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On a functional equation involving group actions

HARALD FRIPERTINGER

Summary. During the forty-first ISFE in Noszvaj, Hungary, G. Guzik posed a problem on a
functional equation involving group actions which arose in a generalization of Bargman theory
occurring in Quantum Mechanics. (Cf. 18. Problem and Remark in “Report of Meeting”, Aequa-
tiones Math., 67 (2004), 312-313.)
Let (G, -) be a group which is acting on a set X and let (K, +) be an abelian group. Describe
all functions f: G x G x X — K satisfying
f(g1, g2, @) + f(g192, g3, ) = f(92. 93, 97 ‘@) + f(91, 9293, z)

for all g1, g2, g3 € G and = € X.

This problem was solved in a particular case by B. Ebanks. (Cf. 19. Remark in “Report
of Meeting”, Aequationes Math. 67 (2004), p. 313.) We present the general solution of this
problem.
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1. Introduction

During the forty-first ISFE in Noszvaj, Hungary, G. Guzik posed a problem on
a functional equation involving group actions which arose in a generalization of
Bargman theory occurring in Quantum Mechanics (cf. [4]). This problem was
solved in a particular case by B. Ebanks [2] during the conference. We present the
general solution of this problem.

Problem. Let (G, -) be a group which is acting on a set X and let (K, +) be an
abelian group. Describe all functions f: G x G x X — K satisfying

flg1, 92, @) + f(g192. g3, ) = f(92, g3, 91 @) + f(91, G293, @) (1)
for all g1, g2, g3 € G and z € X.

In the functional equation (1) all arguments in the third place of f belong to
one orbit only. If f is a solution of (1), then the restriction of f to G x G x G(zo),
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where G(x¢) is the orbit of an element zy € X, is a solution of (1) on Gx G x G(xo).
If, conversely, we know solutions f,, of (1) on G x G x w for all orbits w of G, then
it is obvious how to obtain a solution of (1) on G x G x X. Hence, without loss
of generality, we assume that G acts transitively on X, i.e. X = G(xg) consists of
one orbit only.

Let H be the stabilizer of xg, i.e.

H={9geG|gxy=2a0},
which is a subgroup of G.

2. Two particular cases

First we consider the two situations H = {1} and H = G.
If H = {1}, then the sets G(xo) and G are one-to-one. A bijection is given by

G(xg) 3 gxo — g € G.
Therefore we rewrite (1) as

flg1, 92, 9) + (9192, 93, 9) = f(92, 93, 917" 9) + f(91, 9293, 9) (2)

for all g1, g2, g3, g € G. During the forty-first ISFE in Noszvaj, Hungary, B. Ebanks
proved the following theorem:

Theorem 1. The general solution of (2) is given by

F(g1s 92, 93) = (95 91) + @95 915 92) — (955 9192), 915 92, 93 € G, (3)
where ¢ is an arbitrary mapping from G x G to K.

Proof. If f is a solution of (2) then by putting g =1 and (g1, g2) := f(g1, g2, 1),
g1, g2 € G, we obtain
F92, 93, 977) = @(91, g2) + @(9192, g3) — ©(91, 9293), 91, 92, g3 € G-

Conversely, direct computations show that each f given by (3) is a solution of (2). O

If H = G, then G(x¢) = {x0}, whence the third component of f can be omitted.
We therefore derive from (1) the cocycle equation

f(g1, 92) + f(9192, 93) = f(92, 93) + f(91, 9293) (4)

for all ¢1, g2, g3 € G.
If G is abelian and K is a divisible abelian group, which is uniquely divisible
by 2, then the general solution of (4) is given by

f(g1, 92) = ¥(g1) +¥(g2) — ¥(g192) + ¥ (g1, g2), g1, g2 € G, (5)
where v is an arbitrary mapping from G to K and ¥ is a mapping from GxG — K

so that W(g1, g2) = —W(g2, 91) and ¥(g191, 92) = ¥(g1, g2) + ¥(g1, g2) for all
91, gia g2 € G. (See €.g. [7]7 [3]7 [5]7 [1]7 [6])
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If G is an arbitrary group, then each f of the form (5) is a solution of the
cocycle equation.

