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–– Gradient-free methodsGradient-free methods
–– Gradient-based methodsGradient-based methods
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Parameter Estimation: ConceptsParameter Estimation: Concepts

 Scientists and modelers frequently wish to relateScientists and modelers frequently wish to relate
physical/biological physical/biological parametersparameters characterizing a characterizing a
model,model,      , to collected , to collected observationsobservations making up making up
some data sets , some data sets ,     . We will assume that the. We will assume that the
fundamental physics/biology are adequatelyfundamental physics/biology are adequately
understood, so a functionunderstood, so a function        , may be specified, may be specified

ComputingComputing                  might involve solving an might involve solving an ordinaryordinary
differential equationdifferential equation or  or partial differential equationpartial differential equation..
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Parameter Estimation: Concepts Parameter Estimation: Concepts (cont(cont’’d)d)

ExampleExample: Drug concentration dynamics: Drug concentration dynamics

        --  concentration of a drugconcentration of a drug

          --  test-input injection of a drugtest-input injection of a drug
          - temporal measurement of the drug concentration- temporal measurement of the drug concentration
                                - model parameters- model parameters

For anyFor any  known      , the explicit solution is given byknown      , the explicit solution is given by

dx(t)
dt
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Parameter Estimation: Concepts Parameter Estimation: Concepts (cont(cont’’d)d)

If the drug is introduced rapidly as a briefIf the drug is introduced rapidly as a brief  pulse of unitpulse of unit
magnitude, that is,               , thenmagnitude, that is,               , then

  The The forwardforward problem is given     find problem is given     find        . Our focus is on the. Our focus is on the
inverseinverse problem of given problem of given          find    .find    .

                                    Inverse problems are hard!Inverse problems are hard!
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Parameter Estimation: Concepts Parameter Estimation: Concepts (cont(cont’’d)d)

 Consider a model described byConsider a model described by

Fredholm integralFredholm integral  equation of the first kind. Even in theequation of the first kind. Even in the
simplest case,               , the systemsimplest case,               , the system

has has no solutionno solution unless        is a constant! Moreover, when a unless        is a constant! Moreover, when a
solution does exist, the solution is solution does exist, the solution is not uniquenot unique!!

Existence.Existence. There may There may  be no model that exactly fits the databe no model that exactly fits the data
(mathematical model is only an approximation or because the(mathematical model is only an approximation or because the
data contain noise).data contain noise).

Uniqueness.Uniqueness. If exact solutions do exist, they may not be unique, If exact solutions do exist, they may not be unique,
even for an infinite number of exact data points.even for an infinite number of exact data points.
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Parameter Estimation: Concepts Parameter Estimation: Concepts (cont(cont’’d)d)

 Even if we do not encounter existence or uniqueness issue,Even if we do not encounter existence or uniqueness issue,
instabilityinstability is a fundamental feature of inverse problem. is a fundamental feature of inverse problem.
Consider the simplerConsider the simpler  systemsystem

IfIf        is is near singularnear singular (              or the condition number of the (              or the condition number of the
matrix is very large), matrix is very large), small change in measurementsmall change in measurement  lead to anlead to an
a large change in the model parametersa large change in the model parameters. . This issue lies in theThis issue lies in the
mathematical model itself, and not in the particular algorithmmathematical model itself, and not in the particular algorithm
used to solve the problem.used to solve the problem.  Inverse problems where thisInverse problems where this
situation arises are referred to as situation arises are referred to as ill-posedill-posed..

