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Abstract

Being a mathematician and a musician (I play the flute) I found it very interesting to deal with
Pélya’s counting theory in my Master’s thesis. When reading about Pélya’s theory I came across
an article, called ”Enumeration in Music Theory” by D. L. Reiner [11]. I took up his ideas and
tried to enumerate some other "musical objects”.

At first I would like to generalize certain aspects of 12-tone music to n-tone music, where n is a
positive integer. Then I will explain how to interpret intervals, chords, tone-rows, all-interval-rows,
rhythms, motifs and tropes in n-tone music. Transposing, inversion and retrogradation are defined
to be permutations on the sets of "musical objects”. These permutations generate permutation
groups, and these groups induce equivalence relations on the sets of "musical objects”. The aim of
this article is to determine the number of equivalence classes (I will call them patterns) of ”musical
objects”. Pdlya’s enumeration theory is the right tool to solve this problem.

In the first chapter I will present a short survey of parts of Pdlya’s counting theory. In the
second chapter I will investigate several "musical objects”.

Abstract

In dieser Arbeit wird der Begriff von 12-Ton Musik auf n-Ton Musik, wobei n eine natiirliche
Zahl ist, erweitert. Objekte der Musiktheorie wie Intervall, Akkord, Takt, Motiv, Tonreihe, Allinter-
vallreihe und Trope werden mathematisch gedeutet. Transponieren, Inversion (Umkehrung) und
Krebs werden als Permutationen auf geeigneten Mengen interpretiert. Zwei "musikalische Objekte”
heiflen wesentlich verschieden, falls man sie nicht durch solche Permutationen ineinander iiberfiithren
kann. In die Sprache der Mathematik iibersetzt, bedeutet dies: Abzdhlen von Aquivalenzklassen
(von Funktionen), wobei die Aquivalenz durch eine Permutationsgruppe induziert wird. Dieses
Problem wird von der Abzéhltheorie von Pdlya und von Sétzen, die in Anschlu§ an diese Theorie
entstanden sind, gel6st. Zu diesen Sétzen gehdren Theoreme von N.G. de Bruijn und das Power
Group Enumeration Theorem von F. Harary.

Im ersten Kapitel stelle ich alle grundlegenden Definitionen zusammen. Dann folgen oben
erwahnte Sétze, welche hier in dieser Arbeit nicht bewiesen sind. Das daran anschliefende Kapi-
tel beschéaftigt sich mit den Anzahlbestimmungen ”musikalischer Objekte”. Diese Sétze sind nun
vollstandig bewiesen.

Die Grundidee zu dieser Arbeit habe ich [11] entnommen. Daraufhin habe ich versucht diese
Gedanken weiter auszubauen und die Anzahlbestimmung anderer " musikalischer Objekte” durchzu-
fiilhren. Bisher hatten Musiktheoretiker und Komponisten mit verschiedenen Methoden, oder durch
Ausprobieren, solche Anzahlen bestimmt. Durch Verwendung der Theorie von Pélya soll ein System
in diese Untersuchungen gebracht werden. Fiir den Anwender ist es nicht nétig, die Beweise in allen
Einzelheiten zu verstehen. Er sollte jedoch mit mathematischen Schreib- und Sprechweisen vertraut
sein. Da diese Arbeit auch von Mathematikern gelesen wird, muf} sie auch allen mathematischen
Forderungen nach Exaktheit und Genauigkeit der Beweise gerecht werden.

*The author thanks Jens Schwaiger for helpful comments.



1 Preliminaries

There is a lot of literature about Pélya’s counting theory. For instance see [1], [2], [3], [9] or [10].

Definition 1.1 (Type of a Permutation) Let M be a set with |[M| = m. A permutation m € Sy
is of the type (A1, A2, ..., Am), iff ™ can be written as the composition of \; disjointed cycles of length
i, fort=1,...,m.

Definition 1.2 (Cycle Index) Let P be a set of |[P| = n elements and let I be a subgroup of Sp,
denoted furtheron by I' < Sp. The cycle index of I' is defined as a polynomial in n indeterminates
T1,...,Ty,, defined as:

CUTia. . ova)i= 0 3 [,

el i=1

Lemma 1.1 (Cycle Index of the Cyclic Group) Let CT(LE) be the cyclic group of order n generated

by a cyclic permutation of n objects, then the cycle index of Q(lE) 18

1 n
CI(C’ELE);‘T17J:27 A 71‘71) = g Z(p(t>xt t ’

tin
where ¢ is Euler’s p-function.
Lemma 1.2 (Cycle Index of the Dihedral Group) Let 19555) be the dihedral group of order 2n and

degree n containing the permutations which coincide with the 2n deck transformations of a reqular
polygon with n vertices.

1. If n =1 mod 2, then

1 n—1 1 n
CIWE) 2z, 29, ..., 2n) = JTwz T+ o Z(p(t)xﬁ.

tln

2. If n =0 mod 2, then

1, . . 1 .
CIWO) s 21, 29,y 2n) = 7 (@2? + a2 T ) + %Zs@(t)wﬂ.
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The main lemma in Pdlya’s counting theory is

Theorem 1.1 (Lemma of Burnside) Let P be a finite set and T' < Sp. Furthermore let B be the
set of the orbits of P under T', then
1Bl =017 Y x(4),

yel
where x(7) is defined as x(v) := |{p € P | v(p) = p}|.

Theorem 1.2 (Pdlya’s Theorem) Let P and F be finite sets with |P| = n, and let T' < Sp. Fur-
thermore let R be a commutative ring over the rationals Q and let w be a mapping w: F — R. Two
mappings fi, fo € FT are called equivalent, iff there ewists some v € T such that fy oy = fo. The
equivalence classes are called mapping patterns and are written as [f]. For every f € F¥ we define the
weight W(f) as product weight
W(f) =[] w(r®)-
peP

Any two equivalent f’s have the same weight. Thus we may define W ([f]) := W (f). Then the sum of
the weights of the patterns is

S () = 1(1 Y wi), > w) > wiy)).
[f]

yeF yeF yeF



2 1 PRELIMINARIES

Theorem 1.3 (Power Group Enumeration Theorem) Let P and F be finite sets, with |P| = n
and |F| =k, let T1 < Sp and ® < Sp. We will call two mappings f1, fo € FT equivalent:

fi~r for<e=dnell Jped with fom=po fo

The equivalence classes [f] are called mapping patterns. Let w be a mapping w: F — R with Q C R

such that
w(f):= [ w(f®)

peEP
is constant on each pattern. Then:

S W(If]) = 127" CI(IL; 1(6), K2(5), - ., n(6)),
/]

