to Y, since (fog ') (z) = f(g ' (x)) = f(¢7'z) for x € X. The
set of fixed points of ¢ is the set of all functions f which are constant on the cycles
(in the cycle decomposition) of g.

5. Let yY be a group action, then H acts on Y~ by

HxY* =YX (h,f) — hof,

where (ho f)(z) = h(f(x)) = hf(z) for all z € X.
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6. Let ¢X and Y be group actions, then the direct product H x G acts on YX by
(HxG)xY* =Y¥,  ((hg), )= hofog™
The orbits of f € YX defined by the last three group actions are usually called symmetry
types of mappings. &
Often these group actions occur in a very natural way.

3.11 Lemma. Let X be a group action. Then the stabilizer of y = gx s of the form
gGLg™1, i. e. it is conjugate to G,. Moreover the stabilizers of all elements in the orbit
G(z) of © form the complete conjugacy class G, of the subgroup G, of G.

There is an interesting connection between stabilizers and orbits under a given group
action.

3.12 Lemma. If G acts on X then the mapping
f:G(x) = G/Gy, gz — f(gz) = gG,

is a bijection between G(X) and the set of all left-cosets of G,. If G is a finite group
then
|G|

GX)] = 1G/G.| = Gl

Proof. First we have to prove that f is well defined, i. e. the definition of f does not
depend on the special way of describing an element of G(z) in the form gz. Assume that
g,h € G such that gr = hx. Then the following chain of equivalent statements holds:

gr = hr <= h'gr = v <= h™'g € G, <= ¢G, = hG, <= f(gz) = f(hz).

Reading this sequence from left to right we deduce that f is well defined and reading it
from right to left we get that f is injective. By definition f is surjective, which finishes
the proof. ]

Now we can prove the Cauchy-Frobenius-Lemma. It is the main tool for enumeration
under group actions.

3.13. Cauchy-Frobenius-Lemma. The number of orbits under a finite group action
aX is the average number of fixed points.

G\X| = ﬁzw

geqG
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Proof. An application of 3.12 yields

Z|Xg|2221222122|g|_z !G|

geG geG z€X, z€X geGy zeX
=G ) Z =G| Y Z =G| Y 1=1G|IG\X].
weG\ X TEW weG\ X TEW weG\ X

In order to understand the last line it is important to remember that when x € w and
w € G\\X then w is the orbit G(z). m

Since we are mainly interested in the group action on Y¥ in the form 3.10 we compute
the numbers of mapping patterns in this situation.

3.14 Corollary. Let ¢ X be a finite group action and Y a finite set. Then the number
of mapping patterns under the induced action of G on YX is given by

G| = g o

geG

where ¢(g) is the number of cycles (in the cycle decomposition) of g.

Proof. A function f € Y is a fixed point of g, if and only if f(g~'z) = f(x) for all
x € X, 1. e. f is constant on each cycle of g on X. Since g decomposes into ¢(g) cycles
the proof is finished. O

Two group actions ¢ X and gY are called isomorphic if and only if there is a bijection
f: X — Y and a group isomorphism ¢: G — H such that f(gx) = ¢(g)f(x) forallg € G
and r € X.

4 The n-scale Z,

In this section we give a mathematical description of an n-scale (where n is an arbitrary
positive integer) which is a generalization of the tempered 12-scale that is commonly
used in western music. In our model of an n-scale in each octave there are exactly n
tones, which are equally distributed over each octave. We label these tones with the
integer numbers in Z. For doing this first choose an arbitrary tone (for instance c¢!) and
label it with 0. Then stepping up from one tone to the next we increase the labels by
one, and stepping down we decrease them. This way we get a bijection between the set
of all tones and the set of all integer numbers 7Z. (It is important to mention that there
is no difference between tones like c-sharp or d-flat. They are considered to be the same
tones.) When speaking about tones we use their labels for identifying them.

Often for investigations in music theory it is not important which octave a special
tone belongs to, for that reason all tones, which are any number of octaves apart, are
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collected into one pitch-class, ending up in exactly n pitch-classes in an n-scale. This can
be done by introducing a group action on z. It is already known that (z,+) is a group.
The set nZ := {nz | z € Z} is a subgroup of it. As was described in the first item of 3.9
the subgroup n% can be used for defining a group action on Z. The orbits correspond
to the cosets of the form i + nZ = {i + nz | z € z}. Consequently all tones with labels
in this set are collected to one class, a pitch-class. These are just the tones which differ
from the tone ¢ any number of octaves. Since the action above is not a finite group
action the Cauchy-Frobenius-Lemma cannot be applied for determining the number of
these orbits. But it is not difficult to deduce that the set of orbits (we introduced the
notation Z /nz) consists of exactly n elements. To be more precise

4.1 z/nZ ={i+nZ|0<i<n}

and as a standard representative of z + nZ we choose ¢ € z + nZ such that 0 <1 < n.
The following figure shows a part of the chromatic scale, together with the labelling
of the tones in Z and with the pitch-class numbers at the top.
9 10110 1 2 3 4 5 6 7 8 9 10 11 0 1
3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13
O

m o O #1O
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On the set Z /nZ an inner composition @ is defined by setting i + nZ @ j + nz :=
(1 4+ 7) + nz. First we have to prove that @ is well defined, i. e. this definition does
not depend on the special choice of ¢ and j in ¢ + nZ or j +nZ. Let ¢/ € i +nZ and
j' € j+ nZ then there are z1, 23 € Z such that i =i+ nz; and j' = j + nzy. From the
following computations we see that & is well defined. i +nz &5 +nz = (' +j') +nz =
(i+nz1+j+nz)+nz=0G0+j)+n(z1+2)+nZ=((+j)+nZ =i+nZ dj+nZ.
It is possible to prove that (Z /nZ,®) is a group. Moreover the mapping

G:7/nl — Zy, i+nZ— ¢(i+nZ) =i

is a bijection and ¢(i +nZ @ j+nZ) = ¢(i +nZ)+ ¢(j +nz). In the third item of 3.1 it
was shown that (Z,,, +) is a group, therefore ¢ is a group isomorphism, and it is possible
to identify these two groups. This way we proved that the n-scale has the structure of
L.

There is also another inner composition on Z /nZ, a multiplication i +nZ ® j+nZ :=
17 +nZ. Using the same methods as above it is possible to show that this multiplication
is well defined, i. e. it does not depend on the special choice i of the representative of
1+ nZ. The standard representative of ij + nZ can be computed as ij mod n. Via the
bijection ¢ we can transport this multiplication ® on Z /nZ to a multiplication - in Z,.

As a matter of fact the structure of Z, is richer than just the structure of a group. A
set (R, +, ) with two inner compositions + and - is called a ring if the following axioms
are satisfied:

e (R, +) is a commutative group.
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e The multiplication - is associative, i. e. ry-(ry-13) = (r1:79) 73 for all ri, 9,73 € R.

e The two distributivity laws hold for all r{,ry,r3 € R.
(T1+T2) ‘T3 = (7”1 '7"3) -+ (7”2 'Tg) r - (T2+T3> = (7“1 "1"2) -+ (7”1 '7”3)

Instead of writing ry - 7o we usually use r175. And as we are used from normal com-
putations in Q we assume that first we have to do all the multiplications, later the
summation. Thus rire + ri73 stands for (ry - o) + (11 - 73).

If there exists an identity element with respect to -, this element is usually called
1, we say that the ring R has a 1-element. If the multiplication is commutative, R is
called a commutative ring. An element r € R\ {0} is called a zero-divisor if there exists
an ' € R\ {0} such that " = r'r = 0. (It is important to note that 0 is the identity
element in the group (R, +).) An element a of a ring R with 1 is called a unit element
if and only if there is an element b € R such that ab = ba = 1. The set of all units in R
is denoted by R*.

A trivial example of a ring is the O-ring, it consists only of one element, R = {0}.
It has a l-element, which is the same as the 0-element, it is commutative and has no
zero-divisors. Other well known examples of commutative rings with 1 are (Z,+,-) or
(Q7 +, )

A subset S of a ring R is called a sub-ring if and only if S together with the two
compositions defined for R is a ring. For instance Z is a sub-ring of Q and the 0O-ring is
sub-ring of any ring R.

A mapping ¢ from a ring (R, +, ) to a ring (S, ®, ®) is a ring homomorphism if and
only if ¢(ry +12) = ¢(r1) ® é(r2) and ¢(ry - re) = ¢(r1) © ¢(r2) for all ry, 7y € R. If ¢ is

bijective it is called a ring isomorphism.

4.2 Lemma. The set Z,, together with the two inner compositions + and - is a commu-
tative ring with 1. It is called the residue-class-ring of Z modulo nZ. The set of units in
Z, can be characterized as

Zr={a € Z, | ged(a,n) =1}.

4.3 Example. The ring Z,. For obvious reason we are mainly interested in the
ring Z15. Now we take a closer look to its elements and the two inner compositions
on Zio. In finite rings it is possible to write down composition tables for the different
inner compositions. In the upper left corner of these tables the inner composition * is
indicated. The columns and rows of these tables are labelled by the elements of the ring.
The entry in the line labelled by r and in the column labelled by s is given by r*s. Here
are these tables for addition and multiplication in Zs.
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+]0o 1 2 3 4 5 6 7 8 9 10 11
ofo 1 2 3 4 5 6 7 8 9 10 11
101 2 3 4 5 6 7 8 9 10 11 0
2102 3 4 5 6 7 8 9 10 11 0 1
3/3 4 5 6 7 8 9 1011 0 1 2
404 5 6 7 8 9 1011 0 1 2 3
505 6 7 8 9 1011 0 1 2 3 4
6/6 7 8 9 1011 0 1 2 3 4 5
747 8 9 1011 0 1 2 3 4 5 6
88 9 1011 0 1 2 3 4 5 6 7
99 10 11 0 1 2 3 4 5 6 7 8
1010 11 0 1 2 3 4 5 6 7 8 9
1jf1r 0 1 2 3 4 5 6 7 8 9 10
o1 2 34 5 6 7 89 10 11
0fo 0 000 00 O0O0O0 0 O
1/0 1 2 34 5 6 7 89 10 11
210 2 4 6 810 0 2 46 8 10
3]0 3 6 90 3 6 9 03 6 9
410 4 8 04 8 0 4 80 4 8
5010 5 10 38 1 611 49 2 7
6/0 6 0 60 6 0 6 06 0 6
710 7 2 94116 1 8 310 5
80 8 4 08 4 0 8 40 8 4
910 9 6 30 9 6 3 09 6 3
10[0 10 8 6 4 2 0 10 8 6 4 2
110 11 10 9 8 7 6 5 4 3 2 1

From the second table we deduce that the elements 1, 5, 7 and 11 are the unit elements
in Zj,, since there is a 1 in the corresponding rows and columns of the multiplication
table. Moreover we realize that in each of these rows or columns all elements of Z;s
occur. The other elements are zero-divisors, since 2-6 =0, 3-4 =0, 8-9 = 0 and
10-6 = 0. The columns or rows corresponding to zero-divisors do not contain all elements
of Zis. o

4.4 Lemma. The Cartesian product R x S of two rings R and S is together with the
two compositions

(r1,81) 4 (re, $2) := (r1 + 12, 51 + S2) and (r1,1) - (re, $2) 1= (ri79, S152)

for all ri,79 € R and s1,s9 € S a ring. It has a 1-element if and only if both R and S
have a 1-element and then it is of the form (1g,1s). If R x S has a 1-element then the
set of unit elements is given by

(RxS) =R"xS"
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This product of two rings can be generalized to a product of finitely many rings.
Let n > 1 then in 2.6 it was proved that each n > 1 can uniquely be written as a
product of primes of the form 2.7.

