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Content
• What is the mathematical microscope

– a historical example (motivation).

• Syncope, fainting and dizziness
– a real problem (motivation).

• A heart rate model for sit-to-stand                  
– a ‘fingerprint’ of a persons control system.

• Does the same model work for head-up-tilt
– is anything missing?

• Outlook on syncope – preliminary results!



Historical example
The Ancient view: Blood was 
roughly thought to be produced 
and consumed at the ends of a 
transport system whereas idea 
of a circulatory blood system 
was unthinkable.

In 1628 Harvey successfully 
changed this 2000 years old 
ancient paradigm or dogmatic 
view by the use of a simple 
mathematical model making 
the inaccessible accessible .



William Harvey discovery

Based on modeling Harvey announced the 
discovery of the circulatory blood system.
This was 46 year before the discovery of the 
light microscope allowed the invisible 
capillaries to become visible to the human eye.

Stroke volume is 
70 ml. per beat &
Heart beats 72 
times per min . =>
Cardiac output of 
7.258 liter per day

Grotesque Grotesque 



The mathematical microscope
The method of using mathematical modeling as 
a tool for making

the inaccessible accessible 
or the invisible visible

will be denoted the “ mathematical microscope ”
in the honor of William Harvey.

This is probably the most important way of using  
mathematical modeling – also in physiology!



Syncope – a real problem
Syncope is the medical term for light-headedness 
or fainting caused by insufficient blood supply to 
the brain.

Syncope is a prevalent disorder, 
accounting for up to 6% of 
hospital admissions each year in 
the United States. 

Syncope may be caused by standing up too 
quickly or by postural changes in general. 
40% of us will experience syncope at least once 
in a lifetime 



Sit-to-stand

• Gravity :: Approximately 500 cc of blood is pooled in the lower 
extremities as a result of gravitational force. 

• Arterial blood pressure in the trunk and upper extremities drop, 
while blood pressure in the lower extremities is increased.

• Venous return is reduced leading to a decrease in stroke volume.

• Cerebral blood flow is reduced leading to build up of CO2. 



Measured Data
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Heart rate is 
hidden in data



Change in heart rate 
for a normal young subject

For fitting the 
heart rate 
curve one 
need 7 pieces 
of lines which 
demand 14 
parameters in 
a maximum 
likelihood 
estimate (a 
least square 
formulation)

Muscle sympathetic stimulation, central command or vestibular effect

Can we model heart r
ate?



Baroreceptor feedback

Input blood 
pressure

Baroreceptor
nerve firing rate

Sympathetic and 
parasympathetic

Noradrenalin and 
acetylcholine concentrations

Heart beats

(heart rate)



Conceptual Model

Sequential component model 

- suitable for sub-model validations and effective calculations

Impulse Function:
muscle sympathetic stimulation, 

central command or vestibular effect
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Average pressure
The input-pressure is a scaled pressure computed as a normalized 
weighted averages from the instantaneous (pulsatile) values to the past:

Differentiation gives

In the numeric data starts at time zero thus we use the approximation

where the error made is decaying exponentially in time

Both the mean value and 
the pulse pressure enter!



Measured pressure input data 
and its weighted average



Ottesen, J.T. Modelling the dynamical baroreflex-feedback control. Mathematical and computer 
modelling, 31: 167-173, 2000.

Ottesen, J.T. Nonlinearity of baroreceptor nerves. Surv Math Ind, 7:187-201, 1997.

Baroreceptor nerves are stretch receptors which responds to changes 
in blood pressure.

A decrease (resp. increase) in pressure leads to a decrease (resp. 
increase) in firing rate.

Three different receptor types are involve giving rise to firing rate activity 
with three different timescales . The total firing rate is a superposition 
of these activities. 

An adaptation phenomena is observed: pressure adapt to a new 
threshold-level when perturbed.

A hysteresis-like phenomena is observed: the response to a pressure-
increase is different to the response to a pressure-decrease.

Nerve firing rate; 
Physiological knowledge
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Simple nerve firing rate model
one time-scale only
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n is the deviation from the threshold value N.

But since there appears three different time constants…



Nerve Firing Model
three time-scales
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Responses to step inputs Hysteresis-like loop

“o” and “*” are data from 
an anaesthetized dog

Ottesen, J.T. Modelling the dynamical baroreflex-feedback control. Mathematical and computer 
modelling, 31: 167-173, 2000.

Ottesen, J.T. Nonlinearity of baroreceptor nerves. Surv Math Ind, 7:187-201, 1997.

Validation of the sub-model

Agree with data 
(not shown)

p



Ottesen (1997): Modelling of the baroreflex-feedback mechanism with time-delay. JMB.

Ottesen (2000): Modelling the dynamical baroreflex-feedback control. Mathematical & 
Computer modelling.

