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ERROR ESTIMATES FOR ABSTRACT LINEAR-QUADRATIC
OPTIMAL CONTROL PROBLEMS USING PROPER
ORTHOGONAL DECOMPOSITION

M. HINZE AND S. VOLKWEIN

ABSTRACT. In this paper we investigate POD discretizations of abstract linear-
quadratic optimal control problems with control constraints. We apply the
discrete technique developed in [12] and prove error estimates for the corre-
sponding discrete controls, where we combine error estimates for the state and
the adjoint system from [17, 18]. Finally, we present numerical examples that
illustrate the theoretical results.

1. Introduction

Optimal control problems for nonlinear partial differential equations are often
hard to tackle numerically so that the need for developing novel techniques emerges.
Only very recently the reduced order approach applied to optimal control problems
for partial differential equations has received an increasing amount of attention
[1, 2, 3, 5, 13, 21, 23, 27, 29]. Tt is based on projecting the dynamical system onto
subspaces consisting of basis elements that contain characteristics of the expected
solution. This is in contrast to, e.g., finite element techniques, where the elements
of the subspaces are uncorrelated to the physical properties of the system that they
approximate.

In the present work we use proper orthogonal decomposition (POD) for deriving
low order models of dynamical systems. These low order models then serve as
surrogates for the dynamical system in the optimization process. We consider a
linear-quadratic optimal control problem in an abstract setting and prove error
estimates for the POD Galerkin approximations of the optimal control in Theorem
4.7. This is achieved by combining techniques from [7, 8, 12] and [17, 18]. The
main result of the present work can be formulated as follows (see Theorem 4.7 and
eq. (4.15)).

Main result: Let u denote the solution of the linear-quadratic optimal con-
trol problem, and @’ its POD approximation using ¢ POD basis functions for the
Galerkin ansatz. Then
a' —a~p'—p,
where p = p(@) and p* = p (@) denote the corresponding solutions of the continuous
and discrete adjoint systems, respectively, associated to the same control @. To the
authors knowledge, the presented POD error estimates are the first ones for discrete
controls computed by a POD Galerkin scheme.
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Let us finally briefly comment on further literature containing applications of
POD. The method was successfully used in a variety of fields including signal anal-
ysis and pattern recognition (see [9]), fluid dynamics and coherent structures (see
[4, 14, 22, 25, 28]) and more recently in [2] to compute reduced-order controllers.
The relationship between POD and balancing was considered in [19, 26, 30]. Error
analysis for nonlinear dynamical systems in finite dimensions were carried out in
[24].

The paper is organized as follows. In Section 2 we introduce the abstract linear-
quadratic optimal control problem which is under consideration in this work. The
POD Galerkin discretization is described in Section 3. Section 4 is devoted to
derive the POD error estimate for the difference between the optimal solution to the
abstract linear-quadratic problem and the corresponding suboptimal POD control
solution. We present some numerical examples in Section 5 and, finally, we draw
some conclusions in the last section.

2. The abstract linear-quadratic optimal control problems

In this section we introduce our abstract linear-quadratic optimal control prob-
lem and present first-order necessary optimality conditions. Let V and H be real
separable Hilbert spaces and suppose that V is dense in H with compact embed-
ding. By (-, ) we denote the inner product in H. The inner product in V is given
by a symmetric bounded, coercive, bilinear form a : V x V — R:

(2.1) (0, ¥)y, = alp,) forall p,p eV

with associated norm given by || - ||y = y/a(-,-). Since V is continuously injected
into H, there exists a constant ¢y > 0 such that

(2.2) lellg <ev lelly forallpeV.

We associate with a the linear operator A:

(2.3) (Ap, )y vy = alp, ) forall p, 9 €V,
where (-, ~>V,’V denotes the duality pairing between V and its dual. Then, by

the Lax-Milgram lemma, A is an isomorphism from V onto V'. Due to (2.1) the
operator A is the Riesz isomorphism between V and V’. Alternatively, A can be
considered as a linear unbounded self-adjoint operator in H with domain
D(A)={peV:Apc H}.
By identifying H and its dual H' it follows that
DA~V —H=H <V

each embedding being continuous and dense, when D(A) is endowed with the graph
norm of A.
For T > 0 the space W(0,T) is defined as

W(0,T) = {p € L*(0,T;V) : ¢, € L*(0,T; V") },

which is a Hilbert space endowed with the common inner product (see, for exam-
ple, in [6, p. 473]). It is well-known that W (0,T) is continuously embedded into
C([0,T]; H), the space of continuous functions from [0, 7] to H, i.e., there exists an
embedding constant c. > 0 such that

(2.4) leleqoryan < e lelwomr for all g € W(0,T).
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Let U be a Hilbert space which we identify with its dual &', and let U,gy C U a
closed and convex nonempty subset. For yo € H and v € U,g4 we consider the linear
evolution problem

(250) WD), @y +aly(0),0) = (BUD). @)y forteDT] eV,

(2.5b) Y(0): 0 i = (vo, V)i for p €V,
where B: U — L?(0,T;V’) is a continuous linear operator.

Proposition 2.1. For everyu € U and yo € H there exists a unique weak solution
y € W(0,T) satisfying (2.5) and

(2.6) ¥ lwo.r) < C(lully + llvoll)
with a constant C' > 0 independent of y. If, in addition, Bu € L*(0,T;H) and
yo € V hold, then we have y € C([0,T];V) N L%*(0,T; D(A)) N H'(0,T; H).