Sed

where
ki(8):= Z w(y) - w(é(y)) ... -w(éi_l(y)).
5=
This is the Power Group Enumeration Theorem in polynomial Form of [7].
Theorem 1.4 (de Bruijn) Let P and F be finite sets with |P| = n and |F| =k, let I < Sp and
® < Sp. We will call two mappings f1, fo € F¥ equivalent:

fi~vfore=3Irell Jpe ®with fom=po fo
The equivalence classes [f] are called mapping patterns. The weight of a function f € FT is defined as:

W(f) = { 1 if f is injective
0 else.
The number of patterns of injective functions is
CI<H. o 0 ) )CI(q>;1+x1,1+2x2,...1+kxk)]

"0xy Oxy’ T Oz

Theorem 1.5 (de Bruijn [1]) Let P and F be finite sets with |P| =n and |F| =k, let I < Sp and
¢ € Sp. We will call two mappings f1, fo € F¥ equivalent:

w1:$2:...:wk:0.

fi~ for<= Ir el with fiom = f5.

The equivalence classes [f] are called mapping patterns. Let

Yi={[f]] olf] =[]}

Furthermore let R be a commutative Ting over the rationals Q and let w be a mapping w: FF — R. For
every f € FP we define the weight W (f) as

W(f) =[] w(f®).

peEP

Then
3" W((f]) = CUTL: K1, Kz, -, Kn),

[fleYy

where

K= Z w(y) w(¢(y)) o w(qﬁifl(y)).

yeF
@' (y)=y



2 Applications of Pdlya’s Theory in Musical Theory

Some parts of this chapter were already discussed by D.L.Reiner in [11]. Now we are going to calculate
the number of patterns of chords, intervals, tone-rows, all-interval-rows, rhythms, motifs and tropes.
Proving any detail would carry me too far. For further information see [6].

2.1 Patterns of Intervals and Chords
2.1.1 Number of Patterns of Chords

Definition 2.1 (n-Scale) 1. If we divide one octave into n parts, we will speak of an n-scale. The
objects of an n-scale are designated as

2. In twelve tone music we usually identify two tones which are 12 semi-tones apart. For that reason
we define an n-scale as the cyclic group (Z,,+) of order n.

Definition 2.2 (Transposing, Inversion) 1. Let us define T' the operation of transposing as a
permutation
T:-Zy — Zy

a—T(a):=1+a.
The group (T') is the cyclic group CT(LE).
2. Let us define I the operation of inversion as
1. Z, — Z,
aw— I(a) = —a.
The group (T, I) is the dihedral group 19£LE ),

Definition 2.3 (k-Chord) 1. Let k < n. A k-chord in an mn-scale is a subset of k elements of Z,,.
An interval is a 2-chord.

2. Let G = Q(?,E) or G = ﬂ%E). Two k-chords A1, As are called equivalent iff there is some v € G such
that A2 = ’y(Al)

Remark 2.1 1. We want to work with Pélya’s Theorem, therefore I identify each k-chord A with
its characteristic function x4. Two k-chords A;, Ay are equivalent iff the two functions x4, and
XA, are equivalent in the sense of Theorem 1.2.

2. Let us define two finite sets: P:= Z,, and F:= {0,1}. Each function f € F¥ will be identified
with
Apr={k € Z,| f(k) =1}.

3. Let w: F' — R := Q[z] be a mapping with w(1): = z and w(0):= 1, where x is an indeterminate.

Define the weight W (f) of a function f € F¥ as

k€Zn

We see that the weight of a k-chord is #¥. The weight of a pattern W ([f]) := W (f) is well defined.



4 2 APPLICATIONS OF POLYA’S THEORY IN MUSICAL THEORY

Theorem 2.1 (Patterns of k-Chords) 1. Let G be a permutation group on Z,. The number of
patterns of k-chords in the n-scale Z, is the coefficient of 2* in

CI(G;1+x, 1422 ..., 14+2").

2. If G= Cr(lE), the number of patterns of k-chords is

DM

Jlged(n,k)

SuE 3
N~

where ¢ is Fuler’s p-function.

3. IfG= ﬁle), the number of patterns of k-chords is

n (n—1) .
%( Z @(])(%)—l—n( [é] )) if n =1 mod 2
Jjlged(n,k) ’ ’
%( Z @(3)@)4’”@)) if n =0mod 2 and k = 0 mod 2
jlged(n.k) !
% “ %:k)Sﬁ(j)@)—Fn(i[%]l)) if n=0mod 2 and k =1 mod 2.
jlged(n,

4. In the case n =12 and G = Q(IE), we get the numbers in table 1 on page 23.

5. In the case n =12 and G = 195{5), we get the numbers in table 2 on page 23.

PRrROOF:

1. Application of Theorem 1.2.
2. Let us calculate the coefficient of z* in

CIC 1+ o, 1 +22,.. . 14+2") =

=3
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Let k:=t -4, then i = £. With (o) we have:
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3. Same proof as 2.

q.e.d. Theorem 2.1



2.1 Patterns of Intervals and Chords 5

2.1.2 The Complement of a k-Chord

Definition 2.4 (Complement of a k-Chord) Let A C Z,, with |A| = k be a k-chord. The comple-
ment of A is the (n — k)-chord Z, \ A.

Remark 2.2 1. Let G = Q(LE) or G = 19£LE) be a permutation group on Z, and let 1 < k < n. There
exists a bijection between the sets of patterns of k-chords and (n — k)-chords.

PROOF:

The following general result holds:
Let M; and M> be two finite sets and f a bijective mapping f: M7 — M. Furthermore let ~; be
an equivalence relation on M; and m; the canonical projection

e Ml — Ml

x = mi(x): = [2]

for ¢ = 1,2. In addition to this the function f satisfies

z o~y = fx) ~2 fy)-
Then the function f: Mj|., — Ms|., defined by f([z]): = [f(z)] is well defined and bijective.

In our context we have the case that M is the set of all k-chords, Ms is the set of all (n — k)-
chords, ~; is induced by G and f(A):= Z, \ A, then f is a bijection between the sets of patterns
of k-chords and (n — k)-chords.
q.e.d. Remark 2.2
2. If n = 0 mod 2, the complement of an 5-chord is an F-chord. Now I want to figure out the number
of patterns of §-chords [A] with the property A ~ Z, \ A. Applying Theorem 1.5 we get:

Theorem 2.2 1. Let n = Omod 2. The number of patterns of 5-chords which are equivalent to
their complement, is
CI(G;0,2,0,2,...).

2. Ifn=12 and G = Q(lE), there are 20 patterns of 6-chords which are equivalent to their complement.
3. Ifn=12 and G = 1951E), there are 8 patterns of 6-chords which are equivalent to their complement.

