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Enumeration of the
Semilinear Isometry Classes
of Linear Codes

Harald Fripertinger

Abstract

In joint papers with A. Kerber we showed how to enumerate the
linear isometry classes of linear codes by certain substitutions into
cycle index polynomials of the action of projective linear groups on
projective spaces. In the present paper it is described how to gen-
eralize this approach to the enumeration of the semilinear isometry
classes. Moreover, we motivate that with respect to error correcting
properties semilinear isometry is the natural equivalence relation on
the set of all linear codes.

1 Introduction

The methods and results presented in this paper are interesting in the frame-
work of classification of discrete structures under group actions as described
by A. Kerber in [10] or [11]. In the second section notions from functional
equations are used.

Let F, be a finite field of cardinality ¢ = p”, where the prime number p
is its characteristic, and r is a positive integer. The Galois group Gal :=
Gal[F, : F,] is the group of all automorphisms of Fy. It is a cyclic group
of order r and it is generated by the Frobenius-automorphism 7:F, — I,
7(k) := kP. In the sequel we indicate the Galois group just by Gal.

For 1 < k < n a linear (n,k)-code C over F, is a k-dimensional subspace
of the vector space Fy. It is usually described by a generator matrix, a
k x n-matrix over IFy, the rows of which form a basis of C'. In the present
paper we write all vectors as row vectors. Therefore, an element v of Fy is
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ENUMERATION OF THE SEMILINEAR ISOMETRY CLASSES 101

of the form v = (vg,v1,...,v,—1). It is also considered as the mapping v
from the set n :={0,...,n — 1} to F, defined by v(i) := v;.

In general a linear code possesses many different bases, i.e. many different
generator matrices, and it is clear from linear algebra that the set of all
generator matrices of a linear code with generator matrix I" is given by

{B-T'|BeGLk(q)},

where GLj(g) is the group of all regular k x k-matrices over F,.
The Hamming-distance on Fy is the mapping

d:Fy Xy — Zso 0 d(v,w) = |{i € n|v; #wi}|.

Using a linear code C, the number of errors which can be detected or cor-
rected by maximum-likelihood decoding is determined by the minimum dis-
tance

dist(C) ;= min {d(c,c) | ¢, € C, ¢ # '} = min{d(c,0) | c€ C \ {0}}.

In fact, if dist(C') > 2t 4 1, then it is possible to correct up to t errors with
this method.

Two linear codes having the same metrical structure have the same coding
theoretic properties, thus they are considered to be equivalent. Therefore,
two (n, k)-codes C' and C” are of the same quality, if there exists a mapping

vFy —Fy
with ¢(C) = C’ preserving the Hamming distance, i.e.
d(v,v") = d((v),1(v")) for all v,v" € Fy.

Mappings with the last property are called isometries.

There exist several different equivalence relations on the set of linear (n, k)-
codes. Here we just want to mention two of them.

Two linear (n, k)-codes C' and C' are said to be linearly isometric if there
exists a linear isometry of Fy mapping C' onto C”. (In the literature, such
codes are often simply called isometric, or monomially isometric.) General-
izing Slepian’s approach [16], based on methods from [5] we enumerated the
linear isometry classes of linear codes in [6], [3], and [4]. We described the
group of linear isometries of Fy as the wreath product Fy?, S,,. It operates

n

in a canonical way on the set of all functions from n to ]F’; \ {0}. By an
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application of Lehmann’s Lemma (cf. [13] or [14]) we succeeded in replacing
this action by an action of \S,, on the set of functions from n to PGg_1(q),
the (k — 1)-dimensional projective space over F,. Its elements, the so called
points of PGy _1(g), are the orbits of F; on IF’; \ {0}.

A mapping o:Fy — Fy is called semilinear if for all u,v € Fy, all k € Fy
and a given automorphism a of F, we have

o(u+v) =o(u)+o(v), o(ku) = a(k)o(u).

Two linear (n, k)-codes C and C’ are said to be semilinearly isometric if
there exists a semilinear isometry of Fy' mapping C onto C’. In the next sec-
tion we will motivate semilinear isometry as the natural equivalence relation
on the set of all linear (n, k)-codes over F,. In the third section we describe
the enumeration of the semilinear isometry classes of linear (n, k)-codes.

If ¢ = p, then there are no differences between the linear and semilinear
isometry classes since there is only the trivial automorphism of F,,. Thus,
we are mainly interested in the situation ¢ = p” and r > 1.

We might have imposed a seemingly weaker condition by asking for the
existence of a local (semi)linear isometry between two linear (n,k)-codes
C and C’ only, but it can be shown, see [9] and [1], that each such local
isometry can be extended to a global isometry of Fy.