Proof. The proof follows by standard arguments. We refer the reader to [6], for
instance. O

Next we introduce the cost functional J : W(0,T) x Y — R by

T
o1 2 Q2 2 o 2
(2.7) Iy, u) = — /0 ly(@) = 21Ol b+ - y(T) = 22l + 5 ully,

where 21 € LQ(O, T; H) and z € H are given desired states and aq, ag, 0 nonnega-
tive parameters satisfying a; + as > 0 and o > 0.

Remark 2.2. Let us mention that we can replace the cost functional J given in
(2.7) by the more general one

7 a1 2 a2 2 g
Ty, w) = = Cy = z1llw, + 5 IPU(T) = 2llw, + Fllul,

where Wy, Wy are Hilbert spaces, C : L?(0,T; H) — Wy and D : H — W, are
bounded linear operators, and (z1, z2) € W1 x Wa holds. In the context of (2.7) we
have Wy = L?(0,T; H), Wo = H and C as well as D are just the identity operators.
To simplify the presentation we consider the cost J instead of J. %

The optimal control problem is given by
(P) min J(y,u) s.t. (y,u) € W(0,T) x Uaq solves (2.5).

Applying standard arguments (see [20], for instance) one can prove that there exists
a unique optimal solution Z = (g,u) to (P). Moreover, there exists a unique
Lagrange-multiplier p € W (0, T') satisfying together with & = (g, ) the first-order
necessary optimality conditions, which consist in the state equations (2.5), in the
adjoint equations in [0, T

d , _ _ _
(2.8a) = (p(t), 0)py +alp(t), 0) = a1 (21 (t) —§(t), p)py fort [0, 7], p €V,
(2.8b) (D(T), )y = 2({za —G(T), ) gy for p €V,

and in the optimality condition

(2.9) (ou—B*p,u—1u),, >0 forall u € Uag.



4 M. HINZE AND S. VOLKWEIN
Here, the linear and bounded operator B* : L?(0,T;V) — U’ ~ U stands for the
dual operator of B satisfying

<BU, ¢>L2(O,T;V/),L2(O,T;V) - <B*§0, U>u fOI‘ all (u7 (p) S u X L2 (07 j_'7 V)

Recall that we have identified the Hilbert space & with its dual.
Introducing the so-called reduced cost functional

J(u) = J(y(u),w),

where y(u) solves (2.5) for the control u € U,q, we can express (P) as the reduced
problem

P) min J(u) s.t. u € Ung.

From (2.9) it follows that the gradient of J’ at u is given by

(2.10) J'(0) = o — B*p.
Let us define the operator G : U/ — U by
(2.11) G(u) = ou — B*p,

where y = y(u) solves the state equations (2.5) with the control v € U and p =
p(y(u)) satisfies the adjoint equations (2.8) for the state y. As a consequence of
(2.9) it follows that the first-order necessary optimality conditions for a solution
U € Upg of (P) are given by

(2.12) (G(u),u —1u),, >0 forall u € Uaq.

Using a POD Galerkin scheme the operator G will be replaced by an operator
G*:U — U. The construction of G* will be described in the Section 3.4.

3. The POD Galerkin discretization

In this section we introduce the POD method and derive the reduced-order
model. To keep the notation simple we apply only a spatial discretization with
POD basis functions, but no time integration by, e.g., an implicit Euler method.
Therefore, we utilize a continuous POD. Let us mention the work [11], where con-
vergence of POD Galerkin approximations for evolution problems were analyzed
using also a continuous version of POD.

Let u € U be a given control for (P) and y = y(u) the associated state satisfying
y e Cl([oa T V).

3.1. The POD method. We define the bounded linear operator Y : H'(0, T; R) —
V by

vo= [ @tu) +eud orp e H0.TR)
Its Hilbert space adjoint Y* : V. — H'(0,T;R) satisfying
(Yo, 2)y =0, Y 2oy for (p,2) € H(0,T;R) x V
is given by
(V*2)(t) = (z,y(t) + y(t)),, for z €V andt € [0,T].
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Furthermore, we find that the bounded linear operator R = YY* : V — V has the
form

Rz =/O (2, y(0) yy(t) + (2, 9e(t)) e (t) dt - for z € V.

Since y € C1([0,T]; V) holds, the Kolmogorov compactness criterion in H(0,T;V)
implies that Y* : V — H'(0,T;V) is compact. Boundedness of ) implies that R is
compact as well. From the Hilbert-Schmidt theorem it follows that there exists a
complete orthonormal basis {1); }ien for V' and a sequence {\;};cy of nonnegative
real numbers so that

Ry =Xy, A > >..., and A\; — 0 as i — oo.

The spectrum of R is a pure point spectra except for possibly 0. Each non-zero
eigenvalue of R has finite multiplicity and 0 is the only possible accumulation point
of the spectrum of R, see [16, p. 185]. Let us note that

T [e'e)
/0 Ly dt = ZA and ol =3 (w0, i)y |

i=1

Remark 3.1. Analogous to the theory of singular value decomposition for matrices,
we find that the linear and bounded operator K = Y*Y : H*(0,T;R) — H(0,T;R)
given by

T
(Ke) (2) :/0 (y(s), () ye(s) + (ye(s), e (t)ye(s) ds - for v € H'(0,T;R)
has the same eigenvalues {\; };en as the operator R and the eigenfunctions
1 1
vi(t) = Now (Vi) (t) = Now (Wi, y(t) + ye ()

fori e {j e N:X; >0} and almost all ¢ € [0, 7. O

In the following theorem we formulate properties of the eigenvalues and eigen-
functions of R. Therefore, for given £ € N we introduce the mapping