PROOF:
Let us define two finite sets P:= Z,, and F:= {0, 1} and define a weight function by W(f): =1 for all
f € FP. Each function f € FF will be identified with M;:= {k € Z, | f(k) = 1} = f~*({1}). The
group G defines an equivalence relation on P. Furthermore let ¢ := (0, 1) be a transposition in Sg. To
determine the number of patterns of F-chords which are equivalent to their complement, we have to
calculate the number of patterns of functions f € F¥ which are invariant under ¢. Using a special case
of Theorem 1.5 we get that this number is given by

CI(G;’Q17’{’27 . '7KZTL)

ni::Zj-,uj

ili

where

and (1, p2, .. .) is the type of the permutation ¢. Since ¢ is of the type (0, 1), this is
CI(G;0,2,0,2,...).

q.e.d. Theorem 2.2
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2.1.3 The Interval Structure of a k-Chord

In this section we use 197(1E) as the permutation group acting on Z,. The set of all possible intervals
between two differnet tones in n-tone music will be called Int(n), thus

Int(n) :={z —y| =,y € Zn, z #y} ={1,2,...,n—1}.

Definition 2.5 (Interval Structure) On Z,, we define a linear order 0 < 1 <2 < ... <n —1. Let
A = {iy,i2,...,ix} be a k-chord. Without loss of generality let i1 < is < ... < ix. The interval
structure of A is defined as the pattern [f4], wherein the function f4 is defined as

fa:{1,2,...,k} — Int(n)

fa(l) :=1ip — i,
fA(2) = i3 - 7:27

falk —1) == ip —ip_1,
fA(k) = il - ika
and two functions fi, fo: {1,2,...,k} — Int(n) are called equivalent, iff there exists some ¢ € 19,(€E) such
that fo = f; 0. The group ﬁ,(CE) is generated by T and I with T'(i) := i+ 1 mod k and I(i) := k+1—1i

fori =1,...,k. The differences 7,41 —¢; must be interpreted as differences in Z,,. They are the intervals
between the tones i; and 7;41.

Theorem 2.3 Let Ay := {i1,ia,...,ik} and As := {j1,72,...,Jr} be two k-chords with iy < iz < ... <
i and j1 < jo < ... < jg. Furthermore let f := fa, and g := fa,:{1,2,...,k} — Int(n) be constructed
as in Definition 2.5. Then

(/1= lg] == Wirsia, - ik} = [{d1, g2, G-

PRrROOF:

=—: From [f] = [g] we derive that there exists a ¢ € 19,(€E) such that g = f o . Since ﬁch) is generated
of T and I, we have to investigate two cases:

15 case: Let g = foT, then f(2) = g(1), f(3) = g(2),..., f(k) = g(k — 1) and f(1) = g(k).
Hence:
i3 — 12 =J2— J1

iy — 13 = J3 — J2

U — k=1 = Jk—1 — Jk—2
i =ik = Jk — Jk—1
tg — 11 = J1 — Jk-
This can be written as
is = ja + (i2 — j1) (%)
ia = j3 + (i3 — j2)

ik = Jr—1 + (tk—1 — Jr—2) ()



2.1 Patterns of Intervals and Chords 7

i1 = jk + (ik — Jr—1) (% %)
iz = j1+ (i1 — J)-
Now I want to prove that the terms in brackets are all the same, which means:
lo—J1 =13 — Jo = ... = lp-1— Jr—2 =1k — Jr—1 =11 — Jk-

From (x) we get i3—ja = i2—7j1. Let us assume that we already know that io—j1 = ix—1—Jk—2,
then (xx) implies that
U — Jk—1=1h—1 — Jk—2 = 2 — J1-
Rewriting (x * *) leads to
i1 — Jr =k — Je—1 =12 — J1-

Using this we get ij41( mod ) = 72775, for { = 1,2,...,k and finally
[{7;17i2a cee 7i/€}] = [{j17j27 e 7jk}]

20d case: Let g = foT% 1ol then f(k—1)=g(1), f(k—2)=g(2),..., f(1) = g(k — 1) and
f(k) = g(k). Hence:
I — k-1 = J2 — J1

Tg—1 — lg—2 = Jj3 — J2

i3 =l = Jp—1 — Jk—2
g — 11 = Jk — Jk—1
i — g =J1— Jk-
This can be written as:
ir = —j1 + (k=1 + Jj2)

ih—1 = —j2 + (ik—2 + J3)

i3 = —jr—2 + (i2 + Jr—1)
ig = —Jr—1+ (i1 + jr)
i1 = —Jr + (ix + J1).
In the same way as in the first case we get
lg—1+Jo =tk—2+J3=... =02+ Jr_1 =11+ Jr = i + J1

and this implies
i = (T4 0 I)(jrt1-1)
forl =1,2,...,k, from which we get [{i1,2,...,ix}] = [{j1,J2,- -, Jk}]
Since T and TF 1o ] generate 19,(€E), the first part of this proof is finished.
<=: Assuming that [{i1,%2,...,9}] = [{41,42,.--,Jk}] we have to investigate two cases:

15 case: Let {ji,Ja,...,jx} = T{i1,40,...,ir}. Again we have two cases:
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1. Let i <ig < ...<ip <mn—1,then T(i1) < T(iz) < ... < T(ix) < n —1. This means
j1 =T(i1), jo = T(ia),..., jr = T(ix). Let the interval structure of {iy,ia,...,ix} be
[f]. For the interval structure [g] of {j1, jo2,...,jx} we get

9(1) =j2 = j1 =T(i2) = T(ir) = (i2 +1) — (i1 + 1) =iz — i1 = f(1)
9(2) =js = jo =T(is) = T(i2) = (i3 + 1) — (i2 + 1) =is — iz = f(2)

gk = 1) = ji — jr—1 = T(ix) = T(ix—1) = (ix +1) = (k-1 +1) =
=iy —ipy = f(k—1)
g(k) = j1 —ji =T(i1) = T(ix) = (i1 + 1) — (ix + 1) = i1 — ix = f(k).
Immediately we see that f = g and [f] = [g].