Sympathetic and 
parasympathetic tones

Tones represents the impulse frequency sent from the sympathetic and 
parasympathetic centers in the brain and they are functions of the afferent nerve 
firing rate generated by the baroreceptors in response to pressure.

Tones are separated into sympathetic and parasympathetic components, 
each controlling the amount of noradrenalin and acetylcholine released, 
respectively, at the ends of the nerve paths at the sinoatrial node at the heart.

Parasympathetic tone is linearly related to and increases with the nerve firing, 
called the direct law , and it responds to nerve firing almost instantaneously .

Sympathetic response is delayed by 6-8 cardiac cycles and it includes the fast 
impulse function, denoted muscle sympathetic stimulation, central command 
or vestibular effect , to account for the observed preemptive HR increase. 

Sympathetic tone is linearly related to and decreases with the nerve firing, 
called the inverse law , except it is damped by parasympathetic tone.

This component of the baroreflex feedback is extreme ly difficult to access 
experimentally in human.



Sympathetic and parasympathetic tones 
incl. muscle sympathetic stimulation, central command or vestibular effect
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Levy and Zieske (1969): Autonomic control of cardiac pacemaker. J. Appl. Physiol.

Ottesen (1997): Modelling of the baroreflex-feedback mechanism with time-delay. JMB.

Ottesen (2000): Modelling the dynamical baroreflex-feedback control. 

Mathematical & Computer modelling.

d d denotes that the signal is delayed by 6-8 heart cycles

  

u t( )= - b t - tm( )�� ��
2

+ u0,       b =
4u0

tstop - tstart( )2
      and      tm =

tstart + tstop

2
.

u(t)



Noradrenalin and acetylcholine 
concentrations

Increased sympathetic tone leads to an increase in 
concentrations of noradrenalin at the nerve synapses at the 
sino-atrial node at the ventricle.

Incresed parasympathetic tone leads to an increase in 
concentration of acetylcholine at the nerve synapses at the 
sino-atrial node at the ventricle. 

The (normalized) concentration values are pulled toward the 
corresponding tone values.



Noradrenalin and acetylcholine 
concentrations models
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t ana,t ach = chemical timescales
This should really be higher order kinetic equations but here they are simplified
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Heart rate

Heart rate is an integrate-and-fire mechanism . An action potential ,    , 
is build up. When it reaches a threshold value the heart beats and the 
action potential resets to zero. 

The build-up-rate increases with increasing noradrenalin concentration 
but decreases with increasing acetylcholine concentration. 

The intrinsic heart rate when denervated, i.e. without any sympathetic or 
parasympathetic stimulation, is H0 =100 [bpm]

f



Heart rate model

H0 = heart rate without regulation

M s,M p = scaling factors
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The heart beats when     becomes one, afterwards it resets to zerof
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Total of model equations

)1)(1(0 achPnaS CMCMH
dt
d

-+=
f

  
Tpar (n) =

n( p)
M

Ts(n) = 1-
n(p)
M

( ) ( )
( ) , ( ) impulse, =damping coefficient

1 ( )
s

sym
par

T n u t
T n u t

T n
b

b
+

= =
+

( )
( )2

( ) ( )

/ 2
i i

i
i

n p M n pdn ndp
k

dt dt M t
-

= -

  n( p) = nA( p) + nB( p) + nC( p) + N

Beats when     becomes one, 
then it resets to zero

f

a n a s y ma n a

a n a

C Td C
d t t

- +
= a c h p a ra c h

a c h

C Td C
d t t

- +
=

d

t
)(tpp

dt
pd +-

=where

where



The clinical experiment - Validation
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Model compared to data

Heart rate model predictions (green trace) plotted against measured data 
(blue trace). Left panel shows results from a healthy young subject , 
middle shows results from a healthy elderly subject , and right shows 
results from a hypertensive elderly subject . 

The dotted line indicates where the blood pressure is starting to decrease. 
Arrows indicate contributions from active muscle sympathetic 
stimulation/central command/vestibular effect, parasympathetic withdrawal, 
and sympathetic activation. 

The heart rate model is able to reproduce measured data extremely well 
for all three groups of subjects (the least squares errors are J = 9.93, J = 
2.18, and J = 1.59, respectively).



Loop small, indicates reduced dynamics; loop 
also not closed

Pressure Data (blue)  and Mean Pressure (red) 
vs. Time

Nerve Firing vs. Pressure (hysteresis loop 
is wide and closed)

Loop very narrow with decreased slope; 
indicates reduced dynamics

Parasympathetic (blue) and sympathetic 
(red) tones vs. Time: (significant dynamics 
in both tones)

Tone value dynamics are greatly minimized, 
particularly sympathetic tone

Young Subject

Healthy Elderly Subject

Hypertensive Elderly 
Subject

Reduced pressure dynamics and lower resting 
state once regulated

Reduced pressure dynamics upon standing, 
longer timescale for regulation

Sympathetic tone response almost null aside 
from anticipation impulse

HR Data (blue) and HR Model (red) vs. Time

Smaller scale on HR dynamics, higher resting 
state, slower regulation

Slightly decreased dynamics, regulation on slower 
timescale than young subject

Notice that the model gives access to 
the sympathetic and the 
parasympathetic tones as functions
of time.