4.5 Lemma. The following mapping ¢ defines a ring isomorphism from Z, to the product
of the rings Z .

r
¢Z Zn — Zp‘lll X Zpgz X ... X Zpgr = )(IZp;zl
1=

Jj— o(7) := (j mod pi*, j mod p3?, ..., j mod p2")

Proof. ¢ is a ring homomorphism since ¢(j; + ja) = ¢(j1) + ¢(j2) and ¢(jij2) =
d(71)9(jo) for all 5y, jo € Z,,. Here is the proof for the second statement:

®(j1J2) = (j1j2 mod pi*, j1j2 mod p5?, ..., j1j2 mod pi") =

= ((j1 mod pi")(j2 mod p7'), (j1 mod p5°)(j2 mod p3*), ..., (j1 mod p}")(j2 mod pi")) =
= (j1 mod p{*, j1 mod py*, ..., j1 mod pi")(j2 mod pi', jo mod p3°, ..., j» mod pi7) =

= ¢(J1)9(J2)-
In order to prove that ¢ is surjective 2.15 is applied. Since ged(py”, p?j) =1 for i # j,
for each choice (ji,...,jr) € Xij_; Z,e there exists exactly one j € Z, such that j =
ji mod pf* for 1 <@ < r, thus ¢(j) = (j1,-..,Jr). Moreover X;_; Z, is of cardinality

[I;_,pj" = n, the cardinality of Z,, consequently ¢ is also injective and the proof is
finished. i

From the mathematical point of view the rings Z, for a prime number p are very
interesting. According to 4.2 the set of units in Z, is Z, \ {0}. In general rings R with
1 and with the additional property that each element in R \ {0} is a unit element are
called fields. Consequently a set F' with two inner compositions 4+ and - is a field if and
only if the following axioms hold:

e (F,+) is an commutative group.

o (F\{0},-) is a group.
e For ry,ry,r3 € F' the distributivity laws hold:

(r1 4+ 19)rs = r1r3 + rorg and ri(rq + r3) = 1172 + 7173,
If the multiplication is also commutative, then F'is called a commutative field.

As we realized above for n € N the ring Z,, is a commutative field if and only if n is
a prime number. From the prime number decomposition of 12 we get that

Zig = 43 X Zy,

27



where Z3 is a field, but Z, is not a field.

At the end of this section we are coming back to some objects from music theory. To
be more precise, it is described how the musical operators transposing and inversion can
be defined on an n-scale. First we realize that transposing by k tones up or down means
replacing each tone by the tone which is exactly k tones higher or lower. Since we agreed
to speak about tones by using their labels, the operation of transposing by k tones is
described by exchanging all labels z € Z by z + k or z — k respectively. Furthermore
transposing by k tones is the same as transposing k£ times by one tone. For that reason
the operator T' transposing by one tone is introduced as the following bijection

T:7 — 7, 2= T(2)=2z+1

on 7, the set of all labels of tones. Applying this operator to the elements of a pitch-
class i + nZ we get all the elements in the pitch-class (i + 1) + nZ. In other words,
T(i+nZ) = (i + 1) + nZ. For that reason it is possible to introduce the operator
transposing by one pitch-class on the set Z,,, which will also be denoted by T". Then T
is the following mapping

T:-Z, — Z,, i—T(i) =i+ 1.

It should be mentioned that i 4+ 1 in Z,, means ¢ 4+ 1 mod n. This mapping is a bijection
on Z,, in other words it is a permutation of Z,, and its standard cycle decomposition is
of the form (0,1,...,n —1). Hence T is a cycle of length n.

The musical operator inversion means that tone-steps (in a motive, in a melody or in
a tone-row) or just intervals of given size up or down, are exchanged by steps or intervals
of the same size but exchanged direction, i. e. down or up. There are two cases to be
distinguished: Either there exists a reference tone which is not changed, tones higher
than this tone are exchanged into tones lower than this tone and vice versa. Or there
are two adjacent tones which are exchanged, and simultaneously tones higher than these
two tones are exchanged into tones lower than these two tones and vice versa. Let zg be
the label of the reference tone, which is not changed, or let 2y and 2o+ 1 be the labels of
the two adjacent tones which are exchanged. In the first case let r := zy in the second
case let r := 2y + % Then the operator inversion with respect to r is defined as the
following bijection

I,:7 — 7, 2= 1.(2)=r—(z—r)=2r—=z

on Z, the set of all labels of tones. If r = zg then I,.(29) = 220 — 20 = 20 and L.(20 + k) =
220 — (20t k) =20 — k. If r = zo+% then I,(z0) =220+ 1—20 =20+ 1, [,(20+ 1) = 2o
and I.(z0 + k) =220+ 1 — (20 + k) = 20 — (k — 1). Applying I, to all elements of the
pitch-class (2r — i) + nZ we get all the elements in the pitch-class i + nZ. In other
words, I.((2r — i) + nZ) = i + nZ. Especially for r = zy = 0 the operator I, inversion
at pitch-class 0, is defined by

1.7, — Z,, i— I(i) = —i.
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It should be mentioned that —i in Z,, means —i mod n. This mapping is a bijection on
Zn, hence it is a permutation of Z,, and its standard cycle decomposition is of the form
(0)(1,n — 1)(2,n — 2).... Depending on n the permutation I decomposes into 2 fixed
points and ”T_Q transpositions if n is even, or 1 fixed point and ”T_l transpositions if n is
odd.

With these two operators we define two symmetry groups on the n-scale Z,,. First
consider the permutation group (T'). According to 3.4 it consists of all powers T* for
1 <i < n, and the operator T™ is the identity element. Since 7" stands for transposing
by one pitch-class, T* stands for transposing by 4 pitch-classes. Thus the group (T
describes all the possibilities to transpose in an n-scale. Since the mapping f: Z, — n
given by f(i) := i+ 1 is a bijection, it defines by 3.5 an isomorphism ¢ from Sz, to S,
and ¢(T") = 7 from the second item in 3.4. Consequently the image ¢((T")) is isomorphic
to the permutation group C,,. Moreover the action of (T') on Z, is isomorphic to the
action of C),, on n.

The group (7, I') consists of all possibilities to combine powers of 7" with the inversion
operator I. Applying the isomorphism ¢ from above we realize that ¢(I) = o from the
third item of 3.4. This means that (7', I) is isomorphic to the permutation group D,, and
the action of (T, I) on Z, is isomorphic to the action of D,, on n. From 3.4 we derive
that I o T =T"1 oI and that all elements of (T, I) can be written as T* o I/ such that
ke{0,1,...,n—1} and j € {0,1}.

Sometimes a symmetry of another type is applied in Z15, it is the so called quart-circle
symmetry (), which is defined by

Q: Z12 — Z1a, i — Qi) := 5.

It should be mentioned that 5¢ in Z;5 means 5¢ mod 12. In 4.3 it was shown that this
mapping is a bijection on Z;5 since 5 is a unit element in Z5, hence @) is a permutation of
Zy5. Its standard cycle decomposition is of the form (0)(1,5)(2,10)(3)(4,8)(6)(7,11)(9).
Applying @ to the chromatic scale yields a sequence of quarts 0, 5, 10, 3, .... Together
with @ usually the other operators T and I are taken into consideration as well, such
that we end up with the permutation group (7, I, Q) acting on Z;5. The product [ o Q)
equals Q o I which is called the quint-circle symmetry. Since Q oT = T° o (Q all the
elements of this group can be expressed as T* o [7 o Q' such that k € {0,1,...,11} and
J,1 € {0,1}. Therefore the group (T, I, Q) consists of 48 permutations.

From 4.3 we know that Z7,, the set of units in Zj5, is given by {1,5,7,11}. The
multiplication ¢ — 17 is the identity operator, ¢ +— 5i¢ the quart-circle symmetry @,
1 — Tt the quint-circle symmetry [ o ) and i +— 117 the inversion /. Thus there is
a second possibility to describe the action of this permutation group on Zi5. Each
permutation in (7', I, Q) can be expressed as a mapping i — ai + b such that a € Z7,
and b € Z;5 and each such mapping is an element of (T, 1, Q).

This approach can be generalized in order to define a symmetry group on the n-scale
Z,, for arbitrary n. For a € Z} and b € Z,, the mapping

4.6 Tap: Ln — Ln, i — Tap(i) :=ai+b
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is a bijection on Z,. The set Aff(Z,) := {m.p | @ € Z}, b € Z,} is a permutation group
on Z,. It is called the group of all affine mappings from Z, to Z,. The set Aff;(Z,) is
not empty since m o, the identity on Z,, is in Aff1(Z,). Let m,, € Aff;(Z,), then the
inverse (in the symmetric group Sz, ) of 7, is again in Aff;(Z,,) since it can be expressed
as m,-1 _q-1p. Finally for ¢ € Z, d € Z,, the product 7,407, is again in Aff,(Z,), since
(Tea ©Tap) (1) = Tea(map(i)) = Tealai +0) = c(ai +b) +d = (ca)i + (cb+ d) = Teaepralt)
and ca € Z! and cb+d € Z,. From 3.2 we deduce that Aff;(Z,) is a permutation group
and it acts on Z,, as was defined in 4.6. For n = 12 the group Aff;(Z2) coincides with

(T, 1,Q).

5 Pdlya’s Theorem and cycle indices

In this section we come back to enumeration under group actions. In order to get some
more information about the G-orbits on X we introduce weight functions on X. Then
the number of G-orbits of given weight is determined. This approach will be applied
for the enumeration of orbits of k-chords in an n-scale and later for the enumeration of
k-motives.

A weight function is a function w: X — R where R is a commutative ring, such that
Q is a sub-ring of R. The function w must be constant on each G-orbit on X, i. e.
w(z) = w(gz) for all g € G and x € X. Then it makes sense to define the weight of an
orbit G(z) as the weight of an arbitrary element, say z, of G(z).