2 Motivation of Semilinear Isometries

Here we describe the group of all isometries of Fy which map subspaces onto
subspaces. To be more precise, the image of a subspace under an isometry
is supposed to be a subspace of Fy;. Under these assumptions we derive for
n > 3 that these mappings preserve the dimension, i.e. they map (n,k)-
codes to (n, k)-codes, and that they are the semilinear isometries of Fy. In
order to prove this we need a more detailed analysis of isometries. At first
we prove that it is enough to investigate isometries ¢ of Fj} with +(0) = 0.

Lemma 1. If v:Fy — Fy is an isometry, then
Vi = F o (v) = u(v) = (0), v ey,

is also an isometry of ¥y and //(0) = 0.
Conversely, if J:Fy — Fy is an isometry with J/(0) = 0, then for any
vo € Iy the mapping

vFy =T 2 u(v) := 1 (v) 4 vo, v e Fy,
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is an isometry with 1(0) = vy. O

Consequently, it is enough to consider isometries ¢ with ¢(0) = 0, which is,
for example, the case when ¢ maps subspaces onto subspaces. If +(0) = 0,
then ¢ also preserves the weight, since

wt(e(v)) = d(e(v),0) = d(e(v), (0)) = d(v,0) = wt(v), veFy.

Lemma 2. FEach isometry v on a finite vector space ¥y is bijective. If it
satisfies 1(0) = 0, then it permutes the orbits

F;(e(l)) = {ke |k € F7}

of the unit vectors e'? with respect to the action of 5 by left multiplication.
In formal terms:

dreS,Vien: L(F;(e(i))) = F;(e(ﬂ(i)))'

Proof. Since ¢ is an isometry it is injective and, therefore, bijective. For
each ¢ € n and A € F7, there exists k € n and p € F} such that

t(xe®) = pe®),

This follows from 1 = wt(Ae(®) = wt(:(Ae()). Moreover, this index k does
not depend on \: Suppose that for A = 1 we have 1(e(?)) = vel?). Then, for
A # 1 we get

1=dMXe®, @) = d(t(Ne?), () = d(ue®, vel?)),

and this implies j = k. Thus we obtain, for the index j defined by u(e(?) =
UF (D)) CFr(eW)).
The bijectivity of ¢ on the orbit F;(e(i)) shows that L(FZ(G(i))) is in fact

equal to IFZ(e(j)), and the bijectivity of ¢ on the whole vector space assures
the existence of some 7 € S,, which satisfies

L(F;(e)) = Fi (e,
for all 7 € n. O

Lemma 3. Let ¢ be an isometry of Fy with +(0) = 0. For i # k and
A, € Fy we have,

te® + pe®y = 1 (Ae®) + 1(ue®).
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Proof. The assumptions imply 2 = wt(Ae® + pe(®)). Together with
1 = dXe®, xe® + pe®) = d(pe® Ne® + pe®)
= d((Ae™),1(0e® + pe®)) = d(u(pe™), LA + pet®)),
this yields the statement. O

By induction on the number of nonzero summands it is possible to prove
the following

Lemma 4. Let v be an isomelry of Fy with t(0) = 0, then the image of
vEFY under v is

4(v) L<nzlve%>> Z (vie™)

1=0 =
0O

We are now in a position to describe the group of isometries ¢ which satisfy
t(0) = 0 as a wreath product. Since

L(vie®) € (F;(eD)) = Fj (™)),

we can obtain the scalar factor of (™) in i(v;e®) (if v; # 0, otherwise
we can simply neglect this summand since ¢(0) = 0) by the application of a
suitable permutation (7 (7)) of the scalars that keeps 0 fixed,

(vre®) = p(m (i) (v)e ).

Or, in formal terms and since we have to take all the indices into account,
there exists a mapping
p:n — Sp,

from n to the symmetric group
Srs = {p | p:Fy — Fy bijective, and p(0) = 0}

on [} (considered as the subgroup of the symmetric group Sg, on IF, consist-
ing of the permutations p of F, that keep the zero element fixed: p(0) = 0),
which satisfies

Yo, -+ vn—1) = (P(0)(Vr=1(0)); - - - (0 = D) (Vr=1(n—1)))-

This proves the following useful description of the group of isometries:
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Theorem 5. The group of isometries ¢, with t(0) = 0, on the finite vector
space F, is the wreath product

q )
S]F; L, Sh

of the symmetric group S]F; on Fy and the symmetric group S, on n. The

action is the following one:

SFZ 2, Sang — IFZ s ((pym),0) — (SD(O)('UW—I(O)>7 el gp(n—l)(vwfl(n_l))).
O
Together with Lemma 1 we obtain

Theorem 6. The group of all isometries v on the finite vector space Fy, is
the wreath product
S,

q ‘n

Sn

of the symmetric group Sg, on F, and the symmetric group S, on n. The
action is the following one:

S, 8, SnxFg = Fg + ((057),0) = (0(0)(vr-1(0))s - -+, @(n=1) (V=1 (n—1)))-
O

Now we want to show that isometries which map subspaces onto subspaces
are semilinear mappings, if n > 3:

Lemma 7. If the isometry v: ¥y — Fy, n > 3, maps subspaces onto sub-

q b
spaces, then for each u € Fy we have
(Fg(u)) = Fy((u).
Moreover, there exists an automorphism o of I, such that, for each k € F,
tku) = a(k)(u).

Proof. Since ¢ maps subspaces onto subspaces, the space {0} must be
mapped onto itself, whence ¢(0) = 0. Therefore, the assertion is obviously
true for u = 0.

Assume that w # 0. Since ¢ is bijective and since it maps subspaces to
subspaces, ¢((u)) is a one-dimensional subspace, and so, using t(u) # 0, we
obtain
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Moreover, as ¢(0) = 0,
U(Fg(u) = Fg((u)).
Hence, there is a permutation of the scalars
B, € Sk, < Sr,,
depending possibly on the vector u, which satisfies

t(ku) = Oy (k)e(u).

We have to show that @, is independent of u and that it is a field automor-
phism.
For the special case e := ), e we have

n—1
t(ke) = Do (k)i(e) = De(k) Z o(m(i))(1)e™®), k€ Fy,
i=0
as well as »
1(ke) = Z o(m (i) (k)e™ ) keF7,
=0
so that we obtain
N L) o
Vien : O.(k) o)) e Fy. (1)

Now we prove that ®.(kp) = Po(k)Pc(p) for k,u € Fy. The assertion is
trivial for kK = 0 or u = 0. So it is possible to restrict attention to x, u € Fy.
To begin with, we consider another special case (recalling that n > 2, by
assumption): Let

w= e 4 ,Lte(i)7

for i # 0 and p € Fy. The corresponding equation
t(kw) = @y (K)e(w), ke€Fy,

implies that
o (1(0)) ()™ + (m(3)) (pr)e ™)

= @4(1) (¢ (m(0)) (1)e! ™ + (1)) () ™).
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Comparing the coefficients of the basis vectors on both sides we obtain two
useful identities. The coefficients of e(™(0) give

p(m(0)) (k) = u(K)p(m(0))(1),
so that we can deduce

_ e O g

oA
S
|
I

ke€Fy,

and hence ®,, = ®. in this particular situation. The second identity, ob-
tained by comparing the coefficients of (™) is

p(m (i) (kp) = u(r)p(m (i) (1)
Using ®,, = @, and dividing both sides by ¢(m(i))(1) we derive that
Qe (kp) = Pe(k)Pe (), Ky b € F}

i.e. @, is multiplicative.
We want to show that &, = &, for all u # 0. According to Lemma 4 and
(1), for u =Y, u;e we get

1 n—1

) = 3 dwe?) = 3 elmd) w)e™

0 =0
1

S
|

o
I

3

= D, (ug)p(m(i))(1)e ),

s
I
=

This together with the multiplicativity of ®. yields for x € F that

wu) = D Celwui)p(n(i)) (e

which can be compared with the identity

t(ku) = @y (K)e(u),
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obtaining ®.(k) = ®,(x) for all k € F;. Hence we have proved that in fact
®, = ., as stated.
It remains to show that &, is additive, i.e.

D (k4 A) = D (k) + Pe(N), kA€,
Since by assumption n > 3, we can consider
u:=e e(l), w = e 4 @

and the subspace U := ({u,w}) generated by these two vectors. Since, for
A, p € Fy, the vectors t(Au), t(pw) and ¢(Au) + ¢(pw) are contained in the
subspace +(U), there exists some z € U, for which ¢(z) = ¢(Au) + t(uw) is
equal to

e (N)p(m(0))(1)e™ ) + & (N)p(m(1)) (1) ™)

£ (1) p(r (D)D) 4 b, (1)p(m(2)) (1)e7).

On the other hand, since
z = zoe(o) + zle(l) + 2’26(2)
with z; = zo + 22, we have the following expression for ¢(z),
e (20)(m(0) ()™ + @e (1) ip(m(1)) (1)e ™) + @ (22)(m(2)) (1)e "3
From these two representations of ¢(z) we derive
De(20) = Pe(A), Pe(21) = Pe(A) + Pe(p), Pe(22) = Pelp).