J:Vx..xV—-=R
—_——
{—times

by

3= [ ) -

Theorem 3.2. Let {\;}ien and {1;}ien denote the eigenvalues and eigenfunctions,
respectively, of R. Then, for every ¢ € N the first £ eigenfunctions ¥1,...,0; € V
solve the minimization problem

4
d)z V"/)z JF ‘ yt Z 1/)1 V’I/JZ dt.

i=1 i=1

M&

(3.1) min J(P1,...,00) st (Wb, =0y for1<id,j <L
Moreover,
(3.2) J(W1,... ) = Z Xi for any £ € N.

i=0+1
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Proof. The proof of the theorem relies on the fact that the eigenvalue problem
(33) sz = )‘iwi for i = 17...,€

is the first-order necessary optimality condition for (3.1). For more details we refer
the reader to [14, Section 3]. O

3.2. POD Galerkin scheme for the state equation. Let us fix £ € N and
compute the first £ POD basis functions 1,...,1%y € V by solving either (3.3) or
Kv; = v fori =1,...,¢ (see Remark 3.1). Then we define the finite dimensional
linear space

vt :span{djl,...,W} cV
Endowed with the topology in V it follows that V¢ is a Hilbert space. Next we
introduce the orthogonal projection P¢ of V onto V¢ by

¢
(3.4) Plo = (p.ti)yhi forpeV.
i=1

Note that

(35)  J(,... b)) = /OT Hy(t) - Pey(t)HQV + ‘

ue(?) —Peyt(t)Hidt =3 N,

i=0+1

where J has been introduced in Section 3.1. From (2.1), (3.4) and P = 1 for all
¢ € V* it follows that

a(Pp,v) = (P wwv—<2wwszu> = (0 i)y (W, i)y

i=1 i=1

l
- < S, wz>v¢z> — (0 Py = o)y = alonh)

i=1

for all ¢ € V and ¢ € V. Clearly, we have ||P*||;;) = 1, where L(V) denotes the
Banach space of all bounded linear operators from V into itself.

The POD Galerkin scheme for the state equation (2.5) leads to the following
linear problem: determine a function y* € C([0,7]; V*) such that

(3.62) % W' (1), ¥+ aly (1), 9) = (Bu)(t), )y for t €(0,T), € VY,
(3.6b) (' (0),9) = (vo, V) g for ¢ € V.

Since a(-,-) is a symmetric coercive bilinear form and V* has finite dimension it
follows that there exists a unique solution % to (3.6). From ¢ = P%) for any
¥ € V¥ and (3.6b) we infer that

¢ ¢
(¥ (0),¥) = (Yo, V) = <yo,z (¢7¢i>v¢i>H = Z (Yo, Vi) g (¥, i)y

i=1 i=1
=, T'0)y = (T'yo,1),, forall € V*
where the bounded linear operator 7¢: H — V* is given by

14
T'o=3 (b0t for € H.

i=1
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Hence, we have y°(0) = T*yo in V¢ C H and for yo € V we derive
(37) y"(0) = Pyo = (T* = P )yo.

Remark 3.3. Let Y be the closure of the space Span {¢;}ieny in H, ie., Y =
— H
Span {¢; }ien . If yo € Y holds, then we have

oo

Yo = Z (Yo, i) gribi

i=1

so that
2 > 2
(3.8) lim |70l = lim || > (yo, i) ytbi| =0.
L—o00 l—o0 || . H
i=0+1

Since V is separable, we have yo = Y.~ (yo, ¢;)v; and, therefore,

F=0

. 2 . 2 -
(3.9) Jim [[Plyollyy < ¢ Jim [Pryolly = > (w0, i)y
i=0+1

for any yo € V, in particular, for any yo € Y C V. Combining (3.8) and (3.9) we
obtain limy_,eo [[(7° — P )yol|% = 0. 0

The following proposition ensures existence of a unique solution to (3.6) that is
bounded independent of ¢.

Proposition 3.4. For every u € U and yo € H (3.6) for every £ € N admits a
unique solution y* € W(0,T) which satisfies the estimate

1 lw 0.1y < C (lully + llyoll)  for all £ €N
with a constant C > 0.

Proof. Tt follows by variational arguments that there exists a unique solution to
(3.6) satisfying

HyéHLOO(O,T;H) + ”yeHLZ(O,T;V) < C(llully + llyolly)  for all £ € N

and for a constant C' > 0 independent of £. In (2.3) we have introduced the linear
operator A : V — V', For y* € L?(0,T;V) and u € U we obtain (— Ay’ + Bu)(t) €
V' for almost all ¢ € [0,7]. If y/ denotes the distributional derivative of ¢, then
we have

yt = — Ay’ + Bu € L*(0,T; V).
Now, y* € W(0,T) and the proposed estimate follow. O
From Proposition 3.4 it follows that y is bounded in L2(0,7;V)N L>(0,T; H)

by a constant independent of ¢. This is used in [11] to prove convergence properties
of the sequence {y’}sen.
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3.3. POD Galerkin scheme for the adjoint equation. Now we turn to the
POD Galerkin scheme for the adjoint system (2.8a). For that purpose let u € U be
arbitrarily given. and let y* € W(0,T) N C([0,T]; V*) denote the unique solution
to (3.6). Then, p’ € C([0,T]; V*) satisfies the linear system

d
(310&) *&@Z(UJMH + a(pé(t)ﬂ/}) =01 <(Zl - yé)(t)7w>Ha le [OvT]a 1;0 € Véa
(3.10D) P(T), ) = oalen =" (1), )y, DV
Analogous to the arguments for the solvability of (3.6) it follows that there exists

a unique solution p* € C([0,T];V¥) to (3.10). Moreover, we have the following
proposition which can be proved analogous to Proposition 3.4.