5.1 w(G(x)) == w(x)

When summing up weights of G-orbits instead of counting them we derive the weighted
version of the Cauchy-Frobenius-Lemma.

5.2 Theorem. The sum of weights of G-orbits defined by the weight function 5.1 under
a finite group action X is given by

Z w(w) = |—é|z Z w(z).

weG\X geG zeXy

Proof. An application of 3.12 yields

S Y wle) = X Y wle) = Y lGudute) = X i) =

geG zeX, zeX geGy zeX
wl\r wlw
=161 Y Y=o X Y=l Y i)
weG\ X TEW weG\ X TEW weG\ X

In order to understand the last line it is important to remember that when z € w € G\\ X
then w is the orbit G(z) and w(z) = w(w). O
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The original version 3.13 of this theorem can be obtained by setting w(z) = 1 for all
reX.

A group action ¢X induces an action of G an the set YX as was described in 3.10.
Let R be a commutative ring such that Q is a sub-ring of R and let W : Y — R be an
arbitrary function. Then the function w:Y* — R defined by

5.3 w(f) = [ W(f(x))

zeX

is a weight function. It is constant on each G-orbit on Y, since multiplication in R is
commutative, and applying any group element g to a function f just leads to a reordering
of the terms in the product caused by the permutation g on X, since for any g € G we

have
=[I W@ ) =[] W) = w(f).

zeX zeX

For this situation 5.2 is rewritten in order to derive the famous theorem by G. Pdlya
(24, 23].

5.4. Pélya’s Theorem. The sum of weights of G-orbits on YX induced by a finite
group action X s given by

> = G SI(xwwr)

weG\YX geG i=1 \ycY
where (A1(9), .-, A\x|(9)) s the cycle type of the permutation g.

Proof. According to 5.2 for each g € G we have to compute ZerX w(f). We already

know that a function f is a fixed point of ¢ if and only if f is constant on the cycles of
g. As a consequence we get

Setn= &1 W=

feyyX FEYONX we(g)\ X
1X| Ai(9)
SR DSLTERI(P> w)
)\ X y€Y i=1 \yeY
and the proof is ﬁmshed. ]

Setting W (y) =1 for all y € Y Pélya’s Theorem reduces to 3.14.

The result above motivates the following definition of the cycle index of an action
¢X. It is a polynomial over Q in indeterminates zi, 2o, ..., 2;x| which collects for all
g € G the information about the cycle types of the induced permutations g on X in a
useful way. It is given by

|X|

c©x)= I

gEGz 1
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Comparing this definition with the formula in 5.4 we realize that the sum of weights
of G-orbits on Y can be computed from C(G,X) by replacing each variable z; by
> yey W(y)". This substitution is indicated as follows:

C(G, X2 = ZW

yey

Using this notation we can reformulate Pdélya’s Theorem again. For a given a finite
group action ¢ X, a finite set Y, a function W:Y — R, where R is a commutative ring,
such that Q is a sub-ring of R, and for a weight function w: Y* — R defined by 5.3, the
sum of weights of G-orbits for the action defined by 3.10 on Y ¥ is

Z ww)=C(G, X;z = ZW

weG\YX yey

In order to apply Pdlya’s Theorem the cycle indices of the acting groups must be
determined. Actually there is no general routine for computing cycle indices, it depends
on the group and the action of the group which method to use. For groups of small order
it is possible to compute the cycle type of all the induced permutations. Often it is not
necessary to compute the cycle type of g for each element g € GG. In the second item
of 3.9 the action of G on G in form of the conjugation was introduced. The orbits under
this action are the conjugacy classes in G. In 5.6 we are going to prove that conjugate
permutations g € G are of the same cycle type, therefore it is possible to compute the
cycle index in the form

| X

C(G Z\C!Hz i(gc)

CEC i=1

where C is the set of all conjugacy classes of elements of G and g¢ is an arbitrary element
of the conjugacy class C € C.

The next lemma describes a connection between the conjugacy classes of \S,, and the
cycle types of the permutations in 5,,.

5.5 Lemma. Two permutations m,0 € S, are conjugate if and only if they have the
same cycle type, i. e. N\i(m) = Ni(o) for all 1 <i <n.

Proof. Let p € S, then it is easy to show that

po(iy,...,ir)op "t = (p(ir),...,p(i))

for any cycle (iy,...,14,) of length » <n in S,. Using this result one can prove that
v=1

00 () inmti . #0070 = B pli). plri) Pl ),

In other words 7 and p o7 o p~! are of the same cycle type.
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Conversely, if 7 and o are of the same cycle type then there is a bijection B between
the sets of cycles in the decompositions of 7 and ¢ which maps a cycle in the decompo-
sition of 7 to a cycle of the same length in the decomposition of o. This bijection can
be used for defining a permutation p € S, such that porop~t = o in the following way.
Let (i1,...,i,) be a cycle of m and let B(iy,...,i,) = (j1,...,Jr) then p can be defined
on this cycle by p(ix) := jg for 1 < k < r. Now it is easy to check that p has the desired
property and the proof is finished. ]

5.6 Corollary. Let g X be a group action. If g and h are conjugate elements of G then
g and h are of the same cycle type.

In the next lemma we compute the cycle indices of the permutation groups C,, and
D,.

5.7 Lemma. The cycle indices of the permutation groups C, and D,, (cf. the second
and third item of 3.4) are given by

CTHn Z@n/d n/d

d|n
and -
1 Lo /2 if n is odd
C(D,,n) = =C(Cp,n)+<4 272, " ’
(Dn;n) 2 (G, ) { i(zfz( D242 ifn s even,

where @ is the Fuler function.

Proof. Let 7 = (1,2,...,n) be the generator of C,. For each j € {0,1,...,n— 1}
the cycle type of 7/ must be computed. The element i € n belongs to a cycle of length
k of the permutation 7/ if and only if (77)*(:) = i and (77)!(i) # i for all 1 <1 < k.
Consequently for determining the cycle length of © we have to find the smallest positive
solution of the linear congruence 7 + jx = ¢ mod n which is the same as jz = 0 mod n.
According to 2. 11 this congruence has always a solution and the smallest positive solution

is given by P d . Since the second congruence does not depend on the special choice

of 7 all elements of n belong to cycles of this length. Thus 7/ decomposes into ged(n, j)
cycles of length ( - Furthermore ged(n, j) is a divisor of n. According to 2.9, for
any divisor d of n the number of j € {0,1,...,n — 1} such that ged(n, j) = d is equal
to ¢(n/d), which proves the formula for the cycle index of C,.

The cycle types of reflections in D,, can be computed in the following way. Let
o= (l,n)o(2,n—1)o...,i. e o(i)=n+1—1i. Since Too =0 or ! each reflections
7% oo € D, is a permutation of order 2, i. e. (7¥o0c)o (7% 00) = id. Consequently
the length of each cycle in its cycle decomposition is a divisor of 2. And there is at
least one cycle of length 2 in this decomposition. For finding the fixed points of 7% o o
the congruence 2z = k + 1 mod n must be solved, since (7% o 0)(i) = i if and only if

n+1—1i+4+k =17modn. According to 2.11 this congruence has a solution if and only
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if ged(2,n) is a divisor of k + 1. And if it has a solution then there exist ged(2,n)
incongruent solution modulo n. If n is odd then ged(2,n) = 1 and 7% o o has exactly
one fixed point. If n is even then ged(2,n) = 2. In the case k + 1 is even there are two
fixed points and in the other case no fixed points of 7% o o. Since all the other elements
belong to cycles of length two the proof is finished. O

Let ¢ X and Y be two group actions then a natural action of the direct product
G x H on X XY can be described by

(GXxH)x(XxY)—=XxY  ((g9,h),(z,y)) = (g2, hy).

If = belongs to a cycle of g of length k the elements of which are the element of X' :=
{x,29,..., 2} and y belongs to a cycle of h of length [ the elements of which are the
elements of Y’ := {y,ys,...,y} then we determine the length of the cycle of (g,h)
containing (z,y) and furthermore we determine all (g, h)-cycles on X’ x Y.

All the elements of the cycle of (g, h) containing (z,y) belong to X’ x Y. The length
of this cycle is the smallest positive integer which is a multiple of k£ and [, hence it is
equal to lem(k, ). This length does not depend on the special choice of (z,y) € X' xY".
Since each element of X’ belongs to a cycle of length k and each element of Y’ to a cycle
of length [ each pair (z,y) € X’ x Y’ belongs to a cycle of length lem(k, ). Since there

are kl elements in the set X’ x Y’ it decomposes into % = ged(k, 1) cycles of length
lem(k, 1).
This motivates the following definition of a product operator, which can be found in
[14]. Let A and B be polynomials in indeterminates zi, 2, ... over Q given by
Az, 20, .. 2n) = Za(j) Hz{i,
©)) =1
B(z1, 29, ..., 2m) = Zb(k) Hzfl,
(k) i=1

where the first sum is taken over finitely many n-tuples (j) = (j1,...,jn) € Ny and the
second sum over finitely many m-tuples (k) = (ki,...,k») € N{'. Then

A(z1y oo 2p) X B(21, 0oy 2m) 1= Z Z acyba <H Z@ﬁ) X (H Z;%) ’
=1 i=1

G &)

where

and



5.8 Lemma. The cycle index of the natural action of G x H on X XY induced by two
finite actions ¢ X and gY can be expressed as

C(Gx H X xY)=C(G,X)XC(H,Y).

Applying the ring isomorphism ¢ between Z, and X{_; Z« from 4.5 to the action
of Aff,(Z,) on Z, we realize that ¢p(Aff1(Z,)) = Xi_; Aff1(Ze) acts on X{_, Z «: where

Aff1(Z,0:) acts in a natural way on Z . for i =1,2,...,7. A consequence of 5.8 is
C(Aft(Z, XC (Affy(Z ) Zp;u).

i=1
In [34] the following formulae are given for these cycle indices.
5.9 Lemma. Letp be a prime and a € N. Then the cycle index of the natural action

of AMft(Zye) on Zya is of the following form: If p =2 then

1
=(21 + 22)

C(Aff(Z,), Zy) = 5

1
C(Affl(Z4), Z4) = é(Zf + 22%22 + 32’% + 224).

and for a > 3

a—1
1 a—1i
C(Aﬁ1(22a)7 ZQQ) = (22(a 1)— 122 + Z 92(i—1) + S0(21 1)2(1 1) 2 +

92a—1
=1
i 20,71'71
S (e o) ({1)
j=1
If p s a prime number different from 2 then for a > 1

_ 2(i—1) p“—"
an 1 (Zp T

C(Aff1(Zpa), Zpa) =

a—1 i P N (p-1)/d
2 : 2 : i a—i i i1/
+ D +48(d)( )SD(P d)z z((ip (H ijd> :
j=0

i=0 dlp—1
where fd
1 ifd>1
5(d)_{0 if d=1.