2. Let i1 <idg < ... <1t =n-—1, then T(Zk) =0, and T(Zk) < T(Zl) < T(’Lg) < .o <
T(ix—1), consequently j1 = T(ix), jo = T(i1),..., jx = T(ix—1). Let the interval
structure of {41, 19, ...,i;} be [f]. For the interval structure [g] of {j1, jo, ..., jx} We get

9(1) = j2 —j1 =T (1) = T(ix) = (i1 + 1) — (ix + 1) = i1 — i, = f(k)
9(2) =jz —j2=T(i2) = T(ir) = (i2 +1) — (i1 + 1) = i2 — i1 = f(1)
9(3) =ja—js =T(is) = T(iz) = (i3 +1) — (i2 + 1) = iz — iz = f(2)

~— ~—

gk =1) =gk = Jr—1 = T(ip—1) = T(ir—2) = (ip—1 +1) = (ig—2+1) =
=ik-1—ir—2 = f(k—2)
9(k) = g1 — g =T (ix) — T(ig—1) = (ix +1) = (ig—1 + 1) =i —ip—1 = f(k—1).
Thus g = f o T and [f] = lg]-

o1d case: Let {j1,J2, -, Jr} = I{i1,i2,...,ix}. There are two cases:
1. Let 0 < iy < iy < ... < i, then I(ig) < I(ig_1) < ... < I(i1), thus j1 = I(i), jo =
I(ig—1),..., jr = I(i1). Let the interval structure of {i1,is,...,ix} be [f]. For the
interval structure [g] of {j1,72,...,Jx} We get

g(1) = jo — j1 = I(ig—1) — I(ix) = ix —ix—1 = f(k—1)
9(2) = jz — jo = I(ig—2) — I(ir—1) = ir—1 —ix—2 = f(k—2)
gk —1) = jx — jr—1 = I(i1) — I(i2) = iz —i1 = f(1)
g(k) = jr — jr. = I(ix) — I(i1) = i1x — i = f(k).
Hence g = foT* 1o I and [f] = [g]-

2. Let 0 =4y < dg < ... < ik, then 0 = I(i1) < I(ig) < I(ig—1) < ... < I(d2), thus
J1 = I(i1), j2 = I(ix), js = I(ix—-1),...,jx = I(i2). Let the interval structure of
{1,142, ...,k } be [f]. For the interval structure [g] of {j1,j2,...,Jr} We get

9(1) = j2 — j1 = 1(ix) — I(ix) = i1 — i = f(k)
9(2) = js — jo = I(ix—1) — I(ix) = ix, —ix—1 = f(k = 1)
9(3) = ja —jz = I(ig—2) = I(ix—1) = ir—1 —ix—2 = f(k—2)

gk = 1) = jx — jr—1 = I(ia) — 1(i3) = i3 —ia = f(2)
g(k) = j1 = jx = i(ix) — I(iz) = iz — i1 = f(1).
Hence g = f o I and consequently [f] = [g].
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)

Since T and I generate 19;’3 , everything is proved.

q.e.d. Theorem 2.3

Remark 2.3 If the permutation group acting on Z,, is the cyclic group Q(LE), then the interval structure
of A := {iy,ia,...,i;} must be defined as the pattern [f4] in regard to C;EE) := (T) with T'(i) :=
i+ 1 mod k. The function f4 is defined as in Definition 2.5.

Remark 2.4 Let f be a function f:{1,2,...,k} — Int(n). The pattern [f] is the interval structure of
a k-chord, iff

One must interpret this sum as a sum of intervals, thus as a sum of positive integers.

PROOF:
= Let fa be the interval structure of A := {iy,14s,... 4}, with i1 < iz < ... < iy, then
fa(l) =iz — iy
fa(2) =iz — iy

falk—1) =i —ix_1
falk) =41 — ig.

Because of the fact that these differences are differences in Z,, and i1 < i we rewrite fa(k) =
(i1 + n) — ix. Now we get:

!
> falh) =
j=1

gl

(ij41 —35) + (i1 +n) —ip = (—iy +ix) + (i1 +n) — ik =n.
j=1

<=: Let f be a function f:{1,2,...,k} — Int(n) such that

then we define

iji=Y f(i)for2<j <k

i=1
It is easily seen, that [f] is the interval structure of {iy,42,..., %}
q.e.d. Remark 2.4

Remark 2.5 Let x,y1,92,...,yn be indeterminates over Q and let R be the ring

R = Q[xaylay% s 7yn]~

Now I want to define a weight function
w:Int(n) = R
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i w(i): = z'y;.
The weight of a function f:{1,2,...,k} — Int(n) is the product weight
k
W(f):=]]w( Hx Y PP )Hyf
i=1 i=1

Now we can define W([f]) := W(f). According to Remark 2.4 the pattern [f] is the interval structure
of a k-chord, iff

This is true, iff
k
W(f) =a"[[vra-
i=1

The indices of the y’s in W (f) show, which intervals occur in the k-chord.

Theorem 2.4 The inventory of interval structures of k-chords in n-tone music is the coefficient of x™
m

n—1 n—1 n—1
CI (19]2 ), E xzyia E x22yi23 E 35311/1‘37 ceey ) .
i=1 i=1 =1

PRrROOF:

Application of Theorem 1.2.
q.e.d. Theorem 2.4

Example 2.1 The inventory of the interval structures of 3-chords in 12-tone music is the coefficient of
12 ;
1% in

11 11 11
CI(ﬁgE); Z oy, Z 22iy,2, Z xBiyiS).
i=1 i=1 i=1
This is
Y1210 + y1(Y2yo + Y3ys + Yayr + Ysys) + Y2 Ys + Y2 (y3yr + vaye + ¥s>) + Y3 Ys + Ysyays + ya°

If you are interested in the number of patterns of 3-chords with intervals > k, then put y; 1= yo =
= yYg—1 = 0 and yi := Yr4+1 := ... := yp := 1. In the case k = 2 there are 7 patterns of 3-chords
with intervals greater or equal 2.

If the permutation group Cl(f) is acting on Zjs, then the interval structures of 3-chords in 12-tone
music is the coefficient of z'2

cr(¢?; Zx yzxzy ,in’"y ).

This is y1%y10 + 2y1 (y2Yo + y3ys + yay7r + Ys¥s) + ¥2°ys + Y2 (2ysy7 + 2y1y6 + ys) + y32Ye + 2y3yays + ya®.
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2.2 Patterns of Tone-Rows

Definition 2.6 (Tone-Row, k-Row) 1. Arnold Schénberg introduced the so called tone-rows. In

this paper I am going to give a mathematical form of his definition. Let n > 3. A tone-row in an
n-scale is a bijectiv mapping
f:{0,1,....n—-1} = Z,

f(4) is the tone which occurs in i position in the tone-row.
2. Letn > 3and 2 < k < n. A k-row in n-tone music is an injective mapping f:{0,1,...,k—1} — Z,.
Remark 2.6 1. A k-row with k = n is a tone-row.