Proposition 3.5. For every w € U and yo € H let y* € W(0,T) N C([0,T]; V)
denote the unique solution to (3.6). Then, (3.10) for every ¢ € N admits a unique
solution p* € W(0,T) which satisfies the estimate

1"l 0.7y < € (Il + ol sz + 121l oo,y + 2ll ) for alt £ € N
with a constant C > 0 independent of £.

3.4. POD approximation of the operator G. Now we define the approximation
G* : U — U of the operator G by

(3.11) G (u) = ou — B*pf,

where, 3¢, p* € W(0,T) are the unique solutions to (3.6) and (3.10), respectively.
By Propositions 3.4 and 3.5 it follows that the operator G* is well-defined. Then,
instead of (2.12) we consider the inequality

(GY(a"),u—a"),, >0 forall u € U,

which are the first-order necessary optimality conditions for the optimal control
problem

(f’é) minﬂ(u) S.t. U € Uag,

where J*(u) = J(y(u),u) and y*(u) for u € Uyq denotes the solution to (3.6). We
say that (P) is the reduced-order model for (P).

Remark 3.6. We recall, that the set of admissible controls is not discretized a-
priori. The discretization of the optimal control w! is determined by that of the

corresponding Lagrange multiplier p*. For details of this discrete concept we refer
to [12]. O

4. POD error estimates

In this section we derive an error estimate for the term |@ — @‘||y, where @ and

@’ denote the unique solutions to (P) and (P?), respectively. First let us define the
linear operator S : L%(0,T; V') x H — W (0,T) by y = S(f, ¢) solves

(4'13‘) % (y(t)a 90>H + a(y(t)7 90) = <f(t)?z/)>V’,V fOI‘ te [0’ T]7 ® S ‘/7

(41b) (y(O), <p>H = <¢a 90>H for Y E V.

Due to Proposition 2.1 there exists a unique solution y = S(f,¢) € W(0,T) to
(4.1) for any (f,¢) € L*(0,T;V’) x H, i.e., the operator § is well-defined. Due to
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(2.6) the mapping S is bounded. We denote by S* : W(0,T) — L?(0,T;V) x H
the dual operator associated with S. Then we have

(4.2) (r, SUDwiory wor) = ()8 pao.miviyx i, 120,V x H

for all (r, f,¢) € W(0,T) x L*(0,T;V') x H. We will make use of the following

lemma.

Lemma 4.1. Suppose that z; € L*(0,T;H), 2o € H and y = S(Bu,yo) € W(0,T)
for given (u,yo) € U x H. Moreover, let p € W(0,T) denote the unique solution to
the adjoint problem

S0, )+ alpl0) 9) = (1 (0) — y(0), @)y Sor tE0,T], o€V,

(4.3b) (1), @)y =az(z2—y(T),p)yy  forpeV.

Furthermore, © : W(0,T) — W(0,T) and = : L?(0,T; H) x H — W(0,T)" are
given by

(4.3a)

T
@A) O Dy wom = | o W60)) A+ a2 (T, 0D

(4.5)  (E(¥1,2), ‘P>W(0,T)/,W(0,T) = /0 ar (¥1(t), o(t)) gy dt + oz (b2, ©(T))

for (1, ) € W(0,T) x W(0,T) and (1,2, ) € L?(0,T; H) x Hx W(0,T). Then
it follows that

p * —_
=-8 (GSBu, —=(21,2 )
( p(0) > ( ( ?JO)) (21,22)
Remark 4.2. For the choice of the cost functional .J introduced in Remark 2.2 we

have to replace (4.3) by

*%@(t)? e+ alp(t),p) = a1 {C(z1(t) = y(1),Co)y, fortc[0,T], vV,

(1), ) = a2 (D(z2 = y(T)), D)y, forpeV.

Moreover, the linear operators © and = has to be replaced by O and =, respectively,
given as

<é(¢)v ¢>W(0,T)/,W(0,T) = a1 (C,CP)yy, + a2 (DY(T), DH(T))yy,
<é(wla 1/}2>5 50>W(07T)/,W(0,T) = Qa1 <C¢1a CS0>W1 + g <Dw25 ,DSQ(T)>W2
for (1, ¢) € W(0,T) x W(0,T) and (¢1,¢2,¢) € L*(0,T; H) x H x W(0,T). ¢

Proof of Lemma 4.1. Let (f,¢) € L?(0,T; V') x H be chosen arbitrarily. The claim
is proved if we prove
_<(fa ¢)a S*(G(S(Buv yO)) - E(Zla z2))>L2(O,T;V’)><H,L2(O,T;V)><H

4.6
(4.6) = ((f,9), (0, 2(0))) L2(0,75v7)x 1,12 (0,73v) x H -
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By assumption, we have y = S(Bu,yo) € W(0,T). Setting w = S(f,¢) € W(0,T)
we infer from (4.2), (4.4), (4.5), (4.3)

- <(f7 ¢)7 S*(G(S(Buv yO)) - E(Zlv 22))>L2(0,T;V/)><H,L2(O,T;V)><H
= _<6(8(Bu7 yO)) - E(Zla 22)7 S(f7 X)>W(O,T)’,W(O,T)

(©) — (21, 22), W) w0,y w(0,1)

= [ onter = 0wl e+ 0 (22 = (D). 0Ty
- )

J

—(p t
/0 wi(t), p(O) vy + a(w(t), p(1)) dt + (w(0), p(0)

!

t(), w(t)) vy +alp(t), w(t) dt + (p(T), w(T)) 4

T
- / 02Oy A+ (6,0 1 = (0, 0, PON) L0101y .15 0000
so that (4.6) holds. O
Remark 4.3. Let us introduce the linear and bounded extension operator & :
L2(0,T; V') — L*(0,T; V') x H as follows: for given f € L?(0,T;V") we have
fE&f =(f,0) € L*(0,T; V') x H.