Since ®. is a bijection on F,, we obtain zg = A, 22 = p. Moreover, since
z = zopu + zow, we get z1 = zg + 22 = A+ u and, therefore,

(I)E(A) + (I)e(u') = (I)e(zl) = ¢e()‘ —|—/.t),

which completes the proof of the additivity.
Hence, o := ®. is in fact an automorphism of [F, which satisfies

t(ku) = a(k)e(u) kE€Fy, uely.

Finally

(u+v) = L(Z(ui_i_vi)e(i))
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i
L

T« o((us + vi)et™)

T
- O

= a(ui +1]Z)(p(7r(z))(1)e(ﬂ'(l))

i=0
n—1 ) n—1 )
= a(ug)p(m(8))(1)e™ D 43~ a(vy)p(m (i) (1)e™)
i=0 i=0
= Yu) +u(v),
which completes the proof. ]

Summarizing, an isometry of Fy for n > 3 which maps subspaces onto
subspaces is semilinear and is described by three mappings

prn — Spx, a € Aut(Fy), m€ S,
It acts on a vector v € Fy by

[’(’007 s 7UTL—1) = (O‘(Uﬂ'*l(o))@(o)(l)v s 704(1}77*1(77,71))()0(” - 1)(1))

The permutations (i) are contained in Sg:, and so each factor ¢(i)(1) is
contained in 7. Since we only need to know the values ¢(i)(1), i € n, we
can replace the mapping ¢ by the mapping

Yin — Ty (i) := (i) (1), ien.

Therefore, we can write ¢ as the triple (o, ¢, 7), where « is an automorphism
of Fg, ¢ is a mapping n — F7 and 7 is a permutation of n. This allows the
slightly simpler expression for ¢(v) given by

(a, ¥, m)(vo, .-, vn-1) = (W(0)a(vr-1(0))s - -, (N = Da(vr-1(-1)))-
We collect these results in the following

Theorem 8. For n = 1, the isometries mapping subspaces onto subspaces
are ezxactly the isometries of F, which map 0 onto 0. According to Theo-
rem 5 these are the elements of S]F;.

Forn = 2, the isometries mapping subspaces onto subspaces are exactly the
mappings of the form (a,, ), where « is a group automorphism of the
multiplicative group Fy, ¢ is a mapping n — Fy and 7 is a permutation

of n.
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Forn > 3, the isometries mapping subspaces onto subspaces are exactly the
semilinear mappings of the form (a, 1, ), where « is a field automorphism
of By, ¢ is a mappingn — F3 and 7 is a permutation of n. These mappings
form a group, the group of semilinear isometries. O

3 Semilinear Isometries

Our first aim is to show that the group of semilinear isometries is a gener-
alized wreath product. Therefore, we prefer to write the semilinear isome-
try ¢ in the form (¢; (o, 7)). Applying the two semilinear isometries 13 =
(Y2; (a2, m2)) and ¢y = (¢1; (@1, 71)) to the vector v = (vo,...,v,-1) € Fy
and indicating ¢1(v) by v' = (v{,...,v},_;) we obtain

ta(11(v)) = 12(v') = (102(0)012(”;;1(0))» oy Pa(n — 1)042(1);;1(”_1))) =

(. e (11 (5 (1) (0,1 (o1 ) - ) =
(. (D) (¥ (3 (1)) (a2 0 1) (Vmpom)=1(0))s - - - )

This formula motivates the following

Lemma 9. The group of all semilinear isometries of ¥y is the semidirect
product
(FX)™ x (Gal x.Sy,)

q

with the multiplication

(Y25 (@2, m2)) - (15 (a1, m1)) := (V291 (015 (2001, T2 0 T1)),

where
D1 (g (1) = a2 (P (m3 1 (1)), i€,
and
Yoth1 (1) = aha(i)91(4), 1€ n.
O

Therefore, the identity element is (1; (idpg,idy,)), where 1 is the mapping
i — 1, i € n, and idg, respectively id,, are the identity elements in Gal
respectively S,,. The inverse of (¢; (o, 7)) is (1/)(;1,1 a-1)i (a1, 771)) where

’(/)71(1') = (1:[}(1))717 1 Em, and 1/}(_0,1771-) = (w(am’))71 = (7»/171)(%77)-
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Representing the product of two semilinear isometries in this way, it is easy
to realize certain similarities with ordinary wreath products.