2. Two k-rows f1, fo are equivalent if f; can be written as transposing, inversion, retrogradation or
an arbitrary sequence of these operations of fs.
Transposing of a k-row f is T o f, Inversion of f is I o f. According to Definition 2.2, we know

that T" and I are permutations on Z,, and that (T,I) = 9. Actually inversion of a k-row f
should be defined as

T O 6o 06 1.

Retrogradation R, is a permutation R € S{o,1,... r—1} defined as:

_JOk=1)o(1,k=2)0...0(
R.—{(o,k—l)o(Lk_g)omo(

[

-1,5 if Kk =0 mod 2
—37k21)o(%) if k =1 mod 2.

ENTCOIES
+ o

N’

Let I := (R) < S{o,1,....k—1}, then [II| = 2. Retrogradation of a k-row f is defined as f o R.
3. Since II: = (R), the cycle index of II is

l( k k . _
. . Y1+ y2?) if k=0mod 2
CI(H,yhyz,.wyk)—{f

2

(n® + y1y2%) if k=1 mod 2.
Thus two k-rows f1, fo are equivalent

— dp € ﬂglE)EIa € IT such that f; = po fyoao.

Theorem 2.5 (Number of Patterns of k-Rows) The number of patterns of k-rows in Z, is

o 0 0

CI(H,a—wl,a—Iz,7a—wk

)Cl(ﬁglE);l—i—xhl+2x2,...,1+n1;n)|

T1=xo=...=x,=0"

This is

1(1 e k(s n2 1 ((n s k(%
—{=(( 22 () (2 2 — l+22() 2
(3@ () () a(Re2an(D))

if n=0mod 2 and k = 0 mod 2. For integers k,v, v > 0 the expression (k), is definied as:

(K)o :=k-(k—=1)-...- (k= (v—1)).

1/1 re1 (252N k-1 1 (n
Z(Z2.9.97 2 2 2o+ = !
(522 ()5 ()e)

ifn=0mod 2 and k =1 mod 2.
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ifn=1mod 2 and k =0 mod 2.

1/1 (n 1 s /2N B
- = |4+ 2975 2 |
2 (o (1) 22 (1) )

ifn=1mod 2 and k =1 mod 2.

In the case n = 12 the number of patterns of k-rows is in table 3 on page 23.

PRrROOF:

Application of Theorem 1.4.
q.e.d. Theorem 2.5

Theorem 2.6 (Number of patterns of Tone-Rows) Let n > 3. The number of patterns of tone-
rows in n-tone music is

= =

((n—l)!+(n—1)!!> ifn=1mod?2
((n Dl (n =22+ 1)) if n = 0 mod 2.
If n is in N then

n_ Jfn-(n=2)-...-2 ifn=0mod2
= n-n—2)-...-1 ifn=1mod 2.

Especially there are 9985 920 patterns of tone-rows in 12-tone music.

PROOF:
This is a special case of Theorem 2.5.

1. If n =0 mod 2, then the number of patterns of n-rows is

3 (1@ 25N + 5 (423 G). ®

Since n > 3, we have (2),, = 0. Furthermore

27_5(3)!:2-4-6-...-(n—2)-n:n!!.
(%) can be written as
i(%n!!) + %(%(n' +nll)) = %((n D'+ (n- 2)!!(E +1))

q.e.d. Theorem 2.6
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2.3 Patterns of All-Interval-Rows

Let A and B be two finite sets. The set of all injective functions f: A — B will be denoted by Inj(A, B).
For that reason the set of all tone-rows is Inj({O7 1,...,n—1}, Zn). In this chapter let n > 3.

Definition 2.7 (All-Interval-Rows) Let us define a mapping
oa:Inj({0,1,....,n—1},2Z,) = {g| ¢:{1,2,...,n = 1} = Int(n)}

fr=a(f)

and a(f)(#) := f(i) — f(i—1) for i = 1,2,...,n — 1. This is subtraction in Z,. The function a(f) is
called all-interval-row, iff a(f) is injective, that means a(f) € Inj({1,2,...,n — 1},Int(n)). In other
words a tone-row induces an all-interval-row, iff all possible intervals occur as differences between two
successive tones of the tone-row. The set of all all-interval-rows will be denoted as Allint(n).

Let’s define some mappings:

1.
ﬂ:Inj({l,Q,...,nf1},Int(n)) — {glg:{(),l,...,nfl} — Zn}
f=B0f)
B(f)(0):=0and B(f)(4) :=B(f)(i—1)+ f(i) mod n for i = 1,2,...,n— 1. You can easily derive
that
B(F)(@) = f(5) mod n
j=1

fori=0,1,...,n—1.

2. Letl e Z,.

Binj({1,2,...,n — 1}, Int(n)) — {g] ¢:{0,1,...,n— 1} — Z,}
fe B0
B(H) = Zf(j) + 1 mod n.

3. There is another possibility to generalize § by expanding its domain.

B:{fIf:{l,?,...,n—l}ﬂlnt(n)}H{glg:{O,l,...,nfl}HZn}

fori=0,1,...,n—1.

Theorem 2.7 Let f be a mapping f:{1,2,...,n— 1} — Int(n). The following statements are equiva-
lent:

1. f s an all-interval-row.
2. fej({1,2,...,n—1},Int(n)) and B(f) € Inj({0,1,...,n —1},Z,).

3. femj({1,2,...,n—1},Int(n)) and B(f) € nj({0,1,...,n— 1}, Z,).
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4. f is injective and B(f) € j({0,1,...,n — 1}, Z,).

PROOF:
I only want to prove that 1 is equivalent to 2.

1 =>2: Let g € Inj({0,1,...,n =1}, Z,) and f = a(g), then a(g) € Inj({1,2,...,n —1},Int(n)). For
0 <7 < n we calculate

7 %

Bla(g) (@) =D alg)G) =D _(90) — 9(j — 1)) = g(i) — g(0) mod n.

=1 =1

Thus G(f) = ﬂ(a(g)) = (T790) o g). Consequently it is injective and B(f) € Inj({O,l,...,
n—1}, Z,).

2 = 1: Since f € Inj({1,2,...,n — 1},Int(n)) and B(f) € Inj({0,1,...,n — 1}, Z,) let us calculate

@(BU0) @) = BN - BN~ 1) = 2 56) ~ Y 7G) = £6) mod .

We conclude that a(ﬂ(f)) = f € Inj ({1, 2,...,n—1}, Int(n)), hence f is an all-interval-row.
q.e.d. Theorem 2.7

You can easily prove the following results:
1. If n = 1 mod 2, there are no all-interval-rows.
2. If n =0 mod 2 the function f defined as

f(z):{l if 7 =1 mod 2

—43 if 1 =0mod 2
is an all-interval-row.
For the rest of this chapter let n > 4 and n = 0 mod 2.