It follows from

<5f7 (d)v¢)>L2(07T;V/)><H,L2(O,T;V)><H = <f7w>L2(O,T;V/),L2(0,T;V)
=(/, 5*(1/]’¢)>L2(O,T;V’),L2(O,T;V)’
where the dual operator £* : L?(0,T;V) x H — L?(0,T;V) is the restriction
= E* (¢, ¢) for any (v, ¢) € L3(0,T; V) x H. Then, it follows that the composition

B*E*S* belongs to L(W(0,T)",U) and we derive from (2.11) and Lemma 4.1 that
for any u e U

(4.7) G(u) = ou + B*E*S* (0(S(Bu, yo)) — E(z1,22)) € U.

From (4.7) it follows that G is an affine linear operator. O
Associated with the operator S we define the linear operator S* : L2(0,T; V") x

H — W(0,T) in such a way that y* = S*(f, ¢) solves

(4.82) % W0, 0) g +aly’(),0) = (F(t), ¥y forte0,T], eV’

(4.8b) Y (0), ) g = () iy for ¢ € V.

We infer from Section 3.2 that the operator S’ is well-defined and bounded. Anal-
ogous to Lemma 4.1 we have the following result.

Lemma 4.4. Suppose that zy € L*(0,T;H), 2o € H and y* = S*(Bu,yo) €
W(0,T) for given (yo,u) € H x U. Moreover, let p* € W(0,T) solve the adjoint
problem

d

(4.92) =" (1), )y +a(p'(8),v) = o {(z1 = y) (1), )y, € [0,T], ¥ € VY,

(4.9b) (1), ¥y = azlze =y (1), ¥) g, €V
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Then it follows that

4
p £y * 0 =
=—(S O (S*(Bu, —Z(z1,292)),
( 24(0) ) (8" (08" (Bu, o)) — E(z1,22))
where the operators © and = have been already defined in (4.4) and (4.5), respec-
tively.

Remark 4.5. Analogous to Remark 4.2 we have to change the right-hand sites in
(4.9) if we deal with the cost J introduced in Remark 2.2. O

Proof of Lemma 4.4. Due to the arguments in Section 3.2 the linear operator S*
is well-defined and bounded. Let (f,¢) € L?(0,T;V’) x H be chosen arbitrarily.
Then the claim is proved if we prove that

—((£,6), (8)* (O(S (B 0)) — (21, 22))) a0 vyt 22(0 v
=((f, ), (peape(o)»L2(0,T;V/)><H,L2(O,T;V)><H'
By assumption, we have y = S*(Bu, yo) € W(0,T). Setting w = S(f,¢) € W(0,T)
we infer from (4.4) and (4.5)
- <(fa ?), (82)*(9(86(8% Yo)) — E(z1, 22))>L2(0,T;V’)><H,L2(0,T;V)><H
= —(O(8"(Bu.y0)) = E(21,22), S (s D)y 0.1y w1

= —(0(y") — E(21,22), W) w01y w 0.1
T
ar((z1 = y*) (1), w' (1)) g dt + g (20 — ¥ (T), 0" (T))

(4.10)

S

—(pi (1), w" () yy + alp’(8), w' (1) dt + (1), w'(T))
T
(wi (8), " (1)) yry + alw’(t), p (1)) dt + (w*(0), p(0))

(F@), P D)y dt + (6,0°(0)

= <(fa </>)a (peape(o)»L?(O,T;V’)><H,L2(O,T;V)><H’
so that (4.10) holds. O

— — S— 5—

Remark 4.6. Analogous to Remark 4.3 we obtain the following representation for
the operator G*:

(4.11) G (u) = ou — B*E*(S)* (0(S(Bu, yo)) — Z(21,22)) €U
for any u € U. O

We introduce the two bounded linear operators Q, Q¢ : L?(0,T;V’') x H —
L?(0,T; V") by the following compositions

Q=¢£*8*0S and Qf =&*(SYH)*0sh.
Then, by (4.7) and (4.11) we find
(4.12a) G(u) = ou — B*Q(Bu, yo) + B*E*S*E(z1, z2),
(4.12D) G*(u) = ou — B*Q*(Bu, yo) + B*E*(SY)*E(21, 22)

for any u € U. Now we can prove an error estimate for the optimal controls.
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Theorem 4.7. The variational inequality
(4.13) (G (a'),u—1u"), >0 for all u € Uag

4

admits a unique solution @° € U,q, which together with the unique solution u of

(2.12) satisfies the estimate
_ _ 1 * — * Ok * *\—
(4.14) Jla -l < —(I1B*(Q" = Q)(Bt, o)y + I1BE*(S" = (SV)Z(z1, 22)ly ).