3. The general case

Assume that the stabilizer H of x( is an arbitrary subgroup of G. Let f be a
solution of (1), then for all g1, g2, g3 € G we have

f(92, g3, 91 'w0) = f(g1, 92, 0) + f(9192, g3, m0) — [ (91, 9293, o).
Define the function ¢: G x G — K by ¢(g1, g2) := f(g1, 92, zo). Thus we obtain

f(92, 93, 91 'wo) = (g1, g2) + ¢(g192, 93) — (91, 9293), g1, g2, 93 € G. (6)
If g1 € H, then gl_lxo = x¢ and consequently

(g2, 93) = @(h1, g2) + ©(h1g2, 93) — ©(h1, g293), hi€ H, g2,93€G. (7)

In particular
@(ha, h3) = @(h1, ha) + @(h1ha, hs) — @(h1, hahs), hi, ha, hs € H,

which is the cocycle equation on H. Therefore the restriction of ¢ to H x H is
a solution of the cocycle equation on H. Putting h; := h and hy := h3 =1
we obtain that ¢(h,1) = ¢(1,1) for all h € H and all solutions ¢ of the cocycle
equation.

Let (7i)ier with 79 = 1 be a complete system of representatives of the right
cosets of H in G. Consequently

G = U H’}/i.
el

In (7) we set g2 := ha € H and g3 := ~; for some ¢ € I. Then we get
@(h1, havi) = @(h1, ha) + o(haha, 7i) — @(h2, 7).
For i € I define ¢;: H — K by ¢;(h) := ¢(h, ;). Then we derive
w(h1, havi) = @(h1, he) + @i(h1ha) — @i(ha), hi, ho € H, i € 1.
Especially @o(h) = ¢(h, 1) = ¢(1,1) for h € H.

Lemma 2. The function ¢: H x G — K is a solution of

@(h2, g3) = @(h1, ha) +o(h1hs, g3) — p(h1, hags), hi, he € H, g3 € G, (7')

if and only if there exists a solution ¢: H x H — K of the cocycle equation on H
and functions ¢;: H — K which are arbitrary for i € I'\ {0} and po(h) = ¢(1,1),
h € H, so that

@(h1, havi) = ¢(h1, ha) + @i(hiha) — @i(ha), hi,ho € H, icI. (8)

Therefore, ¢ is an extension of ¢.
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Proof. If o satisfies (7), then we have just shown that ¢ has the desired represen-
tation.
If o is given by (8), then ¢ is an extension of ¢,

@(h1, ha) = ¢(h1, hayo)
= ¢(h1, ha2) + @o(h1hz) — po(h2)
= ¢(h1, ha) +¢(1, 1) — 6(1, 1)
= ¢(h1, ha), hi, ho € H.

Now we prove that ¢ satisfies (7'). Consider hy, hy € H and g3 € G. Then there
exists some ¢ € [ and hs € H so that g3 = hsy; and

@(h1, ha) + @(hihg, hayi) — @(h1, hahsvi)

@ ¢(h17 h2) + ¢(h1h27 h3) + <Pi(h1h2h3) - %‘(h3) - ¢(h1, h2h3) - <Pi(h1h2h3)

+ @i(h2h3)
= ¢(h1, h2) + ¢(hiha, h3) — ¢(hy, hahs) + @i(hahs) — pi(h3)

@ B(ha, h3) + pi(hahs) — @i(hs)

8
@ @(h2, h3vi)

which finishes the proof. 0

Again we assume that ¢ satisfies (7). In (7) we set go := ~; for some i € I.
Then we get
o(h1vi, 93) = (i, 93) + @1, vigs) — o(h1, Vi)
For i € I define 6,: G — K by 0;(g9) := ¢(vi, g). Then we derive
p(h1vis g3) = 0i(93) + (h1, vigs) — (b, %), M e H, icl, g3 €.
Especially 6y(g) = ¢(1, g) = ¢(1,1) for g € G (which follows from (7) by setting
hi:=g2:=1and g3 :=g).