Now we apply Pdlya’s Theorem for the enumeration of G-orbits of subsets of X.
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5.10 Example. Let ¢X be a finite group action, then G acts in a natural way on
P(X) :={S| S C X}, which is the set of all subsets of X. For g € G and S € P(X)
the subset ¢S of X is defined as ¢S := {gz |z € S}. Tt is possible to identify each
S C X with its characteristic function xs. This is a function from X to {0, 1} defined
by

‘ 1 ifxeS
xsle) = { 0 ifzgs.

Moreover each function f: X — {0,1} can be interpreted as the characteristic function
of the subset S = f~1({1}) of X. If the weight function W on Y = {0,1} is defined
by W(0) = 1 and W(1) = 2, where z is an indeterminate over Q, then a function
f: X — {0, 1} is the characteristic function of a k-subset of X if and only if the weight
w(f) defined by 5.3 is equal to 2*. These functions are called functions of weight k.

The group action of G on P(X) can be translated into a group action of G on {0, 1}~
in the form of 3.10 since x,s(x) = 1 if and only if 2 € ¢S or equivalently g~ 'z € S which
means that ys(g~'z) = 1. As was described in 3.10 x5(¢g~'z) = gxs(z) for all z € X,
which proves that these two actions are isomorphic. From Pélya’s Theorem we deduce
that the number of G-orbits of k-subsets of X is the coefficient of 2* in

C(G,X;z :=1+2".
O

Now this method will be applied in order to compute the number of different k-chords
in the n-scale Z,.

5.11 Example. Any k-subset of Z,, is called a k-chord in Z,. Especially 2-chords are
called intervals. As was shown in section 4 the action of the permutation groups (7'},
(T, I) or Aff1(Z,) can be motivated from music theory. Therefore it makes sense to
apply the elements of these groups to k-chords. Let G be one of these groups, then the
G-orbit G(95) of a k-chord S C Z, is the collection of all k-chords which are G-equivalent
to S. Consequently the number of different k-chords is the number of G-orbits on the
set of all k-subsets of Z,, which is the coefficient of z* in

C(G, Zp; 2z =1+ 2.

As a matter of fact for different choices of G we get different classes of G-equivalent
chords, consequently different numbers of G-orbits. The numbers of different G-orbits
of k-chords in Z15 for k = 1,2,...,12 and G being one of the groups Cio, D15 or Affy(Z2)
can be found in [27, 8, 26]. o

Finally we enumerate the H x G-orbits for the action on Y introduced in the last
item of 3.9. Let ¢ X and xY be two finite group actions. For a function f € Y and for
(h,g) € H x G the following statements are equivalent.

1. f is a fixed point of (h, g).

36



o

ofo f

3. hof= f

4. f maps each cycle of g of length k onto a cycle of h of length [ such that [ is a
divisor of k.

p |

Moreover each function f which is a fixed point of (%, g) is completely determined on
the elements of the cycle (g)(x) by choosing f(x) in a cycle of h of the right length, since

f(g(@) = h(f(2)), f(g°(@)) = h*(f(2)), ..., f(g'(x)) = B'(f(2)), ...

If 2 belongs to a cycle of length k then f(x) = f(g*(x)) = h*(f(x)), which shows that
f(z) must belong to a cycle of length [ dividing k.

From these characterizations it is clear that the number of all fixed points of (h, g)
in Y¥ is x

X _
(h,g) ‘ e

where (A(g), ..., Aix)(9)) is the cycle type of g. The number of fixed points of A" in ¥
is just the number of elements in Y which belong to cycles of length j dividing ¢, thus

Yial =5~ Ai(h)
Jli

This is the sum of j - \;(h) over all positive divisors j of i. Combining these results
with 3.13 we get

5.12 Lemma. The number of H x G-orbits on YX is given by
1X]

]HxG\\YX|:|H>1<G| > H|Yhﬂ<g—|H|ZCGXzZ. > i A(h)

(h,9)€HXG i=1 heH jle

The action of H x G induces the following action of H on G\\Y*, the set of all G-orbits
on YX.
Hx (G\Y*) = G\Y™,  (h,G(f)) = G(ho [).

This definition does not depend on the special choice of a representative of the orbit
G(f). For h € H the G-orbit G(f) is called h-invariant if and only if G(f) = G(ho f),
in other words, G(f) is h-invariant if G(f) is a fixed point of h under the action above. If
G(f) is h-invariant then for each f’ € G(f) there exists a g € G such that ho f' = f'og.
Conversely, if there exists some g € G such that ho f = f o g for a function f € Y¥
then the orbit G(f) is h-invariant. Thus the number of h-invariant orbits is the number
of G-orbits on the set

{fEYX\existngGsuChthatBOf:fog}
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which can be computed by using 3.13 as

R

I

g€eq i=1 Jli

(Compare this result with [5].)

5.13 Example. The complement of a k-chord S in Z, is the the n — k-chord Z,, \ S.
If S is given by its characteristic function yxg then the characteristic function of the
complement of S is 1 — yg which means that each 1 in the characteristic function of S
must be replaced by 0 and each 0 must be replaced by 1. This operation can also be
described by multiplying xs from the left with the transposition (0,1) € Sgo1;. This
permutation is of cycle type (0,1).

If n is an even positive integer, then the n/2-chord S is called self-complementary if
and only if it is G-equivalent to its complement Z,,\ S, where G is a (musically motivated)
group acting on Z,,. In mathematical terms the orbits of self-complementary n/2-chords
are just the (0, 1)-invariant orbits of n/2-chords. Their number is equal to

O(Gv Ly Zog = 2, 2ok41 = 0)

which means that the indeterminates z; in C(G, Z,,) must be replaced by 0 if 7 is odd,
and by 2 if 7 is even. Especially, for G being one of the groups Cis, D15 or Aff1(Z5) the
numbers of self-complementary 6-chords in Z;5 were computed in [8]. <

6 Motives

Now we come to the main topic of this article. G. Mazzola introduced in [20] the
notion of motives in order to describe both tonal and rhythmical aspects of music. The
easiest form of describing a rhythm is to find a very dense subdivision of the rhythm
into equidistant beats such that all rhythmical events coincide with some of these beats.
Collecting m € N beats into a bar we are speaking of an m-bar. In order to make
investigations easier we restrict our attention just to one bar. And if for some reason a
given rhythm exceeds one bar then we assume that it continues from the beginning of
this bar again. In other words, an m-bar has a cyclic structure, hence the set Z,, can be
used as a model of an m-bar. The same way as we introduced symmetry operations for
pitch-classes they can be introduced on an m-bar. For instance the standard operators
are the cyclic shift by one beat S and the retrograde inversion R, which reverses a given
rhythm. They can be defined as the following permutations on Z,,.

S: Zyy = Ly, i S(1)i=i+1 R:Zy — Zp, i R(>) = —i

The permutation groups (S) and (S, R) and their actions on Z,, are isomorphic to C,,
and D,, and to their actions on m (cf. the second and third item of 3.4).
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For instance the rhythm of C. Debussy’s “Prélude a I’Aprés-Midi d’un Faune” could
be coded in a 54-bar

P i — —ede || as {0,27,30,32, 34, 36,45, 48, 51}.

3

Bach’s example from the beginning of this article could be coded in a 6-bar as
{0,1,2,3,4}, whereas the motive by Mendelssohn has the rhythm {0,2,3,4,5,6,8,10} in
a 12-bar. Finally the rhythm in Honegger’s motive is the subset {0, 3,4, 6, 10,12,14,16}
of Z13.

A k-rhythm in an m-bar (for 1 < k < m) is defined as a k-subset of Z,,. The actions
of the groups G = (S) or G = (S, R) are motivated by music theory. Applying the
same methods as in 5.11 it is possible to determine the number of non-G-equivalent
k-rhythms.

When speaking about motives we first have to find all possible combinations of beats
in an m-bar Z,, and pitch-classes in an n-scale Z,,. The set of all these combinations is
the product Z,, x Z,. Then for 1 < k < nm each k-subset S of this set is a k-motive
in Z,, x Z,. When (i,j) € Z,, X Z, belongs to the motive S it means that a tone
of pitch-class j occurs at the beat ¢ in the motive S. So the first parameter describes
the rhythmical aspects the second the tonal aspects. Usually when drawing pairs (i, )
on a sheet of paper the first component describes the position on a horizontal axis the
second component the position on a vertical axis. This point of view coincides with the
musical notation where rhythmical aspects are described horizontally and tonal aspects
vertically.

In order to describe suitable symmetry operators on Z,, x Z, we first have to inves-
tigate the structure of all group endomorphisms of (Z,, X Z,,+).

Let A be a function from Z,, X Z, to Z,, x Z, then for x € Z,, x Z,, we can write
A(z) in the form (Ai(x), A2(x)) where Ay(z) € Z,, and As(z) € Z,. Now let A be a
group homomorphism then A((7,5)+ (k1)) = A(i, 7) + A(k, 1) for (i,7), (k,1) € Z,, X Z,,
or when distinguishing between the two components of A

(A1(<Z7]) + (/{, l))aAQ(@?]) + (/{, l))) = (Al(ivj)vAQ(i7j>> + (A1<k7l)aA2(k7l)) =

(Al(iaj) + Al(ku l)>A2<i7j) + AZ(k>l))

which means that both A: Z,, x Z,, — Z,, and As: Z,, X Z,, — Z, are group homomor-
phisms. Furthermore each element (i, j) € Z,, X Z,, can be written as (i,0)+ (0, 7). Thus
A, (i) = Ar((2,0) 4+ (0, 7)) = A(i,0) + A0, j) for r = 1,2. Define A;1(2) := Ay(3,0),
Aa(7) = A1(0,7), A2(i) = As(i,0) and Asa(j) = As(0,7), then since A is a ho-
momorphism the four functions Ay1: 2, — Z,., Aw:Z, — Zn, As: 2, — Z, and
Age: Z,, — Z, are group homomorphisms as well.

Therefore it remains to describe all the group homomorphisms from Z,, to Z,,. Before
doing this we should remember that (Z,,,+) is a cyclic group. A generator of Z, is for
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instance 1, since each element k € Z,, can be computed by k-times summing the element
lof Z,. I e.,

—_——

k
k=14 . +1=> 1=k-L
k—times i=1
In this context k - 1 stands for k-times summing the element 1. But we must take care
that k € Z,, has many different representations as a sum of 1’s in Z,, since k = (k+2n)-1
for all z € Z. Furthermore the order of k € Z, is the smallest positive integer ¢ such

that -k = 0.