Proof. Since (4.13) represents the first-order necessary optimality condition for
problem (pe ), the variational inequality admits a unique solution u’ € Ua,q. The
unique solution @ of (2.12) therefore is admissible as test function in (4.13), as is
@’ in (2.12). Hence, we have

(GYa"),u—u", >0 and (G(u),ua"—u), > 0.
Adding both inequalities leads to
(G*(a*) — G(a),a — a*), > 0.
Then, from (4.12) it follows that
olla—a'lly, < (B*E*(S8') (S (Bu',y)) — B*E*S*O(S(Ba, yo)),a — a')y,
+ (B*E*8*E (21, 20) — B*E(SY)*E(21, 22), 1 — af)>
= (B*(Q" — Q)(Bu,yo), u —u')y (B*Qe( (a’
+ (B EX(S™ = (8)")E (21, 22), T — @),y
Due to (4.4) we have
(6(90)790>W(0,T)/,W(0,T) = ||90||22(0,T;H) + ||‘P(T)||§{ >0 for p € W(0,T).
By Remark 4.3 we obtain
(B*Q“(B(a" — u),0),a — a’),
B(u—u ) Ql( (U —a), O)>L2(O T;V’),L2(0,T;V)
= (EB(u — u*), (SY)*es!(B(u’
(B(a—1a"),0), (S)*0S(
0S!(B(a’ — u),0),S*(B(u
=—(©W), V)wo,ry.wor) <

with ¢ = S*(B(@—1u"),0) € W(0,T). Finally, an application of the Cauchy-Schwarz
inequality completes the proof. (|

—1),0)) 12(0,75v7) % H,12(0,75V) x H

B(a' — ), 0)>L2(O,T;V’)><H,L2(O,T;V)><H

o~ o~~~

—at), w07y, w01

o

Remark 4.8. It follows from the proof of Theorem 4.7 that
1
P e (N CANEE )
~8*[08(Bi, yo) — Z(z1, z2)])Hu).

Setting
P = (8" [08" (B, yo) — E(21,22)] and  p=S*[OS(B, yo) — Z(21, 22)]
we infer from (4.15) that

o 1 .
o= @l < 1B (" = Dl
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4

Thus, the error of @ — @ can be estimated in terms of the difference p’ — p. O

Due to Remark 4.8 error estimates for p — p® directly lead to an error estimate
for w — uf. This is the motivation for the next proposition.

Proposition 4.9. Let ¢ € N with Ay > 0 be fized, u € Uag and y = y(u) and
p = p(y(u)) the corresponding solutions of the state equations (2.5) and adjoint
equations (2.8) respectively. Suppose that the POD basis of rank € is computed as
described in Section 3.1. Then there exist constants cy,c, > 0 such that

2 2 2 = oo
16) 19 = Wl o + I8 = o0y < e (1T = Pl + 3 )
i=0+1

and

2 2 S
Hpé _p||L2(O,T;V) < Cp(|(Té - Pé)?JOHH + Z Ad )
i=04+1

(4.17)
Y} 2 yi 2
+%OPP—MWMWHWPm—mMmmm)

where y* and p* solve (3.6) and (3.10), respectively, for the chosen u inserted in
(3.6a) and the linear operator T has been introduced in Section 3.2.

Proof. Let
y' (1) — y(t) =y (t) — Py(t) + Py(t) — y(t) = 9(t) + o(t),

(
where ¥ = y* — P’y and ¢ = P’y —y. From (2.1)), (3.4), (3.5) and the continuous
embedding H'(0,T;V) — L*>(0,T; H) we find

2 2 0o
(4.18) ”QHL“’(O,T;H) + ||Q||L2(0,T;V) S CE Z Aj
i=04+1

with an embedding constant cg > 0. Using (2.5) and (3.6) we obtain
d
7 W0, ¥y +a(®),9) = () = Plyu(t), ¥}y

for all 1 € V* and almost all ¢ € (0,T). From (2.1), (2.2) and Young’s inequality

it follows that

d 2
(4.19) T IONz + 9@ < & llye() = Pye(t)lly-
Integrating (4.19) over the interval (0,t), ¢t € (0,7T], and using (3.5) we arrive at
t 0
19813, +/O [9(s)[13 ds < [[9(0) I3 + ¢ D> A® for almost all ¢ € [0, 7]

i=0+1
Thus,
T o0
(4.20) esssup [|9(t)] 7 +/ [9()5 ds < [[9O)IIF + ¢t D A
t€[0,T] 0 i=0+1

Estimates (4.18), (4.20) and eq. (3.7) imply the existence of a constant ¢, > 0 such
that (4.16) holds. We proceed by estimating the error arising from the discretization
of the adjoint equations and write

pi(t) = p(t) = p(t) — P'p(t) + P p(t) — p(t) = 0(t) + p(t),
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where 0 = p* — P’p and p = P’p — p. From (2.8b) and (3.10b) we get

2 2
10D < o3 1l (T) = 9Dy < 3 Iy = yllooryim.

Thus, applying (2.4), (4.16) and the techniques used above for the state equations,
we obtain

T
mwﬁmm@+é|mw@®

te[0,T

o]
2
< 2¢f, (6303% Z A+ llpe — Pel’wﬁ”L?(o,T;v))-
i=+1

Hence, there exists a constant ¢, > 0 satisfying (4.17).

Remark 4.10.

a) The term ||(7¢ — P%)yol|% expresses how good the initial condition is
approximated by the POD basis. In Remark 3.3 we have shown that
|(T¢ - 7)@ )yol|%; tends to zero as ¢ goes to inﬁnity If yo = 0 holds, the
error of y* — y depends only on the sum Py 1 A

b) Essentially, the error in the discretization of the state variable is only
bounded by the sum over the not modeled eigenvalues A° for ¢ > ¢. Since
the POD basis is not computed using adjoint information, the term P*p—p
in the H'(0,T;V)-norm arises in the error estimate for the adjoint vari-
ables.