Let us recall some basic facts about the wreath product. Consider an action
¢X and a group H. The wreath product of H with G, with respect to ¢ X,
consists of the underlying set

Hy G:=H" xG={(p;g)| : X — H, g€ G},
and the multiplication
(P 9)(¢'59") = (ppy; 99'),
where (p@})(x) = @(z) - ¢} (x) and @} (z) = ¢'(g7'z) for z € X. Tts
identity element is
I, = (1;1a),
where 1 € H¥ is the constant mapping x — 1y, and 1g, 1y denote the

identity elements of G and H, respectively. The inverse of (¢;g9) € Hl, G
is

(0:9) " = (¢ 97,

where
;—1 = (@g*l)_l = (‘p_l)gfl'

If moreover H acts on Y, then the canonical action of H{, G on YX is
described by

Hi, GxYX =YY ((pig), f) — f, where f(z) i= g(a) f(g~"a). (2)

Now we come back to the semilinear isometry group. For defining the
multiplication in H !, G we used the canonically induced action of G on
HX. Here, in the situation of the group of semilinear isometries, we have
X =nand H =F}. The group Gal xS, does not act on n, but on (IF})".

q

Therefore, it is not necessary to consider an induced action on (IF:;)”, and
we say that the group of semilinear isometries is the generalized wreath

product of Fy and Gal x.5,, which we indicate by

Fy 0, (Gal xSy).
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Its order is equal to (¢ —1)™ - r-nl. The generalization of the natural action
of a wreath product, given by (2), to this generalized wreath product is

(5 (a, m)(v) = ((O)(vr-1(0)); - -, (0 = D(Vr-1(n-1)))
which is the action of the semilinear isometry (; (o, 7)) on Fp.

We describe codes by their generator matrices. The set of generator matrices
of linear (n, k)-codes over F, is indicated by F’;X"’k. This is the set of all
k x n-matrices over IF; of rank k. Then the set of semilinear isometry classes
of (n, k)-codes is equal to the set of orbits

Fi, (Gal xS,)\ (GLy(q)\Fg*™") ,

where the operation of (¢; (o, 7)) € Fy 1, (Gal xS,,) on the orbit GLg(q)(T")
is given by

(45 (@, m)), GLi(q)(T)) = GLy(q)() where [(i) = (i) (m(0)))-

Here again we identify the matrix I' with the function I':n — ]F’; where the
transposed vector I'(7) is the i-th column of T'.

We want to prove that this operation of the generalized wreath product on
the set of generator matrices is well defined. For A € GLy(q) and T given
by T(i) := ¢(i)a((A - T) (7~ 1(i))) we have GLy(q)(I') = GLx(q)(I), since
(i) = ¢¥(i)a(A) - a(T (7 1(i))) and a(A) € GLg(q). (We just remind the
reader that a € Gal induces a group automorphism of GLg(q) when « is
applied to each component of the matrices in GLg(q).)

In the situation of linear isometries the actions of the isometry group and
of the linear group were commuting and we obtained an action of the direct
product of these two groups on F¥*"%In general, the action of the semi-
linear isometry group does not commute with the action of GLg(g). For
A € GLi(q), (¢; (a,m)) € Fi 1, (Gal xS,,) and I' € F}*™* we have

A (¢h; (e, )T =
(¥(0)A - a(T(71(0))),...,¥(n = DA (T (7~} (n - 1))))

and

(¢; (a,m)A-T =
(¥(0)a(A) - a(D(n~1(0))),- .., ¥(n = a(A) - a(D(r ™" (n = 1)))).

Therefore, in general we do not get an action of the direct product.
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Again, similarly as in [6] we eliminate the rank condition on the k X n-
matrices and consider the set of all k x n-matrices over I, which do not
contain zero columns. They can be expressed as functions n — F¥\ {0}.
Thus our task is to determine the cardinality of

F2, (Gal xS,)\, (GLx(q)\(F5\ {0})") .

For that reason we describe a generalization of Lehmann’s Lemma (cf. [13]
or [14]). We generalize it in two ways, since on the one hand we are dealing
with an action of the generalized wreath product, and on the other hand
this wreath product operates on GLj(g)-orbits of functions and not just
on a set of functions. However we do not formulate it for arbitrary group
actions but for the situation of the present problem.