Issues in inverse problems: Issues in inverse problems: solution existencesolution existence,,
solution uniquenesssolution uniqueness, and , and instability of the solutioninstability of the solution
processprocess..
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Parameter Estimation: Concepts Parameter Estimation: Concepts (cont(cont’’d)d)

 Remarks:Remarks:
For a model describing the relationship between model parametersFor a model describing the relationship between model parameters
and data     asand data     as

In practice,In practice,          may be a function of time and/or space, or may be amay be a function of time and/or space, or may be a
collection of discrete observations. An important issue is thatcollection of discrete observations. An important issue is that  actualactual
observations always containobservations always contain  some amount of some amount of noisenoise (from instrument (from instrument
readings, human errors,readings, human errors,  numerical round-off, etc.). We can thusnumerical round-off, etc.). We can thus
envision data as generally consisting of noiseless observations from aenvision data as generally consisting of noiseless observations from a
““perfectperfect”” experiment, experiment,                , plus a noise component, plus a noise component

      Statistical methods for parameter estimation and inferenceStatistical methods for parameter estimation and inference  
      ((Prof. BanksProf. Banks))
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Sensitivity IdentifiabilitySensitivity Identifiability

References:References:
 J.G. Reid, J.G. Reid, Structural identifiability in linear time-invariantStructural identifiability in linear time-invariant

systemssystems, IEEE Trans. AC, IEEE Trans. AC  22: 242-246, 1977.22: 242-246, 1977.
 M.S. M.S. GrewalGrewal, and K. Glover, , and K. Glover, Identifiability of linear andIdentifiability of linear and

nonlinear dynamical systemsnonlinear dynamical systems, IEEE Trans. AC 21: 833-837,, IEEE Trans. AC 21: 833-837,
1976.1976.

 J.J. J.J. DiStefanoDiStefano, and C. , and C. CobelliCobelli, , On parameter and structuralOn parameter and structural
identifiability: Nonunique observability/reconstructibility foridentifiability: Nonunique observability/reconstructibility for
identifiable systems, other ambiguities and new definitionsidentifiable systems, other ambiguities and new definitions,,
IEEE Trans AC 25: 830-833, 1980.IEEE Trans AC 25: 830-833, 1980.
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Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

Consider theConsider the  simple example of drug concentration dynamicssimple example of drug concentration dynamics
given bygiven by

For               ,For               ,

It is clear that only      andIt is clear that only      and  the the productproduct           can be determined       can be determined
(and not      or (and not      or         ). We say that the model is ). We say that the model is unidentifiableunidentifiable!!
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Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

More general, consider the system - experiment model (orMore general, consider the system - experiment model (or
simply, simply, structurestructure))

A standard approach to estimate the unknown parametersA standard approach to estimate the unknown parameters          isis
in terms of in terms of least-square error criterionleast-square error criterion

where        is the data fitted by the model output     where        is the data fitted by the model output                   byby
optimumoptimum choice of  choice of       ..

dx
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Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

 Structural IdentifiabilityStructural Identifiability

The given structure is said to be The given structure is said to be locallylocally  identifiableidentifiable at at

ifif                  has a local minimum athas a local minimum at          . If the minimum is global,. If the minimum is global,
the structure is said to the structure is said to globally identifiableglobally identifiable..

These conceptsThese concepts  havehave  also became known as (local and globally) also became known as (local and globally) leastleast
square identifiabilitysquare identifiability..

 OutputOutput  DistinguishabilityDistinguishability

This notion is the question of whether system output obtainedThis notion is the question of whether system output obtained
with different parameter values can be quantitativelywith different parameter values can be quantitatively
distinguishable from each other (local concept)distinguishable from each other (local concept)

It has been shown that It has been shown that local output distinguishability is equivalent tolocal output distinguishability is equivalent to
locallocal  (structural) identifiability(structural) identifiability
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Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

 Sensitivity IdentifiabilitySensitivity Identifiability

This notion is defined in terms of the output sensitivityThis notion is defined in terms of the output sensitivity
functions with respect to the parameters, that is,functions with respect to the parameters, that is,

                                                                                                                  local concept!local concept!