¢) If we have already computed a second POD basis of rank ¢ € N for the
adjoint variable, then we can express the term involving the difference P*p—
p by the sum over the eigenvalues corresponding to eigenfunctions, which
are not used as POD basis functions in the discretization.

d) Recall that {1;}ien is a basis of V. Thus we have p(t) = 32, (p(t), i) v
and, therefore,

AHM)P4|WM</ p(®), v) dt.

= Z+1

The sum on the right-hand side converges to zero as £ tends to co. However,
usually we do not have a rate of convergence result available. In numerical
applications we can evaluate ||p — PZPHH(O,T;V). If the term is large then
we should increase ¢ and include more eigenfunctions in our POD basis. ¢

5. Numerical experiments

This section is devoted to present numerical test examples. All coding is done
in MATLAB using routines from FEMLAB 2.2 package concerning finite element
implementation. The given CPU times are obtained on a standard 2 GHz desktop
PC.
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5.1. Estimating the decay of the eigenvalues. From Proposition 4.9 we con-
clude that for 3o = 0 the error y* —y can be estimated in terms of the not modeled
eigenvalues, i.e.,

o0
¢ 2 ¢ 2
lly” — y”LOC(O,T;H) +ly" — y||L2(0,T;V) ~ Z Ai
i=0+1

Suppose that the eigenvalues {\; };en decay exponentially. Therefore, we make the
ansatz

(5.1) i =Ae 0 for > 1,

where we want to determine the factor o > 0 numerically. Let X denote either the
space H or the space V. Notice that

Z )\i Z e—a(i—l)

2
ly* ~ Yllz2.rix) i=01 =041 e e S
Iy e—o(tH]) e=alth?) 4

2 [es) [ -
- y”Lz(O,T;X) SN > e—a(i—1)
i=0+2 i=0+2

eal (efal + efa(f+1) + .. ) = =

I G R T B
1=0
:ea
Thus, we have
ly* -yl
(5.2) Q) =t TLOTX)

ST 2
[y*+ *y||L2(0,T;X)

and we may introduce the experimental order of decay (EOD) as

(5.3) EOD :=

so that FOD = «.

Run 1. In this example we consider the linear heat equation on the time interval
(0,T) in a spatial three-dimensional geometry:

(5.4a) ye(t,x) — Ay(t,x) =0 for all (t,x) € Q@ = (0,T) x Q,

(5.4Db) %(t,x) =0 for all (¢,x) € £1 = (0,1) x I'q,
n

(5.4¢) %(t,x) = 100g(t, z) for all (¢,x) € ¥3 = (0,1) x I'g,
n

(5.4d) y(0,x) =0 for all x = (z,y,2) € Q C R3.

The bounded domain 2 is given by a cylinder between the planes z = 0 and z = 0.5
with an annulus as floor space whose rotational axis is the z-axis. The inner radius is
equal to 0.4 and the outer radius radius is chosen as 1.0, see Figure 5.1. We suppose
that 02 = I'y UT's and the boundary I'; is the upper annulus. Furthermore, the
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Domain &

-axis
i) S| x-axis

FIGURE 5.1. Run 1: Domain Q C R3
initial condition in (5.4d) is chosen to be yo = 0 and the inhomogeneous boundary
condition in (5.4c) is given by
(5.5) g(t,x) = exp (— [(z—0.7cos(2mt))* + (y — 0.7 sin(27rt))2]) for (t,x) € Xa,

see Figure 5.2. The same geometry was used in [10] where optimal control prob-
lems for a parabolic bilinear reaction-diffusion system were considered. Note that
g corresponds to a nozzle circling for ¢ € [0,1] once around in counter-clockwise
direction at a radius of 0.7. For fixed ¢, the function g decays exponentially with
the square of the distance from the current location of the nozzle. The ’triangu-

FIGURE 5.2. Run 1: Inhomogeneity g(¢,x) at ¢t = 0.0, t = 0.25, t = 0.5.

lation’ of the domain is created using an initial mesh obtained from the FEMLAB
routine meshinit (fem, ’Hmax’,0.25) and refined by calling the FEMLAB routine
meshrefine (fem). The final mesh consists of 2100 degrees of freedom. In the time
direction, we use T = 1 and partition the interval into m = 499 subintervals of
equal lengths:

(5.6) t;=jAt, 7=0,....,m, At=T/m.

First we solve (5.4) by using the implicit Euler method as time discretization, and
piecewise linear, continuous finite elements (FE) for the discretization of the spatial
variables. The resulting linear systems are solved by a preconditioned conjugate
gradient method (MATLAB routine pcg.m) with an incomplete Cholesky factoriza-
tion of the coefficient matrix (MATLAB routine cholinc.m) with the drop tolerance
10% as preconditioner. The FE solve needs 48 seconds for the run time, excluding
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the generation of the mesh, pre-computing integrals and the incomplete Cholesky
factorization.