Generalization of Lehmann’s Lemma If the mapping
p: GLi(a)\(F5 \ {0})" — GLi(9)\ (F7\(F} \ {0}))"
is given by
GLk(q)(T) = GLx(q)(T) where T(i) = F;(T'()),

then the mapping
®: (F; 0, (Gal x5,)) \ (GLa (@) \(F5 \ {0})") —
(Gal xS,)\ (GLi(g)\ (FE\(F5\ {0})")
defined by
(F; 2, (Gal x$,)) (GLy(q)(I")) > (Gal xS,)(9(GLx(q)(I')))

is a bijection. On the right hand side we have an operation of (Gal xS,,)
on the set of orbits GLk(q)\\(FZ\\(IF’; \ {0}))” of the form

(@, ™) GLi(q)(F) = GLi(q)()

where f‘(z) =a(T(r71(i))) = Q(FZ(F(’Nil(Z')))) = F;(a(lﬁ(wfl(i)))), i€ n.
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Proof. As in the proof of the original lemma we see that for fi, fo € YX
the following facts are equivalent:

O(F; 0, (Gal xS,,)(f1)) = ®(F, 1, (Gal xS,,)(f2))
(Gal xSn)(p(f1)) = (Gal x5n)(p(f2))

p(f2) € (Gal xSn) (¢ (f1))

o(f2) = aop(f1)om for some o € Gal and some 7 € S,
o(f2)(z) = a(p(f1)(m(x))) for some a € Gal, m € Sy, and all z € X
p(f2)(x) =

F,(fa(z)) = Fy((ao f1)(m(x))) for some a € Gal, m € Sy, and all x € X

fa(z) € Fy((ao f1)(m(z))) for some a € Gal, m € S, and all ¥ € X
f2a = (¥; (o, m)) f1 for some (¢; (o, 7)) € iy, (Gal x.5y,)
f2 € Fyu, (Gal xS,,)(f1)
F7 0, (Gal x8,)(f2) = Fy u, (Gal xS,,)(f1)-

w(ao f1)(m(x)) for some a € Gal, 7 € S,,, and all x € X

Reading these implications from bottom to top we deduce that ® is well
defined. From top to bottom it follows that ® is injective. In order to prove
that @ is surjective, we realize that ¢ is surjective. O

As an immediate consequence and using the fact that F;\\(F% \ {0}) is the
projective space PGg_1(g) we obtain that

(5 2, (Gal x8.))\ (GLi(a) \ (F5 \ {01)")| =

|(Gal xS,)\ (GL1(9)\ PGr-1(9)")] -
It is still possible to find a simpler expression for

(Gal xS,)\ (GLx(q)\ PGi—1(q)").

It is well known that the action of a direct product can be split into two
actions. Hence we obtain

Gal \ (S, \(GLx(q)\ PGx_1(¢)™))

which is the same as

Gal \ ((GLi(q) x Sn)\ PGr-1(9)") 3)




ENUMERATION OF THE SEMILINEAR ISOMETRY CLASSES 115

since the actions of GLg(¢) and S, commute. An element A € GL(q)
leaves each point of the projective space PGg_1(q) fixed if and only if A
belongs to the center

Zk:{/f'-[k ’ KE]FZ}

of GLk(q). Hence, multiplications by elements of the center do not matter,
they can be factored out. For that reason, we introduce the projective linear
group as the factor group PGL(q) := GLg(q)/ Zk. The general linear group
acts as the projective linear group on the projective space.

Applying the automorphism o« € Gal to all components of a vector in-
duces a permutation representation of Gal on F’q“ . This induced mapping
a:F} — FF is semilinear. The group of all semilinear bijections of F} is
the general semilinear group T'Lg(q). It is the smallest permutation group
of FZ containing GL(¢) and Gal. To be more precise, it is the semidirect
product GLj(q) x Gal. The center of I'Li(¢) is again Z; and the factor
group PT'Ly(q) :=T'Lk(q)/ Zk is the projective semilinear group.

Coming back to (3), we have to consider the action of Gal on the orbits
(GLk(q) x Sn)\PGr-1(¢)". An application of the automorphism « to the
orbit (GLx(q) x S,)(T) yields the orbit (GLg(q) x S,)(I") where I'(i) =
a(T'(i)) = F;(a(T'(i))). The orbits of (3) can be represented as the elements
of

(PFLk (Q) X Sn)\\ PGg—1 (Q)nv (4)
since PT'Ly(q) = (GLk(q) x Gal)/ Zk.
From (4) it is easy to deduce that linear codes could also be represented
by multisets of columns of generator matrices or multisets of points of the
projective space PG_1(¢q) (cf. [12]). Using this approach (4) can be replaced
by the action of PI'L(g) on the set of multisets of size n with elements from
PGi-1(q).