Loop small, indicates reduced dynamics; loop 
also not closed

Pressure Data (blue)  and Mean Pressure (red) 
vs. Time

Nerve Firing vs. Pressure (hysteresis loop 
is wide and closed)

Loop very narrow with decreased slope; 
indicates reduced dynamics

Parasympathetic (blue) and sympathetic 
(red) tones vs. Time: (significant dynamics 
in both tones)

Tone value dynamics are greatly minimized, 
particularly sympathetic tone

Young Subject

Healthy Elderly Subject

Hypertensive Elderly 
Subject

Reduced pressure dynamics and lower resting 
state once regulated

Reduced pressure dynamics upon standing, 
longer timescale for regulation

Sympathetic tone response almost null aside 
from anticipation impulse

HR Data (blue) and HR Model (red) vs. Time

Smaller scale on HR dynamics, higher resting 
state, slower regulation

Slightly decreased dynamics, regulation on slower 
timescale than young subject

New concept

New measure

New clinical method



Parameter estimation

The model contains a total of 16 unknown parameters

The parameters are estimated by minimizing the cost 
functional

where     is the number of measurements,            are the 
measured values of heart rate obtained at time     and

are heart rate values obtained from solving the 
mathematical models at the same times where the data 
are recorded. 
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Sensitivity analysis
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Head-up-tilt

May we use the same model or do we 
then neglect some important effects?



The main differences between 
head-up-tilt and sit-to-stand is

• Sit-to-stand occurs rapidly over 1-4 seconds. 
• Head-up-tilt was a slow procedure, 5-10 seconds (thus regulatory 

response is initiated before the subject is fully tilted).

• Sit-to-stand requires active muscle contraction and engagement of 
“central command” for movement initiation, leading to an increase in 
heart rate as the subject contracts his/her muscles to initiate standing 
(possibly a combined effect of the muscle sympathetic stimulation, 
stimulation of the vestibular system, and central command).

• Head-up-tilt is a passive procedure and require limited muscle activity. 

• Sit-to-stand does not display hydrostatic effects between the head and  
torso but only between torso and lower body . 

• In Head-up-tilt gravitational forces act between the head and torso as 
well as between the torso and lower body , due to the tilt-angle, leading 
to draining of flow from the cerebral circulation to the heart and from the 
heart to the lower body, which in turn has a hydrostatic impact on blood 
pressure and thus on baroreflex firing rate. 



Blood pressure responds

 
Sit-to-stand Head-up-tilt

Blue is data

Light blue averaged data

•A typical (elderly) subject; the same subject in sit-to-stand as in 
head-up-tilt
•After a least-square optimization on heart rate, only two parameters 
differs significantly between two groups sit-to-stand and head-up-tilt



Baroreceptor firing rate (model)

Sit-to-stand Head-up-tilt

Blue is the combined total firing rate

Green, red and light green are the short, intermediate and long time components

Baseline parameter value differ significantly (N=79 vs. N=87)



Sympathetic and parasympathetic 
tone responds (models)

Sit-to-stand Head-up-tilt

Blue is parasympathetic

Red is sympathetic and muscle sympathetic stimulation

•uo parameter value differ significantly (uo=1.14 vs. uo=0.22 )
•uo describes muscle sympathetic stimulation, central command or vestibular effect



Heart  rate  validation

Sit-to-stand Head-up-tilt

Blue is data

Red is model

Data and model comparison for the same subject



Head-up-tilt induced
syncope
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Tilt
Syncope

Much longer time-scale 

(up to 30 minutes)
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Head-up-tilt induced
syncope

Tilt
Syncope

Tilt

Finger blood pressure [mmHg]

Time [sec] Time [sec]

Heart rate [bpm]

Syncope

Syncope Tilt

Closer look

Tilt back



Syncope

•Is an effect on a relatively long time-scale (20-30 minute)

•Is due to a combination of  
control mechanisms 
(including arterial resistance 
and venous compliance 
regulation, fluid shift (and 
dead volumes))

•May be modelled by 
coupling the control 
mechanisms to a model of 
the cardiovascular system

•We ignore the pulmonary circulation and visco-elastic vessel properties



Preliminary model simulation
Fluid shift, compliance regulation and diaphragm tension

Arterial pressure versus time
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Very preliminary result

Arterial pressure [mmHg]  versus time [sec]

Model simulation

Experimental data
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Work in progress
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