3. f € Allint(n) implies 3(f)(n — 1) = 3.
4. f € Allint(n) implies f(1) # 5 and f(n —1) # 3.
Remark 2.7 1. On Int(n) we have the following permutations:
I:Int(n) — Int(n)

j () =n—j.
I stands for inversion. I is of the type (1,5 —1,0,...).

In the case n = 12 there is a further permutation called
Q:Int(n) — Int(n)

j—Q():=5-jmod 12.

@ stands for quartcircle symmetry. Since ged(5,12) = 1, @ is a permutation on Z,, and since
5-0=0, @ is a permutation on Int(n). @ is of the type (3,4,0,...,0). You can easily prove that
(IoQ)(y) =(Qol)(y) =7 jmod 12 and that it is of the type (5,3,0,...,0). I o Q is called
quintcircle symmetry.
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2. On the set {1,2,...,n — 1} retrogradation R is a permutation, defined as
R:=(1,n—1)o(2,n—2)o...0o(=—1,=+1)o(=).

3. If f € Allint(n), then I o f, fo R are in Allint(n). Furthermore if n = 12 then Qo f € Allint(12).
4. For that reason we can define the following permutations on Allint(n).
o1, PR, po: Allint(n) — Allint(n)
frooi(f)i=Tof
frer(f):=FfoR
f=eq(f):=Qeof.

For ¢ we need the assumption that n = 12.
5. It is easy to prove that these permutations commute in pairs and that ¢;% = pr? = pg? = id.
6. In [4] there is a further permutation E called exchange at 5. It is defined as

E: Allint(n) — Allint(n)

[ E(f)
and
FOFH(E) +19) ifi<n—f74(2)
E(f)(@i) =4 35 ifi=n—f"'(%)
F( 5)-

i—n+ f7H(E%) ifi>n— f7Y
) #

I have already mentioned, that f(1) # % and f(n -1 Since f € Allint(n) is bijective, there
exists exactly one j, such that 1 < j <n —1 and f(j) = 5. The values of the function E(f)(i)

fori=1,2,....n—1are f(j+1),f(j+2),...,f(n— )f()—g,f( ), f(2),...,f(G—1). The

permutation F is defined for n > 4, but in the case n = 4 we have F = pg.

ﬂ
2°

Now I want to prove that E is well defined. According to Theorem 2.7 we have to prove that
B(E(f)) is injective, in the course of which 3(E(f))(0) := B(f)(f~'(2)). Fori <n— f~'(2) we

derive 4
=Y BN +8(H(7(5) =
= 10T G +) BN G) = BN (G) +i)
Especially . .
BEWN) (-1 HG) 1) = B —1) = 2,
and for that reason
BEWD) (= £ (5) = BED) (= £ (G) ~1) + BN -1 1(3) =
=S +5=0=8)0)
For i > n — f~!(%) we calculate
) ) n i—(n—f"'(%)) n
BE() (@) = BE) (n- 1) + E(f)(n—f"3) +i) =
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)

i—(n—f"' (%
=0+ Y M@ =ADG-n+ G

Thus everything is proved.
7. The following formulas hold: Fop; =¢roE, Eopg=pgoE, Eopr=¢roFE and E? =id.

8. Let us define three permutation groups on Allint(n).
G1:= (¢1,9R), G2 :== (1, ¢r, E) und G35 := (@1, ¢r, E, pg). For G2 we must assume n > 6, and
for G35 we must assume n = 12. We calculate that |G1| =4, |G2| =8, |G3| = 16.
Remark 2.8 (Counting of All-Interval-Rows) Let

L1, X2y Tpn—1,Y1,Y25 -+ -y Yn—1,21,225 -3 2n—1

be indeterminates over Q. Furthermore let f be a mapping f:{1,2,...,n — 1} — Int(n). We define:

R :=Qlxr1,T2,. .., Tp1,21,22,. -, Zn—1]
and »
W(f) =[] wi(fi)
:=1

The functions w; are defined as

After calculating W (f) you have to replace terms of the form z,7 by Y mod n- Then you get W(f) €

Qly1,Y2, -+, Yn—1,21,22, - -+, Zn—1]. According to Theorem 2.7 f is an all-interval-row, if and only if,
n—1
W(f) = H Yizi-
i=1
PROOF:

f is an all-interval-row, if and only if, f and B( [) are injective. The function f is injective, iff W( f)is
divisible by [T zi. According to the construction of W (f) the power of z; is > i1 f(5) = B(f)(9) mod
n. Thus

n—1

W) =TT zrows0

i=1

and the function B( f) is injective, iff W(f) is divisible by H?;ll y;. Consequently the number of all-
interval-rows in n-tone music is the coefficient of H?:_ll Yiz; in
n—1 n—1 -

= jxkj)

n
i=1 j=1 k=i

Zu9 =Yj mod n
q.e.d. Remark 2.8

Remark 2.9 For p € G; or G3 or G3 we want to calculate

x(¢) = |{f € Allint(n) | ¢(f) = f}].
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After some calculations we can derive that there are only 4 permutions ¢ such that x(¢) # 0. In

Remark 2.8 we calculated x(id). The value of x(¢5 o ¢g) is the coefficient of H?:_ll ¥;2; in

7-1 n-1 n—1 n—1 n—1
j n—j n
(Y o o T o )es Tt |
=1 Jj=1 k=1 k=n—i k=1 Ty’ =Yj mod n
Tz - - =2
2

Now let n > 6. The value of x(pr o V) is the coefficient of H;le Yiz; in
%_1 n—1 n—1

n—1 -1
(S oo o T we)es T ot
j=1 k=i —n

n

L

N[3

Ty =Yj mod n

nf3

‘an
J#j

Now let n = 12. In order to calculate x(pg oV o ¢r) you must compute

5 11 11 11 1 11
Z (zﬁ H x;%2329 (H ;3 H z;7 + ijg H acj?’).
=1\ j=2i j=i  j=it6 j=i j=it6
i1 -1 11 11
< > zkzskmoara [ [t [ @™o 12)'
=1 = i=2i—j
i+5 -1 11 11
-] ( > mzskmearz [[x* ] @l 12)) :
j2iH | k= I=j  1=1242i—j

Then substitute y; moq 12 for z,7 and find the coefficient of Hzli1 YiZi-

Theorem 2.8 (Number of Patterns of All-Interval-Rows) The number of patterns of all-inter-

val-rows in regard to G; fori=1,2,3 is
1. 3 (x(id) + x(pr o)) fori=1.
2. 5(x(id) +x(¢ropr) +x(proV)) fori=2.
3. Fori =3 we calculate

% (x(id) + x(¢r o ¢r) + x(ero V) + x(pg o proV)) =

1
= 75 (3856 + 176 + 120 + 120) = 267.