There are several properties of codes which are common to all members of a
semilinear isometry class. A code C is called nonredundant if its generator
matrices I' do not contain columns of zeros. A nonredundant code C' is
called projective if the columns of any generator matrix I' of C are pairwise
linearly independent. Generalizing this definition, an arbitrary (n, k)-code
C is called injective if the mapping

I:n — PGr_1(q) U {0},

corresponding to the columns of an arbitrary generator matrix I' of C, is
injective. We call a code C' decomposable, if it is linearly isometric to a code
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with a generator matrix in the form of a block diagonal matrix

(34

consisting of two generator matrices I'; of linear (n;, k;)-codes with 1 < k; <
n; for i = 1,2. In other words, it is linearly isometric to the direct outer sum
of at least two codes. If C' is not decomposable then it is indecomposable.
It is easy to check that together with one code all codes in its semilinear
isometry class have (some of) these properties.

Analogously as we did with the linear isometry classes we introduce the
notions

tnkq = ‘(PFLk(Q) X Sn)\\PGk—l(Q)n|7
takg = |(PTLi(q) ¥ Su)\ PGr-1(q)iry]
X

where Y;i; denotes the set of all injective functions from X to Y. Moreover,
let v, denote the number of semilinear isometry classes of nonredundant
(n, k)-codes over F, and Tk, the number of semilinear isometry classes
of projective (n,k)-codes over F,. The symbols upk, and Uk, are used
to indicate the number of semilinear isometry classes of all, respectively
injective, (n,k)-codes which may contain columns of zeros. The number
of semilinear isometry classes of nonredundant indecomposable (n, k)-codes
over F, is denoted by r,,, and of projective indecomposable (n, k)-codes
over Fy by 71q. These numbers satisfy certain relations similar to those of
the corresponding numbers of linear isometry classes (cf. [6] or [16]).

Corollary 10.

® tniq 15 the number of semilinear isometry classes of linear codes of
length n and dimension at most k. If k> 1, then t, ;_14 15 also the
number of PTLg(q) x Sy-orbits of mappings f € PGr_1(q)"™ corre-
sponding to matrices of rank not greater than k — 1.

® tnkq is the number of semilinear isometry classes of injective linear
codes of length n and dimension at most k.

n
® Unpkqg = Zi:k Vikq, fO’f' n = k}
Ukkq = Vkkq, Unkq = Un—1,k,q + Unkq fO?” n>k.

® Unkq = tnkq - tn,k—l,q; 1_)nkq = tnkq - tn,k—l,q fOT 1<k<n.
The initial values for these recursions are vp1q =1 formn > 1, 0114 =1
and Vp1g =0 forn > 1.



ENUMERATION OF THE SEMILINEAR ISOMETRY CLASSES 117

e For n > 2 we have

Tnkq = Unkq — Z Z 1:[ <Z U(C)> y
a b ';0 c
where )
U(C) = H C(Su(i,c)a V(ia C))|

i=1

Ze=Tjiq

is a product computed from substitutions into the cycle index of sym-
metric groups of degree v(i,c) given by

vit,e)=|{1 <l <aqj|ce=1}|

The first sum runs through the cycle types a = (a1,...,an-1) of N
with at least two summands, i.e. a; € N and Y ia; = n, and with
the additional property > a; < k, while the second sum is taken over
the (n — 1)-tuples b = (b1,...,b,_1) € N*71 for which a; < b; <
iai, and Y b; = k. The third sum runs through all the a;-tuples
= (c1,. .. _7.) € N% with the properties j > c¢1 > ... > Ca; 21 and
Z ¢ =bj.
Analogously, Triq can be recursively evaluated from Unpq and 7 with
] <n.

The initial values for these recursions are r11q = 1 = T114. O

This way we have expressed all these numbers in terms of ¢,5, and fnkq.
The remaining problem is the evaluation of t,;, and t,xe. In (4) we have
the canonical action of a direct product on a set of functions. Since the
group acting on the domain is the symmetric group, it is possible to apply a
particular version of Pélya’s theorem (cf. [15, equation (1, 27)], [2, Example
5.24]) in order to compute the generating function for the cardinalities of
these orbit sets. We obtain the following

Corollary 11. The generating functions for the numbers tnrg and tpiq
can be obtained from the cycle index of the natural action of the projective
semilinear group on the projective space in the following way:

> takgt™ = C(PTLi(0), PGio1 (@), .o5oe i
neN =
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and
D tukgr"™ = C(PTLy(q), PGr1(a))] .y i
neN
O