Lemma 3. The function ¢: G x G — K is a solution of (7) if and only if there
exists a solution ¢: H x G — K of (7') and functions 0;: G — K which are
arbitrary for i € I\ {0} and 69(g9) = ¢(1,1), g € G, so that

@(h17vis g3) = 0:i(g3) + ¢(ha, vigs) — ¢(h1, %), hi€H, i€l, gs€G. (9)
Therefore, ¢ is an extension of ¢.
Proof. If ¢ satisfies (7), then we have just shown that ¢ has the desired represen-

tation.
If o is given by (9), then ¢ is an extension of ¢, since
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¢(h, g) = v(hvo, g)
= 06o(g) + &(h, g) — ¢(h, 0)
=¢(1, 1) + ¢(h, g9) — ¢(h, 1)
= ¢(h, g), he H, ged.

Now we prove that ¢ satisfies (7). Consider h; € H and g2, g3 € G. Then
there exist ¢, j € I and ho, hs € H so that go = hyy; and g3 = hs7y;. Moreover
Yih3y; = hayi for some hy € H and k € I. We obtain

@(h1, havi) + @(h1heyi, havyj) — @(ha, havihay;)

@ @(h1, hayi) + 0i(hsy;) + ¢(hihe, vihayj) — ¢(hiha, vi) — é(ha, hahayk)

@ @(h1, ha) + @i(h1hs) — @i (he) + 0;(hsv;) + ¢(hiha, ha) + @k (h1hohy)
— ¢k (ha) = @(hiha, 1) — @i(hih2) + pi(1) — ¢(h1, haha) — @i (h1haha)
+ ¢ (h2ha)

= ¢(h1, h2) + ¢(h1ha, ha) — ¢(hy, hoha) + 0;(hay;) + o (hoha) — @r(ha)
—@i(h2) — #(1, 1) + @i(1)

@ $(ha, ha) + 0:(hsy;) + @rlhzha) — rlha) — pilha) — G(1, 1) + py(1).

And

30(927 93)
= Sﬁ(hQ’Y’U h’37j)

9
© i(hsyj) + @(ha, vihary;) — é(he, vi)

0;(
© 0, (hav,) + $ha, ha) + o (haha) — @r(ha) — b(ha, 1) — i(hs) + @i(1)
= ¢(h2, ha) + 0i(hav;) + pr(haha) — @i (ha) — @i(h2) — ¢(1, 1) + @i(1)

which finishes the proof. 0

=

Corollary 4. Let (G, -) be a group, H a subgroup of G, (Vi)icr with v =1 a
complete system of representatives of the right cosets of H in G, and (K, +) an
abelian group. The function p: G X G — K is a solution of (7) if and only if ¢
restricted to H x H satisfies the cocycle equation and

@(h1, havi) = @(h1, ha) + @i(hihe) — @i(h2)  hi,he € H, i€,

@(h17vi, g3) = 0i(g3) + (b1, vigs) — (b1, vi) hi€H, i€l gs€G.

where p;: H — K and 0;: G — K, i € I, are arbitrary functions with exception
Of ¥o = 0o = <P(1a 1)
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Lemma 5. Let G act transitively on X, take xg € X fized, let H be the stabilizer
of xg and assume that for x € X

x =gy w0 =gy %o
hence g1 = hgy for some h € H. Let ¢ be a solution of (7), then
e(g1, 92) + (9192, 93) — (91, 9293) = (91, 92) + (9192, 93) — (91, g293)-