6.1 Lemma. A mapping A: Z,, — Z, is a group homomorphism if and only if A(k) =
k- A1) for all k € Z,, and the order of A(1) divides m.

Proof. If A is a group homomorphism then A(k) = A(k-1) = k- A(1) for k € Z,,.
Moreover the order of 1 € Z,, equals m, therefore 0 = A(0) = A(m-1) =m - A(1) and
the order of A(1) divides m.

Conversely, the mapping A(k) := k- A(1) is well defined on Z,, because k- A(1) =
(k+ zm) - A(1) since m - A(1) = 0. In other words, the value A(k) does not depend on
the special way of describing k € Z,, as a sum of 1’s in Z,,,. And the mapping A is a
group homomorphism since A(i 4+ j) = (i +j) - A(1) =i- A(1) + 5 - A(1) = A(i) + A(j)
for all i,j € Z,,. |

A group homomorphism A: Z,, — Z, is uniquely given by A(1). In the case n = m
A(1) can be any element ¢ of Z, since the order of i is always a divisor of n. When n
is different from m it was explained in 4.5 how Z,, can be decomposed as a product of
Zpa for prime numbers p and integers a > 1. Consequently it is enough to describe the
group homomorphisms from Z,. to Z, where ¢ is a prime number and b > 1. If p # ¢
then A(1) = 0, since each non-zero element of Zy is of order ¢" for some 1 < r < b,
which implies that it is not a divisor of p®. If p = ¢ we have to investigate the two cases
a>band b > a. Let a > b then the order of A(1) divides p® thus it also divides p* and
there are no restrictions for A(1). If a < b the order of A(1) must be a divisor of p®.
Hence A(1) must be chosen from

P Zy = {p" i i€ Zyp}.
Summing all these details up we have shown that each group endomorphism A of 7, x Z,,

is uniquely determined by giving the values of

m n

A (1) € Z,,, Ap(1) € Zm, A21(1) € Zn, An(l) € Z,,

ged(m,n)

which are usually written in a system of the following form.
A (1) A12(1) ai; Q12
6.2 A= =:
( A (1) Ag(1) Q21 G22
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The meaning of this notation will become clear soon. And the image of (i, j) € Z,, X Z,
under the endomorphism A is A(4, j) = (a11i + a12], a1 + asnj).

In the case n = m some more details can be obtained because in this case all the
components of A are elements of the same ring R = Z,,.

In general a system of n rows and m columns of elements of a ring R is called an
n x m-matrix over R. The set of all n x m-matrices over R is indicated by M, ,(R).
The elements A € M, ,,,(R) are usually written as A = (a;;) 1zi<n or when explicitly

1<j<m
writing down all the components of A as

a;r a2 ... QAim

ao1 A92 ... A9m
A=

Ap1 Gp2 ... Gpm

The first index is the row-index the second the column-index. The sum A + B of two
matrices A, B € M, ,,(R) is the matrix C' = (¢;;) € M,,,(R) given by ¢;; = a;; + by;.
Let A € M, »(R) and B € M, ,(R) (take care that m is both the number of columns of
A and number of rows in B) then the product AB of these two matrices is the matrix

C € M, ,(R) given by
Cik — Zaijbjk.
j=1

In the case the matrices have the same number of rows and columns they are called
quadratic matrices and the set of all n X n-matrices over R is indicated as M, (R). In

this case the two operations sum and product of matrices are inner compositions on
M, (R) and the following lemma holds.

6.3 Lemma. Let R be a ring, then M, (R) together with the two operations defined above
is a ring. If R has a 1-element then M,(R) has a 1-element which is given by

10 ... 0
01 0
In:: .. .
00 1

In general M, (R) is not a commutative ring.
Let R be a ring with 1. The set of unit elements in M, (R) is indicated by
GL,(R) :={A e M,(R) | 3A" € M,(R): AA = A'A=1,}.

We are especially interested in the ring of all 2 x 2 matrices over Z,,. All the following
results will be presented for 2 x 2-matrices, usually they hold for higher dimensions as
well. For the rest of this section let R be a commutative ring with 1. In order to
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characterize the unit elements in My(R) (or more general in M, (R)) we introduce the

b ) is defined

determinant of a matrix. The determinant of a 2 x 2-matrix A = ( CCZ d

by

det(A) := ad — be.
For matrices of higher dimension the definition of the determinant is a little bit more
complicated.

6.4 Lemma. The determinant of the product AB of two matrices A, B € My(R) is the
product of the two determinants of A and B, 1. e.

det(AB) = det(A) det(B).

_(ad (e f ([ ae+bg af+bh
Proof. LetA.-(C d)andB.—(g h)thenAB_<ce+dg cf—i—dh)
and det(AB) = (ae + bg)(cf + dh) — (af 4+ bh)(ce + dg) = acef + bcfg + adeh + bdgh —

acef — bceh — adf g — bdgh = (ad — be)(eh — fg) = det(A) det(B). m

6.5 Lemma. A 2 x 2 matriz A over R belongs to GLa(R) if and only if det(A) is a
unit element in R.

Proof. If A belongs to GLy(R) then there is a matrix A" € Ms(R) such that AA" = I.
From 6.4 it follows that det(A)det(A’) = det(AA’) = det(lz) = 1 which implies that
det(A) is a unit element in R.

Now let A be the matrix ( i 2 ) such that det(A) = ad — bc = e belongs to R*.

Then there exists f € R* such that ef = fe = 1. When we define the matrix A’ by
. fd _fb
A ( L )

' A fda — fbc  fbd — fbd ([ fe O _
AA_(—fac+fac —fcb—i—fad)_( 0 fe)_]27

i. e. A’A = I, and by analogy AA" = I. This means that A € GLy(R) and the proof is
finished. =

then

Each matrix A € My(Z,) defines a group endomorphism ¢4 of Z2 of the form

.. 1 ani + (112j
,7)=Al . | = . o).
@ali,J) < J > ( a1t + ag2] >
This means that we have to compute the product of two matrices, namely the product

of the matrix A and the 2 x l-matrix ; . (Matrices consisting of only one row or
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only one column are usually called vectors. Sometimes, as was just seen above, a row-
vector must be identified with the corresponding column-vector.) Then ¢4 is a group
automorphism of Z?2 if and only if A belongs to GLy(Z,) which is equivalent to det(A)
is a unit element in Z,.

In the case m = n G. Mazzola suggested to investigate the following group G acting
on Z2.

G := <{T7¢A|A€ {Uﬂ‘Ple |ZEZT*L}}>7

where
6iZi=2 o =a( 1)
and

11 01 [0
v=(10)r=(V0)o=(51)

T stands for transposing by one pitch-class, the matrix U describes an arpeggio
since for k < n the k-chord {(z,y1), (z,v2),...,(x,yx)}, which is played at beat x is
transformed into

{(l’ + ylvyl)a (flj’ + y2ay2)7 R (ZL’ + yk‘vyk)} .

The matrices D; define an augmentation since the rhythm {(z1,v), (z2,v), ..., (zr,y)},
which is played at pitch-class y is replaced by the rhythm

{(1,y), (lea, y), - (Lo, y) )

The matrix P describes the exchange of rhythmical and tonal properties. Moreover the
product ¢p o T o ¢p is the cyclic shift S by one beat, S(i,7) = (i + 1, j).

The three matrices U, P and D, are elements of GLy(Z,) so they define group
automorphisms of Z2 and the group ({U, P, D, |l € Z}}) is a subgroup of GLy(Z,).

6.6 Lemma. The group ({U,P,D; |l € Z'}) is the general linear group GLo(Z,).

Proof. Simple computations show that

ko1 1 k 10 10
k_ kp _ k _ _
= (o) oee= (o) re= (4 1) roe= (4 7).

Let A := < OCL Z ) € GlLy(Z,), such that one component of A equals zero. Without
loss of generality ¢ = 0. (Otherwise in one of the products PA, AP or PAP the first
component in the second row is zero.) Then det(A) = ad — bc = ad € Z, whence

a,d € Z. Furthermore we realize that

~fa b)Y (10 10 a 0 b
A_(Od)_<0d)(01><01)_PaﬁUPm.
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In other words, the matrix A is an element of ({U, P, D, |l € Z}}).

In the case that all components of A are different from 0, consider a,b,c,d as in-
tegers. Without loss of generality assume that ¢ > d. An application of the division
algorithm 2.1 yields ¢ = qd + r with integers ¢ and r such that 0 < r < d. Multiplying
A with the matrix PUY we get

a b 1 0\ (a—qgb b\ [(d ¥V oy

c d —q 1) \ec—qgd d) \c d ) 77
where a/ =a—qgb, b/ =b, ¢ =c—qd =r <d <c¢, d =d and det(A) = det(A’). If
there is at least one component of A" which is zero we are done, because in this case it
is already proved that A" belongs to ({U, P, D, |l € Z*}) and for that reason A belongs

to this group as well. Otherwise ¢ < ¢ and the first component in the second row
vod

of AP = o is greater than the second component in the second row of this

d/
matrix. Repeating this method finitely many times yields a matrix A” of the form

a// b//
( C// d// )

such that ¢’ = 0. Because of 6.4 det(A) = det(A”), since det(P) = 1 and det(PU?) =1
for all q. O

Each mapping of the form
(Zaj) = 7TA,b(iaj) =A ( ; ) +b

for A in GLy(Z,) and b € Z2 is called an affine mapping from Z?2 to Z2. The set of all
affine mappings is indicated by

Affg(Zn) = {7’(’,47[, | Ae GLQ(ZR), be Z?L} .

6.7 Lemma. The group G of symmetry operations of motives introduced above is the
group Affy(Z,) of all affine mappings from Z?2 to Z2.

Proof. It is obvious that G is a subgroup of Affy(Z,). In order to prove the other
inclusion let A € GLy(Z,,) and b = ( Zl

2
S% 0 T% o ¢, and together with 6.6 the proof is finished. O

), then the mapping 74, can be described as

Now we investigate which group to use as the symmetry group of motives in 7, x Z,
for m # n. Generalizing the approach above the group of all symmetries of Z,, x Z,
could be described as the set of all mappings of the form

. . i a1t + aj2j + by
L X L, , J)=A( . b:= ‘ . L X Ly,
% > (0:5) = mas(is j) (] >+ <a2ll+a22j+b2 > < %

44



where A is a matrix representing a group automorphism of Z,, x Z, as in 6.2, and b is
an arbitrary element of Z,, x Z,.

In order to determine the number of non G-equivalent k-motives by applying Pdlya’s
Theorem 5.4 the cycle index of the acting group G' must be computed. Again in the
general case n # m we do not have enough information in order to get nice results. Of
course it is always possible to apply the ring isomorphism from 4.5 to Z,, X Z,,.