Define theDefine the                      sensitivity function matrixsensitivity function matrix
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Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

 Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

Now, let                denote a small perturbation from     .  This givesNow, let                denote a small perturbation from     .  This gives
rise to a small perturbation in the output                           . Then,rise to a small perturbation in the output                           . Then,
by the chain rule for differentiation, we obtain the followingby the chain rule for differentiation, we obtain the following
((approximateapproximate) relationship) relationship

A structure is then said to be A structure is then said to be sensitivity identifiablesensitivity identifiable if the if the  aboveabove
equation can be solved uniquely for       . This is the case if and onlyequation can be solved uniquely for       . This is the case if and only
thethe                                  , or equivalently, if and only if, or equivalently, if and only if                                        ..

It is clear that (local) It is clear that (local) output distinguishabilityoutput distinguishability  and sensitivityand sensitivity
identifiability are equivalent conceptsidentifiability are equivalent concepts..

                              Computing the sensitivity function matrix                         ?Computing the sensitivity function matrix                         ?
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Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

 Remarks:Remarks:
The name sensitivityThe name sensitivity  from the sensitivity function matrixfrom the sensitivity function matrix

is used because the elements of the matrix are precisely theis used because the elements of the matrix are precisely the
sensitivity functionssensitivity functions (to be introduced by  (to be introduced by Prof. KappelProf. Kappel))

 Problem:Problem:
How do we compute the elements of sensitivity function matrixHow do we compute the elements of sensitivity function matrix
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Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

 Finite-differences:Finite-differences:

wherewhere
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Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

 Direct:Direct:
Using the chain rule for differentiation,Using the chain rule for differentiation,

wherewhere

with initial conditionswith initial conditions                                                                ..

Remarks:Remarks: The derivatives The derivatives                                                  can be computed by handcan be computed by hand

              ((tedious and error-pronetedious and error-prone))

                                                    Automatic DifferentiationAutomatic Differentiation (TOMLAB/MAD, (TOMLAB/MAD,

                                                http:http://tomopt//tomopt..com/tomlab/products/mad/com/tomlab/products/mad/))
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Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

 Remarks: Remarks: Relationship to Relationship to Fisher Information MatrixFisher Information Matrix
For noisy data,For noisy data,

Fisher informationFisher information  matrix     (Prof. matrix     (Prof. KappelKappel’’s s lecture) is a measure oflecture) is a measure of
the amount of information about the unknown parameters availablethe amount of information about the unknown parameters available
in the in the noisynoisy data. It is intimately related to the identifiability question data. It is intimately related to the identifiability question
in the broadest sense.in the broadest sense.

                              --  augmented vector ofaugmented vector of      measurementsmeasurements

                              - conditional probability density function of     given- conditional probability density function of     given

NowNow, if the noise, if the noise  in the data has zero mean, unit variance, andin the data has zero mean, unit variance, and
identical normal distribution at eachidentical normal distribution at each      , and if the error        are  , and if the error        are
uncorrelated,            uncorrelated,                ..
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Sensitivity Identifiability Sensitivity Identifiability (cont(cont’’d)d)

 Remarks:Remarks:
–– Nonsingularity Nonsingularity of the Fisher information matrix has been shown to be aof the Fisher information matrix has been shown to be a

necessary and sufficient condition for a large class of problems (includingnecessary and sufficient condition for a large class of problems (including
schochastic schochastic models, with noise also in the dynamical system)models, with noise also in the dynamical system)

–– Fisher information matrix is also used in the computation of theFisher information matrix is also used in the computation of the
generalized sensitivity functiongeneralized sensitivity function (Prof. Kappel) (Prof. Kappel)

–– Fisher information matrix is a very useful tool for optimizing the designFisher information matrix is a very useful tool for optimizing the design
variables in a parameter estimation experiment. In particular, it has beenvariables in a parameter estimation experiment. In particular, it has been
used to optimize samplingused to optimize sampling  schedules and test-inputs in physiologicalschedules and test-inputs in physiological
studiesstudies

ReferencesReferences
 J.J. J.J. DiStefano DiStefano III, III, Matching the model and the experiment to the goals: DataMatching the model and the experiment to the goals: Data

limitations, complexity and optimal experiment design for dynamic systemslimitations, complexity and optimal experiment design for dynamic systems
with biochemical signalswith biochemical signals, J. , J. CybernCybern. . InfInf. . SciSci. 2: 2-4, 1979.. 2: 2-4, 1979.