PROOF:
Application of the Lemma of Bunside, Theorem 1.1.

q.e.d. Theorem 2.8

2.4 Patterns of Rhythms

Definition 2.8 (n-Bar, Entry-time, k-Rhythm) An important contribution in a composition is a
bar. Usually a lot of bars of the same form follow one another. If you know the smallest rhythmical
subdivision of a bar, you can figure out how many entry-times (think of rhythmical accents played on
a drum) a bar holds. If there are n entry-times in a bar, I call it an n-bar. In mathematical terms an

n-bar is expressed as the cyclic group Z,,. We can define cyclic temporal shifting S as a permutation

S:Z, — Z,
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t— S(t):=t+1.
Retrogradation R (temporal inversion) is defined as
R:Z, — Z,
t— R(t):= —t.

The group (S) is ¢i) and (S,R) = 9. A k-rhythm in an n-bar is a subset of k elements of Z,. The
permutation groups (,QE) or 1959 induce an equivalence relation on the set of all k-rhythms. Now we
want to calculate the number of patterns of k-rhythms. We get the same numbers as in Theorem 2.1.

Theorem 2.9 (Patterns of k-Rhythms) 1. Let G be a permutation group on Z,. The number
of patterns of k-rhythms in the n-bar Z, is the coefficient of =¥ in

CI(G;1 4z, 14+ 22,...,142™).

2. If G = Q(IE), the number of patterns of k-rhythms is

| —
S
Yy
.
S—
/N
S sl3
\_/

where ¢ is Fuler’s p-function.

3. If G = ﬁsLE), the number of patterns of k-rhythms is

(n—-1)

%( S el)(1) +n( 4 )) ifn=1mod 2
Jjlged(n,k) !

%( Z e(G)(1) +n(§)) ifn =0mod 2 and k = 0 mod 2
j‘ng(nfk) !

% “ %: k)@(j)(g) +n(5[g]1)> if n=0mod 2 and k =1 mod 2.
jlged(n,

2.5 Patterns of Motifs
Definition 2.9 (k-Motif) 1. Now I want to combine both rhythmical and tonal aspects of music.
2. Assume we have an n-scale and an m-bar, then the set M
M :={(z,y) |z € Zm,y € Zy} = Z, X Zy,

is the set of all possible combinations of entry-times in the m-bar Z,, and pitches in the n-scale
Zy. Furthermore let G be a permutation group on M. In Remark 2.11 we are going to study two
special groups G. The group G defines an equivalence relation on M:

(x1,91) ~ (x2,92): <= g € G with (22,2) = g(z1, 1)
In addition to this we have |M| =m - n.
3. Let 1 <k <m-n. A k-motif is a subset of k elements of M.

Remark 2.10 Let f be a mapping f: M — {0,1}. Now we identify f with the set

My = {(z,y) Ele(Ly) =1}
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This means: f is the characteristic function of M;. The function f is the characteristic function of a
k-motif <= |My| = k. Two functions f1, fo: M — {0,1} are defined equivalent

fi~ for<= dg e G with fo = fi0g.
Let f; be the characteristic function of the k-motif M; for ¢ = 1,2, then we have:
f1~ fo <= dg € G with g(MQ) = M.

Now w(0) := 1 and w(1) := x define a weight function w: {0,1} — QJz], where z is an indeterminate
over Q. In addition to this let

peM

Now we can say: f is the characteristic function of a k-motif <= W (f) = z*.

Theorem 2.10 (Number of Patterns of k-Motifs) The number of patterns of k-motifs in an n-
scale and in an m-bar is the coefficient of x* in

CI(G;1 4z, 1422 ..., 14+2™™).

PROOF:
This completely follows Pdlya’s Theorem 1.2.
q.e.d. Theorem 2.10

Remark 2.11 (Special Permutation Groups) Now I want to demonstrate two examples for group
G.

1. In Definition 2.2 we had a permutation group G, = QQE) or Gy = 19,(1E) acting on the n-scale
Zp. Moreover in Definition 2.8 there was a permutation group G; = Q(nE) or G; = 1955) defined
on the m-bar Z,,. For that reason, we define the group G as G := G1 ® G3. Two elements
(21,91), (x2,y2) € M are called equivalent with respect to G, iff there exist ¢ € G; and ¢ € Ga,
with

(z2,92) = (@, ¥)(@1,91) = (p(x1), ¥ (y1))-

Because of the fact that we know how to calculate the cycle index of G; ® G2, we can compute
the number of patterns of k-motifs.

2. In the case m = n, we can define another permutation group G, as it is done in [8]. The group G
is defined as
G = <T7 S7 %DA | A € Gl (27 Z’n)>7

with
T-M— M

()=7()=(,
()=s() =)
() =eas)=2(;)

The multiplication A - <Z> stands for matrix multiplication. The set G1(2, Z,,) is the group of

all regular 2 x 2-matrices over Z,,.

You can easily derive the following results:



20

2 APPLICATIONS OF POLYA’S THEORY IN MUSICAL THEORY

(a) T = S™ =idy; and TV # idy; and S7 #idys for 1 < j < n.
(b) ToS=SoT. In addition to this T ¢ (S) and S & (T).
(c) Let 0 <i,j <n, then: T°0 87 & (pa | A€ GL(2,7,)), iff i # 0 or j #0.

a

(d) Let A := (c b), then: @4 0Tk o St = Tleltdk) o Glal+bk) o 5 .

d
(e) G is the group of all affine mappings Z,? — Z,>.

Although we know quite a lot about the group G, I could not find a formula for the cycle index
of G for arbitrary n.

Example 2.2 Let us consider the case, that n =m = 12.