6.8 Lemma. According to 2.6 let m = [[,_, pi* and n =[],_, qfi be the decompositions
of m and n into primes and let ¢,, and ¢, be the corresponding ring isomorphisms
bm: Zm — Kizy Zyei and én: Zy — Xy Z ;- Then

i 2% = (X 2 ) X (K 2 ) (D) = ) = (080,00

is a ring isomorphism. Especially if m = n then ¢, is a ring isomorphism from ZZ* to
X, ZQ%.
Let furthermore A be an endomorphism of Z,, X Z, given as a matriz and k,l €
L X 2, then
¢m,n(Ak + l) = ¢m,n<A)¢m,n(k) + ¢m,n(l):

where ¢ n(A) is the matric < ?;:((22111)) 2:((32122; ) . Ifm = n then ¢p,(A) is an element
Of X::l MQ(pr'b)

For n = m the action of Affy(Z,) on Z?2 can be replaced by the action of the direct
product X;_; Affo(Ze:) on Xi_; Zj% and the cycle index can be computed as

C(Aff2(Zn), Z7) = X C(Affo(Z0), Z20i).
i=1 ‘

In the case a; = 1 the residue-class-ring Z,, is a field and we can apply a lot of theory
about fields, polynomials over fields etc. in order to compute the cycle indices of the
natural actions of GLy(Z),) or Affy(Z,,) on Z.. Going into details would carry us too
far. See for instance [15, 11]. For small values of n the cycle index of the action of
Affy(Z,) on Z2 are given below:

1
C(Affy(Zy), Z3) = 2 (624 + 323 + 82123 + 62720 + 27)

C(Affg(Zg) Z3) = D) L (722326 + 5623 4+ 1082128 + 542122 + 72212026 + 92125 + 242522 +
362725 + z7)

C(AHQ(Z4) 73 = 1536(19228 + 3842 —i— 482523 + 6925 + 384212322 + 1282125 +
192272923 + 48212525 + 722125 + 182825 + 21°)

C(Aff5(Z5), Z2) = 33855 (120025.220 + 6002523 + 50425 + 200021 224 4+ 100021 23, +
10002128 + 5002126 + 120021z4220 + 8002124 + 5002128 + 600212223, + 1500212225 +
2521207 + 1202728 + 3002723 + 15027230 + 27°)
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C(Affy(Z7), Z2) = 5oz (470427240 + AT042725) + 23522725, + 206427 + 164642, 245 +
823221234 -+ 823221,2{’6 + 4116212112 + 4116zlzg + 470421 26240 + 2842,212%3 + 20582’12412 +
4704212223, + 1097621 2228 + 284221235 + 2352212523, + 548821252 + 548821252328 +
492122 + 33627 28 + 78427 2] + 78427 234 4 39227231 + 219)

C(Affy(Zs), Z3) = 557 (1228821 4 2150428 + 15362524 + 691225 4 2304252424 +
86423028 + 789252 + 1638421232221, + 81922123280 + 6144212525 + 204821221 +
6144222927 23 + 61442329215 + 1536212821 24 + 20482128212 + 7682123128 + 25621230 +
76825252124 + 5762823225 + 76828238 + 962162528 + 21626231 + 18292216 4 204)
C(Aff5(Zy), Z3) = 3153 (5248829215 + 369362 + 583223 242 + 38882525 + 4088237 +
6998421 2825, + 874821240 + 3499221 2228, + 437421230 + 1749621 2024 255 + 174962 29243 +
17496212523 23 + 38882125242 + 25922125328 + 8121 25" + 5832272828 + 583223220 +
1166423252228 + 5832232022228 + 1944292828 + 43229224 + 1944292929 + 97220235 +
96277218 + 281)

C(AHQ(ZH), Z121) = m(580802’112’110 + 580802’112%5 + 14520211232 + 1332021111 +
21296021 2120 + 10648021 25, + 10648021 23, + 5324021 23, + 532402125, + 5324021 25, +
53240,212?5 + 26620212%8 + 5808021 2102110 + 96316212%(2) + 26620z12§5 + 1331021z§0 +
58080212222, + 255552212221 + 9631621 22* + 1331021230 4 133102, 23° + 1452021 2525, +
638882125 21% + 638882125222]8 + 1212128 + 1320211 2{? + 5808211 214 + 5808211222 +
145221125° + 2{?1)

Now the cycle index of Affy(Z12) can be computed as
C(Affy(Z3), Z3) X C(Affy(Z,), Z3)
which is the following polynomial

6631552 (244 418212230 + 36218258 + 24218232 + 72230251 + 48236218218 + 648224250 +
432234232236 28 + 19221829237 + 9216281 - 72216216216 4- 54216232 110826216 + 2592212280 +-
1728212230248 + 172821223828 207 + 11522122828 2828 21, + 1282723° + 3842729248 +
16225258 + 12962822020 + 9722820232 + 19442823 200 + 691228205227 + 460828 23 23 202228, +
648271220 + 43221234218 + 518421232210 + 3456212302828 21, + 38882128232 + 77762125216 +
25922122230 + 5184212223240 + 460823 23235215 4 1382423252322 + 307223257 +

921623 231288 4+ 172822247227 + 138242225292420, + 1036827 2923° + 20736272925 280 +
1152212525220 + 345621 2523232 + 921621 2925281 + 2764821 292322% + 6912212522219 +
138242125 2825, + 2073621 232528219 + 4147221 2322 2825, + 3174232 + 2208236218 +
6624221280 + 4608252202821, + 372625232 + 745225240 + 25922023 + 51842523230 +
7224258 + 1008234242 + 9288210240 4 25536232248 + 26882122829, + 12962522° +
10752282320, + 3283225222 + 34562521928, + 13824222227, + 38400235 + 3686421228, +
4147223206 1 8832224 | 614420225, + 30936215 4 184322024, + 49152212 + 2457625, ).

Replacing the indeterminate z; in C(Affy(Z15), Z2,) by 1 + 2 the coefficient of z* is
the number of different k-motives in Z;9 X Zj5. Here are these numbers of k-motives
for small values of k. 1+ z + 522 + 262% + 2162* + 20242° + 278062°% + 41720927 +
63457352 + 9059071327 + 11903229562'° + .... This polynomial must be read in the
following way: There is (are) exactly one 1-motive, five 2-motives, twenty six 3-motives
etc. The complete list of numbers can be found in [7].
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7 Construction of motive representatives

In the last part of this article we describe a method which allows to compute complete
lists of representatives of k-motives. A complete list of orbit representatives is usually
called a transversal. Again this method is described in a more general setting. Consider
a finite group action ¢X which induces a group action by 3.10 on the set of all mappings
from X to a finite set Y. Without loss of generality we assume that there is a total order
defined both on X and Y. Otherwise there exist integers n and m and bijections from X
ton and Y to m and the sets X and Y can be replaced by the totally ordered sets n and
m. A function f € m™ can be written as an n-tuple of the form f = (f(1), f(2),... f(n)).
There is a total order on the set of all n-tuples over m given by the lexicographic order.
With respect to this order a function f is smaller than a function A € m™ if and only if
there is an index iy € n such that f(i) = h(i) for all i < ip and f(ip) < h(ip). As the
canonic representative of the orbit G(f) we choose that function h € G(f) such that
h>gf = fog!forall g€ G. In other words, the canonic representative h is given as

h=max{gf|ge€G}.

The same way we could have introduced the canonic representative of an orbit as the
minimal element in it. These canonic representatives are useful for computing transver-
sals of motives, for other purposes there probably exist other canonic representatives.
If S is a subset of YX and f € Y¥ then when writing f > S we mean f > h for all
h € S. In order to decide whether a given function f € m™ is the canonic representative
of the orbit G(f) it must be tested whether f > G(f), i.e. f > gf for all g € G. this
procedure is called the mazximum-test of f. For applying this test we first have to find
a method to generate all elements of the acting group. So far the group G is just given
by a set of generators and there is usually no canonic way of describing the elements of
G as products of the generators. (For instance in the last item of 3.4 certain relations
between the two generators of the group D,, were described what enabled us to construct
all elements of D,,.) In general such rules are not known. Therefore we introduce the
Sims-chain of a permutation group, which allows to generate all group elements as a
product of the strong generators. Moreover we have to analyse the maximum-test in
order to make it shorter. Testing whether f > ¢gf for all ¢ € G depends heavily on the
order of G. Often it is possible to find certain shortcuts during this test. It will be shown
that in many situations it is not necessary to take all group elements into account, often
we can do certain jumps as will be described later. Proceeding this way, we generate
all functions f € m™ starting from the biggest one and stepping from one function f
to its successor, which is the function h that fulfils f > h such that there exists no
function k with the property f > k& > h. Each of the functions f € m™ is tested whether
it is maximal in its orbit. If it is maximal then it is a canonic representative, if not
then we know that the canonic representative of the orbit G(f) appeared already among
those functions which were already tested for maximality since these functions are listed
according to the lexicographic order in decreasing way. Finally we will see that it is
not necessary to test each function f € m” for maximality. In certain situations it will
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be possible to decide from previous results that f cannot be a canonic representative.
In general we are usually not interested in a complete list of all orbit representatives.
For instance there are 33.608135.013344.714280.178360.727460.692224 representatives of
motives in Zy5 X Z15. For that reason we fix our attention to k-motives for given k, in
other words, we are interested in transversals of functions of given weight.

7.1 Example. For the construction of motives we investigate characteristic functions
which are functions form X = Z,, x Z, to Y := {0,1}. On Y there is a natural
linear order 0 < 1. A natural bijection from X to mn is given by Z,, X Z, > (i,7) —
1+ m-j+ 1€ mn. This labelling of the elements of Z,, x Z, is used for the rest of this
section.

In order to give an example of the lexicographic order, here is a list of the character-
istic functions of all subsets of a set of cardinality 3 in lexicographic order:

(0,0,0) < (0,0,1) < (0,1,0) < (0,1,1) < (1,0,0) < (1,0,1) < (1,1,0) < (1,1,1).
o

Let ¢n be a group action, and let G be the induced permutation representation of
G on n. The pointwise stabilizer or the centralizer of k C n is the subgroup

Ce(k) :={g€G|g(i)=iforallick}
of G. These pointwise stabilizers form a chain of subgroups of G of the form
{id} = Ca(n) < Caln—1) < ... < Cg(1) < Co(0) =G

which is called the Sims-chain of G (cf. [30, 31]). Let b the smallest element in n such
that {id} = C(b) then

{id} = C(b) < ... < Ca(0) = G.

Then b is called the length of the Sims-chain and the set b is called a basis of the
Sims-chain.