 F. Mori, and J.J. F. Mori, and J.J. DiStefano DiStefano III, III, Optimal Optimal nonuniform nonuniform sampling interval and test-sampling interval and test-
input design for identification of physiological systems from very limited datainput design for identification of physiological systems from very limited data,,
IEEE Trans. AC 24: 893-900, 1979.IEEE Trans. AC 24: 893-900, 1979.
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Minimization Minimization (Nonlinear Least-squares Problem)(Nonlinear Least-squares Problem)

Reference:Reference:
 C.T. Kelley, Iterative Methods for Optimization, SIAM, 1999.C.T. Kelley, Iterative Methods for Optimization, SIAM, 1999.

Consider the structureConsider the structure

In the In the least-squares formulationleast-squares formulation, the parameters, the parameters          are found byare found by
minimizingminimizing

Algorithms fall into 2 classes:Algorithms fall into 2 classes:
 Gradient-free methodsGradient-free methods (sampling methods) (sampling methods)
 Gradient-based methodsGradient-based methods (Quasi-Newton, subset selection) (Quasi-Newton, subset selection)

dx
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Minimization Minimization (cont(cont’’d)d)

 Gradient-free methods (Nelder-Mead algorithm)Gradient-free methods (Nelder-Mead algorithm)

It uses the concept of a It uses the concept of a simplexsimplex, which is a , which is a polytope polytope ofof
vertices in     dimension (a line segment in one-parameter space, avertices in     dimension (a line segment in one-parameter space, a
triangle in two-parameter, a tetrahedron in three-parameter space,triangle in two-parameter, a tetrahedron in three-parameter space,
etc.)etc.)

Consider a 2-parameter estimationConsider a 2-parameter estimation                                  , simplex is a triangle, simplex is a triangle

Evaluate          and sort them so thatEvaluate          and sort them so that

Idea:Idea: Replace the worst point with Replace the worst point with  a point with a lower cost value!a point with a lower cost value!
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Minimization Minimization (cont(cont’’d)d)

 Nelder-Mead algorithm Nelder-Mead algorithm (cont(cont’’d)d)

–– Compute the Compute the centroidcentroid of the simplex                   (not including of the simplex                   (not including
the worst point)the worst point)

–– Replace         withReplace         with

If none of these values are better than the previous worst,If none of these values are better than the previous worst,

algorithm algorithm shrinksshrinks the simplex towards the best point the simplex towards the best point
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Minimization Minimization (cont(cont’’d)d)

 Nelder-Mead algorithm Nelder-Mead algorithm (cont(cont’’d)d)

Remarks:Remarks:
–– In theory, the Nelder-Mead algorithm is not guaranteed toIn theory, the Nelder-Mead algorithm is not guaranteed to

converge to a minimum and can stagnate at a suboptimal point.converge to a minimum and can stagnate at a suboptimal point.
However, in practice, the method performs well and often resultsHowever, in practice, the method performs well and often results
in an initial rapid decrease of the objectivein an initial rapid decrease of the objective  function value.function value.

–– This suggests a This suggests a hybrid approachhybrid approach: Use the Nelder-Mead algorithm: Use the Nelder-Mead algorithm
initially theninitially then  a gradient-based method (Gauss-Newton algorithm)a gradient-based method (Gauss-Newton algorithm)
to take advantage of fast local convergence of Gauss-Newtonto take advantage of fast local convergence of Gauss-Newton
methodmethod

–– Other sampling methods:Other sampling methods: Implicit Filtering, DIRECT, genetic Implicit Filtering, DIRECT, genetic
algorithmalgorithm
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Minimization Minimization (cont(cont’’d)d)

 Gradient-based Methods (Gauss-Newton Algorithm)Gradient-based Methods (Gauss-Newton Algorithm)