1. If G is defined as G := 197(1E) ® 19%E), then we derive

CI(G, T1,T2,... ,3:144) =
= s (@™ + 12231250 + 362120 + 147272 + 8248 4 242823 + 60235 + 9623* + 192213).
By applying Theorem 2.10, the number of patterns of k-motifs is the coefficient of z* in

1+ x + 4822 + 9372% + 31261z* + 8400062°19 39266925 + 381561281z + 653251070925 +
98 700 483 548z + 1332424197 746210 +

LG =(T,S, 04 | A e Gl(2,Z,)), I computed the cycle index of G with a Turbo Pascal program

as
CI(G, T1,T2,... ,.13144) =

%2 5 (21 + 18272230 + 36213238 + 24218232 + 7223625 + 48230 282]® + 648234250 +
432x1 x%2m§6x§ + 192x%8x83:27 + 9x16 $ 4+ 72x%6x%6xé6 + 549516 32 —|— 108216216 + 2 592x%2x36 +
172821223021% + 1 72821221828 éQ +1 15295 xgxgmgxﬁxu + 12896196 + 384z 2928 +

5 68 8,.20,.16 4..32 6..15 .27 6,349
162z3x3 + 1 2961‘1.%‘2 g + 972x1$2x4 +1 944x1x2ac + 691225235237 + 4608253232 9222, +
64833‘113:;0 + 4321‘436%43:}18 +5 1843311‘%233(156 +3 456x‘11m§0x4x6x‘112 + 3888z fxSx32 + 77762 2520 +
2592z 2323t + 5184 tadaixl0 + 4 608x1x2m3 x65 +13 824z1x§’x§:17%1 + 307223237 +
9216x3zilz® +1 728:5%@7@217 —|— 1382422232732l + 1036823 w0230 —i— 20 73623 w27323¢ +
1 1523:1962:5333(2,0 + 3456z 252373 + 921621 wox523t + 27 64871 w9232 + 691221 2323213 +
13824z 252375, + 20 73621 2370503219 + 4147220 w322 0825, + 3174252 + 2208235 21% +
6 62437%41%6 +4608z32x528 2ty + 372628232 + 745225246 + 2 592x§xi4 +5 1841;21‘335}36 +
7224738 + 1 008m24x12 + 9288230240 + 25536232248 + 26882122828, + 1 296z§x%0
10 75225 z3 2y + 32 832x§x§2 +3 456x§xé0x?2 +13 824x 22329, + 38400236 + 36 864x122%, +
4147224285 + 883223 + 6 144x{%2%, + 39936248 + 18 432xgx§4 + 49152213 + 24 57625,).

By applying Theorem 2.10, the number of patterns of k-motifs is the coefficient of 2* in 1+xz+45x2+
2623 + 2162 +2 02425 427 80626 + 417 20927 4 6 345 7352% + 90 590 7132 4+ 1 190 322 956210 +. . ..

For k = 1,2, 3,4 these numbers are the same as in [8]. In the case k = 5 however, it is stated that
there exist 2032 different patterns of 5-motifs, while here we get 2024 of these patterns.

2.6 Patterns of Tropes
Definition 2.10 (Trope) 1. If you divide the set of 12 tones in 12-tone music into 2 disjointed

sets, each containing 6 elements, and if you label these sets as a first and a second set, we will
speak of a trope. This definition goes back to Josef Matthias Hauer. Two tropes are called
equivalent, iff transposing, inversion, changing the labels of the two sets or arbitrary sequences of
these operations transform one trope into the other.
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2. For a mathematical definition let n > 4 and n = 0 mod 2. A trope in n-tone music is a function
f:Z, — F:={1,2} such that |/~ ({1})| = [/ ({2} = 5

f(@) = k is translated into: The tone i lies in the set with label k. Furthermore T and I are

permutations on Z,, as in Definition 2.2. The group (T, 1) is 1951E). Two tropes f1, fo are called
equivalent, if and only if,

Ir € 9B Jp € S, such that fo =@ Lo fiom.

3. Let = and y be indeterminates over Q. Define a function w: F — Q[z,y] by w(l):= z and
w(2):=y. For f € F%» the weight of f is defined as product weight

w(f):= [[ w(f@).

rE€Zy,

w3

A function f: Z,, — F:= {1,2} is a trope, iff W(f) = 23y%.

Theorem 2.11 (Patterns of Tropes) Let ¢ be Euler’s ¢-function. The number of patterns of tropes
in regard to 1951E) 18

Ao+ X ewet) + (B +28)  in=0mods

t=0 mod 2
%<%<Z¢(t)(§) + Z W(t)2%> 4 (:jz) +2%—1) if n = 2 mod 4.
t 4
tl% tEOtIII?Od2

In 12-tone music there are 35 patterns of tropes. (See [5].) Hauer himself calculated that there are 44
patterns of tropes, because in his work the permutation group acting on Z, was the cyclic group (T).

PROOF:
We want to use Theorem 1.3 which says:

;MU7L§ CIOEAL ) A2, 0), - A ),
f

where

Am, @)= > w(y)-w(e®)) ... w(e™(y)).
‘P’"%'I(eyl;:y

The number of patterns of tropes is the coefficient of zZy? in
1 n
5 (CI(ﬁSLE); x+y, P at oy + CI(ﬁSlE); 0,2zy,0,2z%y%,...,0, 2cﬁy5)).

This can be transformed into the formula above.
q.e.d. Theorem 2.11

2.7 Special Remarks on 12-tone music

In addition to the operations of transposing 7" and of inversion I we can study quartcircle- and quintcircle
symmetry in 12-tone music.
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Remark 2.12 (Quartcircle Symmetry) The quartcircle symmetry @ is defined as
Q: Z12 — Z12
x— Qx) := bu.

Q is a permutation on Zj4, since ged(5,12) = 1. Furthermore

1. Q€ (1, T).

2. QoT=T50Q.
Qol=10Q = Tx, which is called the quintcircle symmetry.
Q? =idyz,,.
5. Let G be G:=(I,T,Q). Each element ¢ € G can be written as

Ll

o=TFol"oQ!
such that k£ € {0,1,...,n—1}, 5 € {0,1}, and [ € {0, 1}.
6. The cycle index of G:= (I, T, Q) is

CI(G;z1,x2,...,212) =

=— (Z <,0(t);1cltl_t2 + 22823 + 3xtal + 62325 + 1125 + daieg + 625 + 4352).

This group G is an other permutation group acting on Z;o with a musical background. The question
arises, how to generalize the quartcircle symmetry of 12-tone music to n-tone music. Should we take
any unit in Z,, or only those units e such that e = 1?
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23 4 5 6 7 8 9 10 11 12
6 19 43 66 8 66 43 19 6 1 1

RE
# of patterns ‘ 1

Table 1: Number of patterns of k-Chords in 12-tone music with regard to Q(LE).

i |
# of patterns ‘

3 4 5 6 7 8 9 10 11 12

1 2
1 6 12 29 38 50 38 29 12 6 1 1

Table 2: Number of patterns of k-Chords in 12-tone music with regard to 19£LE ),

k |2 3 4 5 6 7
# of patterns | 6 30 275 2000 14060 83280
k | 3 9 10 11 12

# of patterns | 416880 1663680 4993440 9980160 9985920

Table 3: Number of patterns of k-rows in 12-tone music.
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Working for my doctorial thesis I succeeded in constructing complete lists of orbit representatives
of k-motifs for k = 1,2,...,8 under the action of the permutation group of the second item of example
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