For each ¢ € b determine a complete set of left-coset representatives 7r ) e Ca(i—1)
(cf. the first item of 3.9) of Cz(i — 1)/Cx(3) then

(i)
Cali—1) = J=\"Cq
j=1

These 7\ are called strong generators of G. Without loss of generality ’/TY) =id €

j
Ca(i—1). Each element g € Cx(b— 1) can uniquely be written as 71'](-?

element g € Cs(b— 2) has a unique representation as 7r(b 1) o w(b) oid for some 1 <

Jo-1 <7(b—1) and 1 < j, < 7(b). Proceeding like that ﬁnally we derlve the following
result:

o id and each
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7.2 Lemma. Fach element of G can uniquely be expressed as a product of strong
generators in the form
W 5 -2 g (b)

.~ O T :
7T31 7T]2 Jb

for some 1 < jp, <r(k), 1 <k <b.
Moreover the uniqueness of this representation allows to determine the order of G.

7.3 Corollary. The order of G equals

Since 7T](-i)(k‘) = k for i > k the orbit G(k) equals

Gk = {m o o om (k) | i € (1), gu € (k)]

The elements of G can be expressed as the leaves (which are the final nodes) of the
following tree.

1 1

A
<>/(> (>\(> (>/<) <>\<>
1 2 1 2 1 2 1 2
TLOOM L ... M OMW gy .. Wy OM ... Ty O Mo
/-.-\‘ PO /...\ PRI /.-.\‘ PRI ‘/.-.\

For testing whether a function f € m™ is maximal in its orbit or not we have to compute
gf = fog ! for all ¢ which are the leaves of this tree. But sometimes it is possible to
cut certain branches of this tree which will be shown in the next lemma. This method
helps to make the maximum-test much faster.

7.4 Lemma. Assume that f > fo 77]@ and f(i) > (f o W](i))(i), then
f > Cali)(for).
Proof. Let 7 € Cg(i) and assume that k <4 — 1, then
(for or)(k) = (fom")(k) = f(k)
since 7" € Cg(i — 1), and
(fom) or)(i) = (fom")(i) < f(i).
O

In general the functions f € m™ are not injective, so there exist non-trivial permutations
m,0 € G such that for = foo. This fact can also be used for making the maximum-test
faster.
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7.5 Lemma. Let f > Cz(i)(f) and assume that there exists a permutation o € Cg(7)
such that f o 7rj(.l) oo = f, then

Ca(@)(for) < f.

Proof. Under the given assumptions the orbit of f o 7 under Cg (1) coincides with

the orbit C(i)(f) since ’
Ce)(for) ={foror| e Cali)} =

={femlogor|reCol)} = {for|TeCali)} = Coi)(f).
Hence each f' € Ca(i)(f o w](i)) belongs to Ci(2)(f) and consequently f' < f. m

These results motivate the following recursive algorithm for the maximum-test of f.

7.6 Algorithm. Max-Test. Assume that a Sims-chain of length b and a set of strong
generators 7TJ(-Z) for 1 < j <r(i) and 1 < i < b are known for a given action of a group
G on n. Furthermore it is assumed that 7T§i) = id. For testing a function f € m® for
maximality define a vector F' := (fo, f1,..., fp) of functions where fy := f. Then the

maximum-test is invoked by Max-Test (0, F).

Input: an index ¢ and a vector I’ of functions f; € m™ such that fo = f.
Output: TRUE if f; is maximal in its Cg(2)-orbit
FALSE if fj is not maximal in its Cz(2)-orbit.

Max-Test(i, F);
{
=1+ 1;
For j:=1,...,7(i) do {

fi=fi-10 7Tj(-i)§

If (fo < fi) then return FALSE;

else if [[(fo = f)and (j = 1) or [(fo > fi) and (fo(i) # fi(z’))]] and (i < b) then

if (Max-Test(i, F') =FALSE) return FALSE;
} Return TRUE;

}

This way R.C. Read’s method of orderly generation can be described in the following
way. (Cf. [1, 2].)

1. Determine the biggest function (of given weight) f € m™ with respect to the
lexicographic order.

2. Using the maximum-test determine whether f is maximal in its orbit or not. In
the case f is maximal add f to the list of canonic representatives.
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3. If it is possible determine the successor of f with respect to the lexicographic order
and jump to 2. Otherwise return the complete list of all representatives.

The Sims-chain of a permutation group G on X depends heavily on the labelling of the
elements of X. In general it is more convenient to work with Sims-chains of big length.

7.7 Example. Now we describe the Sims-chain and the strong generators which
appear when computing lists of representatives of motives in Z,, X Z,,. (In other words,
we restrict our interest to n = m.) From the previous section we know that the acting
group G := Affy(Z,) is the set of all affine mappings from Z2? to Z2. Using the labelling
of elements of Z, x Z, introduced in 7.1 the stabilizer of the first element (0,0) € Z?2 is

Ca(l) = {map | A€ GLy(Zy)} .

This is obvious since 74 4(0,0) = b for all A € GLy(Z,,) and b € Z?2. The set of left-coset
representatives of Affy(Z,)/GLy(Z,) is

{71']271, | be ZEL} .

In the next step we have to compute the pointwise stabilizer of the first two elements
which is the set of stabilizers of (0,0) which also stabilize (1,0). It is easy to see that it
is

CG(Z)Z{?TAMA:(é Z) be Z, deZ,’;},

(3 ()= (1) = (1) (2) oo

belongs to GLg(Z,) if and only if d € Z*. For computing the

since

: 1 b
and the matrix 0 d >
left-coset representatives of Cx(1)/Ca(2) the following lemma can be applied.

7.8 Lemma. Two matrices A, B € GLy(Z,,) belong to the same coset in Cz(1)/Ca(2) if
and only if a1y = b1y and asy = bay. Hence a complete system of left-coset representatives
can be constructed from

{(r,t) € Z] | there exists (s,u) € Z. :ru—st € Z};}

by taking the vector :; ) as the first column and a suitable vector ( Z ) as the second

r s 1 b\ (r rb+sd
t u 0 d/) \t th+ud
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all matrices in a left-coset have the same first column.

Assume that there are matrices with the same first column, A := ( Z Z ) and

r v
B = < tow ) € GLQ(Zn), then

and

A ol u —S8 T v o o1 U — St UV — sw o
ATB = (ru = st) (—t r )(t w)_<m st) (—rt+rt —tv+rw)_

(1 (ru—st) (v — sw)
( )

SN0 (ru—st)Hrw —tv)

which is of the form ( b >, where d is a unit element in Z,. So

1
0 d
10\ 10\
(18} -rs o a(20)on

For prime-powers n = p® it is possible to prove that the set of representatives of left-
cosets Cz(1)/Ca(2) can be constructed from the following set of first columns

{(r,t) GZga |p fr, orp )(t}

It is the set of all pairs (r,t) such that at least one of the two components is a unit in
Zpa. Combining this result with the ring isomorphism from 4.5 we derive for instance
that there are 8 left-coset representatives C(1)/Cq(2) for G = Affy(Z3) and 12 left-
coset representatives for G = Affy(Z,) which lead to 96 left-coset representatives for
G = Affy(Z19).

Coming back to arbitrary n it is easy to realize that

Ca(2) =Ca(3)=...=Ca(n)

1o\ /i) [
0 d 0/ \0)"
When computing the pointwise stabilizer Cz(n 4+ 1) we derive that our Sims-chain is

of length n + 1 since the only element in Cx(n) which stabilizes the pair (0,1) is the
identity-matrix I,. This can be seen from

(0 )()-() = ()= (1) =rmvmaa
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In the next part of this section an iterative method for the construction of a transver-
sal of k 4 1-motives from a transversal of k-motives is described. We had agreed to de-
scribe k-motives in Z,, X Z,, as characteristic functions of k-subsets of Z,, x Z,,. Knowing
the characteristic functions of all k-motives, a possible way of constructing all character-
istic functions of £ + 1-motives is the following augmentation: Let f be a characteristic
function of a k-motive. Find the maximal i € mn such that f(i) = 1. The augmentation
A(f) consists of all those functions h: mn — {0, 1} such that h(j) = f(j) for 1 < j <1
and there is exactly one j > i such that h(j) = 1. Then each function h € A(f) is the
characteristic function of a k£ + 1-motive. And each characteristic function of a k + 1-
motive belongs to the augmentation of exactly one characteristic function of a k-motive.
Furthermore h(i) > f(i) for all i € mn and h > f with respect to the lexicographic
order.

The next theorem is a special case of Read’s recursion algorithm (cf. [25]). In this
context it is interesting to mention that during the maximum-test we are learning both
from positive and from negative results. (For more details see [13].)

7.9 Theorem. If f is not the canonic representative of the G-orbit G(f) then no h in
the augmentation A(f) is the canonic representative of its orbit G(h).

Proof. Assume f:Z,, x Z, — {0,1} is not a canonic representative of a k-motive,
then there exists some g € GG such that f < f o g, i. e. there exists ig € mn such that
(fog)j) = f(j) for j <igand (fog)(io) > f(ip). As a matter of fact f(g(ig)) = 1.
Furthermore let iy := max{i € mn | f(i) = 1} then g(is) < ;. Moreover iz < 7.
(Assume in contrary that iy > 4, then the restriction f|;, of f to the set i; equals the
restriction (fog)l;,. From the definition of 7, it is clear that these functions are functions
of weight k. Since i9 > 4, and (f o §)(ig) = 1 the function f o g is at least of weight
k + 1, which is a contradiction to the main assumption that f and consequently f o g
are characteristic functions of k-motives.) Thus iy < i; and even ig < iy since f(ip) = 0.

Let h belong to the augmentation of f and let iy > 4, be that index where h(iy) = 1
whereas f(i2) = 0. We prove that h < h o g with the same g as above, hence h is not
the canonic representative of its orbit. For doing this we have to consider three cases.
Assume first that g=1 (i) > 4y then

h(j) = f(3) = (f2g)(j) = (hog)(j) for j <ig
since ig < i and g(j) # iz, and
h(io) = f(io) < (f o g)(i0) = (h o g)(io)

since g(ig) # 3. (Suppose g(ig) = iy then ig = g~ '(iz) which is a contradiction to

g71<i2) > Zo)
The second case g~ '(iy) = 7o is not possible since g(ip) < 4; and iy > 7;. Finally we
have to consider the situation that g=*(iz) < ig. Then

h(j) = 1) = (F29)(j) = (hog)(y) for j < g (iz)
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and

(g~ (i2)) = f(57"(i2)) = (f 2 9)(3™ " (i2)) = f(i2) < h(iz) = (ho g)(g " (i2)).