For discreteFor discrete  measurements,measurements,

DefineDefine

Start with some currentStart with some current  parameter estimate parameter estimate         . A new estimate is. A new estimate is
computed ascomputed as

Idea:Idea: Compute the  Compute the correction termcorrection term from a quadratic expansion of the from a quadratic expansion of the
cost functionalcost functional
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Minimization Minimization (cont(cont’’d)d)

 Gauss-Newton Algorithm Gauss-Newton Algorithm (cont(cont’’d)d)

This is a quadratic function in      . The minimum is given by takingThis is a quadratic function in      . The minimum is given by taking
derivative with respect to     derivative with respect to        and set it equal to zero to obtain and set it equal to zero to obtain
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Minimization Minimization (cont(cont’’d)d)

 Gauss-Newton Algorithm Gauss-Newton Algorithm (cont(cont’’d)d)

Remarks:Remarks:
–– Clearly, the method fails if theClearly, the method fails if the  matrixmatrix              isis  (almost) singular. A(almost) singular. A

well-know remedy is to modify thewell-know remedy is to modify the  correction ascorrection as

              The positive parameter    is adjusted based on how near singularThe positive parameter    is adjusted based on how near singular
            the matrix        is (Levenberg-Marquardt algorithm). It is chosenthe matrix        is (Levenberg-Marquardt algorithm). It is chosen
            to to balance between the steepest-descent step (very slow butbalance between the steepest-descent step (very slow but
            certain convergence) and the Gauss-Newton method (fast butcertain convergence) and the Gauss-Newton method (fast but
            uncertain convergence)uncertain convergence)
–– ToTo  have sufficient decrease in the cost functional,have sufficient decrease in the cost functional,

Backtracking (ArmijoBacktracking (Armijo’’s Rule)s Rule)
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Minimization Minimization (cont(cont’’d)d)

 Subset SelectionSubset Selection

Reference:Reference:
–– M. Burth, G.C. Verghese, and M. Velez-Reyes, M. Burth, G.C. Verghese, and M. Velez-Reyes, Subset selection forSubset selection for

improved parameter estimation in on-line identification of aimproved parameter estimation in on-line identification of a
synchronous generatorsynchronous generator, IEEE Trans on Power Systems 14:218-, IEEE Trans on Power Systems 14:218-
225, 1999.225, 1999.

Idea:Idea:
–– Use sensitivity information to partition the parameter set into twoUse sensitivity information to partition the parameter set into two

subsets: One subset associated with highly sensitive parameterssubsets: One subset associated with highly sensitive parameters
and one subset associated with low sensitive parametersand one subset associated with low sensitive parameters

–– When solving for parameters, only update those parameters in theWhen solving for parameters, only update those parameters in the
first subset (highly sensitive parameter set). Thisfirst subset (highly sensitive parameter set). This  way, the problemway, the problem
should be better conditioned!should be better conditioned!
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Kalman-filter Based MethodKalman-filter Based Method

 References:References:
–– R.E. Kalman, R.E. Kalman, A new approach to linear filtering and predictionA new approach to linear filtering and prediction

problemsproblems, Trans of, Trans of  the ASME - Journal of Basic Engineering 82the ASME - Journal of Basic Engineering 82
(Series D): 35-45, 1960(Series D): 35-45, 1960

–– F.L. Lewis, F.L. Lewis, Optimal Estimation with an Introduction toOptimal Estimation with an Introduction to  StochasticStochastic
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 Kalman Filter (Kalman Filter (A Hypothetical ExampleA Hypothetical Example))

Suppose there are 3 contestants for the Suppose there are 3 contestants for the Price is RightPrice is Right show! show!