Proof. We prove that
e(g1, 92) + (9192, 93) — (91, 9293) = (hg1, g2) + (hg192, g3) — ¢(hg1, g29s)
for all g1, g2, g3 € G and h € H. This will be done by showing that the right hand
side does not depend on h, so we can take h = 1 and obtain the left hand side.
Let (;)icr be a complete system of representatives of the right cosets of H in
G with 79 = 1. Then there exist hi, ..., h¢ € H and 1, Y2), V(3)> V(12)> V(23)>
Y(123) elements of (7;)ier so that g1 = h17(1), 92 = hav(2), 93 = ha7y(3) and
Yyheviz) = havao)
Y2y hsv3) = hs(23)
Yyh2v@)hsvs) = hey(123)
Tanhave) = b1 vy kv have)
= hZ1h67(123)
Yyhehsy23) = va)yh2v2)hss)
= heY(123)-
We obtain:
¢(hg1, g2) + ©(hg192, gs) — ©(hg1, 9293)
= p(hh17a), hav) + e(hhavayhev2), hsve)) — e(hhavay, have hsvs)
= @(hh1vy, hav2)) + e(hhihavaz), havs)) — e(hhiva), hahsy(es))
D 001) (have) + (b, Y hava) — e, Y1) + By (hs(a)
+ @(hhiha, va2yhsv(3)) — e(hhiha, va2)) — 01y (h2hsy(23))
— @(hh1, yyhahsy(23)) + @(hh1, 1))
= 0y (h2v(2)) + 012)(hav(3)) — 01y (hahs(23)) + @(hh1, hayiz))
— @(hhiha, Ya2)) + @(hhiha, by heyi23)) — ©(hh1, heyias))

(%)
= 01)(hav(2)) + 012) (hav(3)) — 01y (h2hsy23)) + @(hha, ha) — p(ha, Y(12))
+ @(hhaha, hi') — o(hyt, hevazs))

(°)
= 01)(hav(2)) + 012) (h37v(3)) — 01y (h2hsy(23)) — o(ha, Y(12))
—o(hy?, hey(123)) + ©(ha, hi') + ¢(hhy, 1)
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which is independent of h since p(hhy, 1) = ¢(1, 1). Applications of (7) yield (x)
and (o). For (x) we applied (7) twice, namely for (h1, g2, g3) = (hh1, ha, Y12))
and for (h1, g2, g3) = (hhiha, hy", hey(i23)). For (o) we used (hi, g2, g3) =
(hhy, ha, hy'). (Actually in the last case (7) is the cocycle equation on H.) [

In Corollary 4 we have described the general solution of (7) under the assump-
tion that we know all solutions of the cocycle equation on H. Now we are able to
prove the main theorem. It gives the desired answer in terms of solutions of the
cocycle equation on H.

Theorem 6. Consider a transitive action of a group (G, -) on a set X and let
(K, +) be an abelian group. Let xg € X and let H denote the stabilizer of . The
general solution f: G x G x X — K of (1) is given by (6) where p: G x G — K
is a solution of (7).

Proof. If f satisfies (1), then we have already shown that f has the desired repre-
sentation.

Assume that f is given by (6) where ¢, described in Corollary 4, is a solution
of (7). According to Lemma 5, f is well defined. We still have to prove that

f satisfies (1). Consider some x € X, then there exists some g € G so that
1

x = g~ xo. Simple calculations show that
flg1, g2, @) + f(9192, g3, ®)
= f(91, 92, 9~ 'w0) + f(9192, g3, 9~ 'w0)
= ©(9, 91) + (991, 92) + (99192, 93) — (9, 919293)
and also
f(92, g3, 91 '@) + (91, gags, )
= f(g2, 93, 97 "9 '@0) + f(91, 9293, 9~ ' x0)
= ©(991, 92) + (99192, g3) + (g, 91) — (9, 919293)- ]
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