Finally it remains to determine this cycle index of the natural action of the
projective semilinear group on the projective space. In order to obtain nu-
merical results we used the computer algebra system GAP [7] together with
a particular extension for projective spaces [8]. We determined a complete
system of representatives of the conjugacy classes of elements of PT'Lg(q).
Next we derived the permutation representation on PGy_1(q) of each rep-
resentative. Conjugate elements have the same cycle type, therefore we
obtained a complete list of cycle types of elements of PT'Ly(g). Finally we
computed the cardinality of each conjugacy class. Multiplying each cycle
type with the cardinality of the corresponding conjugacy class, summing
over all conjugacy classes and dividing by the order of PI'Ly(q) we derived
the cycle index polynomial.
The smallest fields where differences occur between linear and semilinear
isometries are Fy and Fg. For ¢ = 4 and ¢ = 8 we have computed tables of
tnkgs Unkqg> Tnkqs Unkgs t_nkq, Upkq, and Tpiq. These tables together with the
cycle index polynomials of PT'L(q) can be found online under

http://linearcodes.uni-bayreuth.de/CD /tables_semilinear. html
and

http://linearcodes.uni-bayreuth.de/CD /zykelind_pgglkq. html.
Replacing the action of the semilinear isometry group by the action of the
linear isometry group we obtain corresponding numbers of linear isometry
classes. We denote the numbers of linear isometry classes with the uppercase
versions of the symbols introduced for the semilinear isometry classes. For
instance V4 is the number of linear isometry classes of nonredundant linear
(n, k)-codes. (In our previous papers and online we use Sprq, Snkq and Wi,
instead of Vi, Vnkq and Upiq.)
In Table 1 we compare the values of V4 and v,,x4. There are no differences
for kK <7 and n < 6. For k > 8 the first line contains the numbers of linear
isometry classes and the second line the numbers of semilinear isometry
classes. Differences are marked by boldface numbers in the second row.
Further values of V14 can be found online under

http:/ /www.mathe2.uni-bayreuth.de/frib/codes/tables_5.html.
In Table 2 we compare the values of T),xs and t,,s. There are no differences
for K <5 and n < 4. For k > 6 the first line contains the numbers of linear
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isometry classes and the second line the numbers of semilinear isometry
Differences are marked by boldface numbers in the second row.

classes.

Further values of linear and semilinear isometry classes over Fg can be
computed or found online under
http://linearcodes.uni-bayreuth.de/CD /index.html.

Table 1: Comparison of Vx4 and vy

n\k |1 2 3 4 5 6
11 o 0 0 0 0
201 1 0 0 0 0
31 2 1 0 0 0
411 4 3 1 0 0
501 6 9 4 1 0
61 9 24 17 5 1
71 12 55 70 28 6
g1 17 131 323 189 44
8|1 17 126 301 184 44
91T 22 318 1784 1976 490
9|1 22 286 1419 1594 453

101 30 772 12094 36477 13752
101 29 640 7970 22405 9278
11 37 1881 89437 923978 948 361
111 36 1431 51456 490138 504573
1201 48 4568 668 922 25124571 91149571
121 46 3204 357222 12746664 45963661
131 59 10857 4843901 665246650 9163203 790
13||1 56 7099 2496031 333787936 4586461981
141 74 25276 33456545 16677221922 887802519854
141 69 15595 16961133 8345700799 443959979727
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Table 2: Comparison of T,,s and t, ks

n\k || 1 2 3 4
11 1 1 1
201 2 2 2
301 3 4 4
411 5 8 9
501 7 16 20
611 14 57 78
6|1 12 43 62
701 21 273 555
71 17 143 289
81 39 2034 13931
8|1 27 792 4979
91 64 16 668 714573
9|1 40 5806 239355

101 109 132237 40 746 243
10 1 61 44619 13586 393
1111 173 986 453 2188928772
11| 1 89 329959 729 659 322
121 286 6876 180 108 587171103
121 136 2294 446 36195786 755
131 439 44 880936 4985542976 595
131 197 14965218 1661847901 869
141 6836 275497 786 212944610 369 565
1411 292 91842474 70981537714473
151 1028 1597 385 468 8503 511406 384 359
15( 1 420 532481 348 2834503 805580423
16 |1 1534 8784 375 366 318 881 061 522 362 625
16(1 606 2928163108 106 293 687186 817717
171 2222 45985791 002 11273378 553997 847 510
171]1 854 15328 669 468 3757792851378 389530
181 3208 229921910074 377031 845513 665 669 846
18 |1 1206 76 640772664 125677281838050117 086
191 4511 1101188614914 11965799 870 995 403 023 108
19(|1 1665 367063122976 3988599956 999 028 257 910
201 6310 5065430785605 361367 154074 790 367 805 313
20| 1 2294 1688477385597 120455718024932032 208289
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