                -  -  conditional probabilityconditional probability

First contestantFirst contestant’’ss
estimate of theestimate of the
price is     withprice is     with
standard deviationstandard deviation
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Kalman-filter Based Method Kalman-filter Based Method (cont(cont’’d)d)

At this point, there are two estimates available forAt this point, there are two estimates available for  predicting thepredicting the
correct price. correct price. QuestionQuestion: How do you (the third contestant) combine: How do you (the third contestant) combine
these data (so that you have a better estimate than either the first orthese data (so that you have a better estimate than either the first or
the second contestant)?the second contestant)?
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 If          If                , the best, the best
estimate should be theestimate should be the
average of the twoaverage of the two

 If             (i.e.,     is aIf             (i.e.,     is a
better estimate), thenbetter estimate), then
the formula indicatesthe formula indicates
thatthat  we should weightwe should weight
our estimate moreour estimate more
towardtoward
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Kalman-filter Based Method Kalman-filter Based Method (cont(cont’’d)d)

Rewrite the updates as:Rewrite the updates as:

z
1

!
z
1

f (x | z
2
)

z
2

!
z
2

µ = z
1
+ K[z

2
! z

1
],     K =

"
z1

2

"
z1

2
+"

z2

2

"
2
= "

z1

2
! K"

z1

2

Now, suppose thatNow, suppose that            is the outputis the output
from your model andfrom your model and           is the is the
measurement. Kalman filter is ameasurement. Kalman filter is a
technique that combines the modeltechnique that combines the model
output with measurement to deriveoutput with measurement to derive
at a better estimate for the modelat a better estimate for the model
output by considering both theoutput by considering both the
error in the model and the errorerror in the model and the error
in the datain the data
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Kalman-filter Based Method Kalman-filter Based Method (cont(cont’’d)d)

 ProblemProblem: How do we extend this to dynamical systems?: How do we extend this to dynamical systems?
For For linear systemlinear system,,

where       where           and   and         are white noise processes with means are white noise processes with means zerozero and and
covariances     and     , respectively. First, we define the conditionalcovariances     and     , respectively. First, we define the conditional
expected value and the conditional varianceexpected value and the conditional variance

Kalman filter then attempts to make an estimate on the true stateKalman filter then attempts to make an estimate on the true state
with a with a ““predictor-correctorpredictor-corrector”” sort of implementation. Note that to sort of implementation. Note that to
estimate also the parameters   estimate also the parameters       we augment the state equationswe augment the state equations
withwith

dx

dt
= A(!)x + g(t)w(t)

zk = C(!)x(tk ) + vk

w(t) v
k

Q R

x̂ = E x(t) | (zk : tk < t)[ ]

P(t) = E (x ! x̂)(x ! x̂)T | (zk : tk < t)"# $%

!

d! / dt = 0
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Kalman-filter Based Method Kalman-filter Based Method (cont(cont’’d)d)

 For For nonlinear systemnonlinear system, one idea is to linearize the nonlinearities (, one idea is to linearize the nonlinearities (ExtendedExtended
Kalman FilterKalman Filter). Other ideas, such as ). Other ideas, such as Gaussian filtersGaussian filters and  and UnscentedUnscented
Kalman filterKalman filter, attempt to approximate the underlying conditional, attempt to approximate the underlying conditional
distribution by applying the nonlinear function to a set of points anddistribution by applying the nonlinear function to a set of points and
recovering information on this distribution based on the effect  therecovering information on this distribution based on the effect  the
function has on thesefunction has on these  points. In points. In ensemble Kalman filterensemble Kalman filter, Monte Carlo, Monte Carlo
method is used to solve the time evolution equation of the probabilitymethod is used to solve the time evolution equation of the probability
density of the model state . Finally, neural network isdensity of the model state . Finally, neural network is  a viable approacha viable approach
for model design and parameter estimation (for model design and parameter estimation (Dr. Spyros Courellis’ lecture))

ReferenceReference: G. : G. EvensenEvensen, , The ensemble Kalman filter: TheoreticalThe ensemble Kalman filter: Theoretical
formulation and practical implementationformulation and practical implementation, Ocean , Ocean DynDyn. 53: 343-367, 2003. 53: 343-367, 2003
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  Corrector state (new measurement is used)