So in all the possible situations it is proved that h < h o g, so h is not the canonic
representative of its orbit and the proof is finished. 0

7.10 Example. The following list is a transversal of motives in Z3 x Z3. It is computed
by using Read’s recursion. First the characteristic functions of weight 1 are tested for
maximality. Whenever a canonic representative is found the maximum-test is applied
to all characteristic functions in its augmentation. Since the characteristic functions
are listed in decreasing way the characteristic function (1,0,0,0,0,0,0,0,0) is tested
first. It is the biggest characteristic function of weight 1 and it is the first representative
my in our list. The next lines contain elements m; of the augmentation A(m;_) for
2 < i < 9. There exist no functions in the augmentation of mg and no more functions in
the augmentation of mg. All further functions in the augmentations of m; and mg are
not canonic, so finally the next canonic representative mqq is found as an element in the
augmentation of ms, hence it is the characteristic function of a 6-motive. The last three
canonic representatives turn out to be characteristic functions of 5-, 3- and 4-motives.

my == (1,0,0,0,0,0,0,0,0)
ms = (1,1,0,0,0,0,0,0,0)
ms = (1,1,1,0,0,0,0,0,0)
my = (1,1,1,1,0,0,0,0,0)
ms = (1,1,1,1,1,0,0,0,0)
me == (1,1,1,1,1,1,0,0,0)
mr:=(1,1,1,1,1,1,1,0,0)
mg = (1,1,1,1,1,1,1,1,0)
my = (1,1,1,1,1,1,1,1,1)
myo := (1,1,1,1,1,0,1,0,0)
mq = (1,1,1,1,0,0,1,0,0)
mie = (1,1,0,1,0,0,0,0,0)
myz = (1,1,0,1,1,0,0,0,0)

After realizing that only mg and m;, are canonic representatives in the augmentation of
msg and that there are no canonic representatives different from ms in the augmentation
of my we have to test the next characteristic functions of weight 1 for maximality. They
all turn out not to be maximal in their orbits.

Of course the empty set is always the canonic representative of the unique 0-motive.

Finally we list all representatives of motives in Z; x Z,. In this example the repre-
sentatives are not given by their characteristic functions. Instead of writing down the
complete function f it is enough to indicate the pre-image f~'({1}) for each f. Moreover
it is enough to compute all the representatives of k-motives for 1 < k < 8 since for k£ > 8
there is a one-to-one connection between the representatives of k- and 16 — k-orbits.
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{1}, {1,2}, {1,2,3}, {1,2,3,4}, {1,2,3,4,5}, {1,2,3,4,5,6}, {1,2,3,4,5,6, 7},
{1,2,3,4,5,6,7,8}, {1,2,3,4,5,6,7,9}, {1,2,3,4,5,6,7,13}, {1,2,3,4,5,6,7, 14},
{1,2,3,4,5,6,9}, {1,2,3,4,5,6,9,10}, {1,2,3,4,5,6,9,11}, {1,2,3,4,5,6,9, 13},
{1,2,3,4,5,6,9,14}, {1,2,3,4,5,6,13}, {1,2,3,4,5,6,13,14}, {1,2,3,4,5,6,13, 15},
{1,2,3,4,5,6,13,16}, {1,2,3,4,5,7}, {1,2,3,4,5,7,9}, {1,2,3,4,5,7,9, 10},
{1,2,3,4,5,7,9,11}, {1,2,3,4,5,7,9,13}, {1,2,3,4,5,7,9,14}, {1,2,3,4,5,7,13},
{1,2,3,4,5,7,13,15}, {1,2,3,4,5,7,14}, {1,2,3,4,5,7,14,16}, {1,2,3,4,5,9},
{1,2,3,4,5,9,10}, {1,2,3,4,5,9,10, 11}, {1,2,3,4,5,9,10,14}, {1,2,3,4,5,9, 10, 16},
{1,2,3,4,5,9,11}, {1,2,3,4,5,9,11,13}, {1,2,3,4,5,9,11,15}, {1,2,3,4,5,9, 13},
{1,2,3,4,5,9,14}, {1,2,3,4,5,9,15}, {1,2,3,4,5,13}, {1,2,3,4,5,14}, {1,2,3,4,9},
{1,2,3,4,9,10}, {1,2,3,4,9,10,11}, {1,2,3,4,9,10,11,12}, {1,2,3,4,9, 11},
{1,2,3,5}, {1,2,3,5,6}, {1,2,3,5,6,7}, {1,2,3,5,6,7,9}, {1,2,3,5,6,7,9,10},
{1,2,3,5,6,7,9,11}, {1,2,3,5,6,7,9,12}, {1,2,3,5,6,7,10}, {1,2,3,5,6,7, 10, 16},
{1,2,3,5,6,7,12}, {1,2,3,5,6,7,12, 16}, {1,2,3,5,6,9}, {1,2,3,5,6,9, 11},
{1,2,3,5,6,10}, {1,2,3,5,6,10,11}, {1,2,3,5,6,10,15}, {1,2,3,5,6, 10, 16},
{1,2,3,5,6,11}, {1,2,3,5,6,14}, {1,2,3,5,6,14,15}, {1,2,3,5,7}, {1,2,3,5,7,9},
{1,2,3,5,7,9,10}, {1,2,3,5,7,9,10,11}, {1,2,3,5,7,9, 11}, {1,2,3,5,7,9, 11, 12},
{1,2,3,5,7,9,12}, {1,2,3,5,7,10}, {1,2,3,5,7,12}, {1,2,3,5,7, 13},
{1,2,3,5,7,13,15}, {1,2,3,5,7,14}, {1,2,3,5,9}, {1,2,3,5,9,11}, {1,2,3,5, 10},
{1,2,3,5,10,15}, {1,2,3,5,12}, {1,2,3,5,12,13}, {1,2,3,5,14}, {1,2,3,5,15},
{1,2,3,9}, {1,2,3,9,10}, {1,2,3,9,10,11}, {1,2,3,9,11}, {1,2,3, 10}, {1,2,5},
{1,2,5,6}, {1,2,5,7}, {1,2,5,7,10}, {1,2,5,7,10, 11}, {1,2,5,16}, {1,2,9},
{1,2,9,10}, {1,2,9,12}, {1,3}, {1,3,9}, {1,3,9,11}

<

In situations when the list of orbit representatives is too long, or when the order of
the acting group is big such that the computation of a transversal takes too long time,
then it is useful and it makes sense to apply probabilistic methods for generating orbit
representatives uniformly at random. 1. e., for any given orbit the probability that a
generated representative belongs to this orbit does not depend on the special choice of
the orbit. In other words, for all orbits this probability is the same and it is given as the
fraction 1 divided by the number of different orbits. This way it is possible to generate in
very short time huge lists of unprejudiced representatives. The method of this random
generation is known as the Dizon- Wilf-algorithm (cf. [6]) which was originally designed
for the random generation of linear graphs. It can be formulated for an arbitrary group
action as follows: (The reader should remember the definition of the conjugacy classes
of elements of a group G given in the second item of 3.9.)

7.11. The Dixon-Wilf-algorithm. Let X be a finite group action. Choose a conju-
gacy class C' of G with the probability

p(C) = %, for an arbitrary g € C.
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Pick any g € C and determine at random a fixed point x of g. Then the probability that
x belongs to a given orbit w € G\\X is equal to 1/|G\\X|, i. e. it does not depend on
the special choice of w.

Proof. Let C',...,C, be the conjugacy classes of G with representatives ¢g; € C.
From 3.13 we deduce that

- " e
S0 — ZelClXal
i=1 ZQGG|XH|

which means that p(.) is a probability function. Then for an arbitrary orbit w € G\\X
the following is true:

|X9i Nw| _

p(r € w) Zp plx € X, ﬁw):Zp(Cz‘) X

ol

1
= [aTIenx] & Z'C"X‘” Nl = Erens 16\\X| 21Xy nel.

geG

7

N Z GG\ X]

The last equality holds because Xj,z,-1 = hX, := {ha | v € X} from which we deduce
that | X, Nw| = | Xpgn-1 Nw| for all g, h € G and for any orbit w € G\\ X.

Finally the last sum is equal to |G| since w is a G-orbit and from 3.11 it follows that
elements of the same orbit have conjugate stabilizers. Thus finally we get

DX nwl=) Y 1= Y 1=) |G =1Gllw| = 1G] G(x)] = |G,

geG geG zeXyNw r€w gelGy TEW

which finishes the proof. O

For the random generation of motives we have to find a formulation of this algorithm
for group actions of the form 3.10. (The reader should remember that c¢(h) denotes the
number of cycles in the cycle decomposition of the permutation h.)

7.12 Corollary. Let oYX be the finite group action introduced in 3.10. Choose a
conjugacy class C' of G with the probability

|y [ ™
ngG ’YIC(Q)

Pick any g € C and determine at random a fived point f € YX of g. Then the output
of this algorithm is distributed uniformly at random over all G-orbits on Y.

p(C) =

for an arbitrary h € C.

Finally for the random generation of k-motives we should find a weighted version of the
Dixon-Wilf-algorithm with weights in a commutative ring R such that Q is a sub-ring

of R.
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7.13 Corollary. Let ¢ X be a finite group action and let w: X — R be a weight function
which is constant on each G-orbit w € G\\X. In order to generate orbit representatives
of weight r uniformly at random choose a conjugacy class C of G with the probability

O (]
PO = [ETeNe ()]

Pick any g € C' and determine at random a fized point x of g of weight r.

, for an arbitrary g € C.

Combining the last two corollaries it is possible to implement the Dixon-Wilf-algorithm
for generating representatives of k-motives uniformly at random. The conjugacy classes
of a group G or their representatives can be computed for instance by using the computer
algebra system GAP (cf. [29]). Actually determining the conjugacy classes in G is just
the problem of finding representatives under the action of conjugation on G (cf. the
second item of 3.9). In order to minimize the amount of work before the algorithm
actually starts to generate k-motives it is useful to start the generation at once after
having computed the information on the first conjugacy class, and evaluate further
conjugacy classes and their probabilities only if required. This means we have to compute
p(C;) only if the random number (lying in [0,1[) determining which conjugacy class
to choose exceeds Z;;ll p(C;). The efficiency of this method heavily depends on the
numbering of the conjugacy classes. Consequently this numbering should be chosen
such that p(C;) > p(Cit1) which usually leads to Cy = {id}.

Most of these algorithms for computing cycle indices and enumerating motives, for
the construction of transversals of k-motives and for the random generation of k-motives
are implemented in the computer algebra system SYMMETRICA [32]. The special C-
code for handling motives can be loaded from the author’s homepage [12].

Acknowledgement: The author wants to thank Prof. Moisei Boroda for the invi-
tation to publish this paper in Musikometrika and for many useful suggestions and hints
while preparing this article. Furthermore he wants to express his thanks to Dr. Thomas
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