Here we have H = L?(Q2) and V = H(Q). To compute the POD basis we use
instead of the operator I introduced in Remark 3.1 an approximation of K, compare
[18]. Let {y"(¢;) o denote the FE solution to (5.4) at the time instances ;,

7 =0,...,m. Then we approximate the time derivatives yh(tj) by finite differences
and set
y"(ti—1) for 1 <j<m+1,
YT v teme) = 0 (G ome2)

Al form+2<j<2m+1.
Next we introduce the symmetric, positive semi-definite (2m+ 1) x (2m+ 1) matrix
K™ with the elements K7} = At (y;, yi)v for 1 <4,j < 2m+ 1. In this example we
have K™ € R%99%999 Let £inay = 15 be chosen. For any £ = 1, ..., {max We compute
the non-negative eigenvalues {\"}¢_, and the corresponding elgenvectors {om¥e_,
of K™ by using the MATLAB routine eigs.m. The super index indicates that
both the A"’s and the 9[*’s depend on the time grid {¢; } . Notice that we have

normalized all eigenvalues of X so that 22m+1 A =1 holds The decay of the
first £max eigenvalues is shown in Figure 5.3 (left). If A7 > 0 holds, the POD basis
{¥pm}E_, of rank / is given by

2m—+1

\/)\_m Z z' jyja

Y = i=1 V4

gy

where (v]™); denotes the j-th components of the i-th eigenvector of L™ for 1 < i < ¢
and 1 < j <2m+ 1, see [18], for instance. Let

4
(5.7) E(0) = i -100%.

Then, we find F(1) ~ 47%, E(2) ~ 68%, E(3) ~ 8%, E(4) ~ 96%, and E(5) ~
99%. Using the POD basis we discretize (5.4) in the spatial variables by a Galerkin
scheme and apply the implicit Euler method for the time integration. In this way
we obtain POD solutions y¢ to (5.4) for £ = 1,...,fmax. By Proposition 3.4 the
solution y* belongs to L?(0,T; H'(Q)) C L?(0,T; L*(Q)). In Figure 5.3 (right) the
corresponding norms of the difference 3¢ — y” are presented for £ = 1,...,lmax. Of
course, both norms decay with respect to the number ¢ of POD basis functions. Due
to [|¢llz2() < @l (q) for every p € H'(Q) the L*(0,T’; L*(£2))-norm of the differ-
ence is smaller than the corresponding L2(0,T; H!(Q2))-norm. For the experimental
order of decay we obtain FOD = 0.6683 if we take the L*(0, T; L?(£2))-norm for the
difference y* —y", and FOD = 0.5726 provided we measure the difference y*—y" in
the L%(0,T; Hl(Q)) -norm. As Figure 5.3 (left) shows the ansatz \; = A\je~ (=1,
i=1,...,lmax, reflects very well the decay of the eigenvalues.

In Table 5.1 we present the needed CPU times for the computations. As Table 5.1
shows, the POD solve needs significantly less CPU time compared to the FE solve.
Of course, computing the POD basis functions and the reduced-order model takes
nearly 90 seconds. Of course does the advantage of the reduced order model only
pop up if system (5.4) has to be solved several times for different data, say. In this
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o Decay of the eigenvalues and estimated rates | Decay of the norms
10 10
— L3(H'(©)) error
® e - - L2
o (L%(©2)) error
s 10 ; E|
£
> $
10 s |
.o 10
o % . : .
. 1072
_ .
10 e L .
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i
10~ i Ay € * D mit L2(0,T;H'(©2)) 107
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1 3 5 11 13 15 10 3 13

i—axis

FIGURE 5.3. Run 1: Decay of the eigenvalues (left) and norms (right).

5 7 9 11
Number of POD basis functions

Computing the FE mesh and matrices

50.0 seconds

FE solve for (5.4)

49.9 seconds

Computing 15 POD basis functions

87.1 seconds

Computing the reduced-order model for (5.4), £ =15 || < 2.0 seconds

POD solve for

(5.4), (=15

< 0.1 seconds

TABLE 5.1. Run 1: CPU times for the FE and POD computations.

| topology | ensemble || ly" — y*llr20.15m1 ) | 18" — 4" lL20,15220)) |

L2Q) | {yrdt 0.0413 0.0045
HY Q) [ {y3d? 0.0171 0.0015
L2(Q) | {y; ot 0.0168 0.0015
H'(Q) | {y i 0.0131 0.0013

TABLE 5.2. Run 1: Comparison of the norms ||y"—y*|| .2 (0 7,111 ()
and ||y" — yé||L2(07T;L2((z)) with £ = 15 for different POD strategies
(i.e., choice of the topology and ensemble).

15

case the POD basis functions are only computed once and the POD solve for (5.4)
reduces the overall CPU time significantly.

To compute the POD basis we use the topology in the space V = H!(Q) and
include also the difference quotients into the ensemble. In Table 5.2 the errors of
the difference y* — y for £ = 15 are compared for different POD strategies. It turns
out that taking the H'-topology and including the difference quotients lead to the
smallest error in the computation.

Run 2. In the second example we consider a two-dimensional problem:

(5.8a)

(5.8b)

(5.8¢)
(5.8d)

Yt (t, X) —

Ay(t,x) =0

dy B

%(ta X) -

dy B

%(ta X) - 5Q(ta $)

y(0,x) = 0(x)

for all (t,x) € @ = (0,T) x 9,
for all (t,X) €Yy = (07 1) x I'y,

for all (t,X) €3y = (07 1) X I'g,

for all x = (z,y) € Q C R%,

O

The bounded domain €2 together with its triangulation is shown in Figure 5.4. The
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Domain Q and its triangulation
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FIGURE 5.4. Run 2: Domain  C R? and its triangulation with triangles.

boundaries are given by
Iy ={xed[x| =1} and T,=0Q\T.
The mesh is generated as in Run 1. For this domain, the final mesh consists in 868

degrees of freedom. The partition of the time interval is the same as in the previous
run, see (5.6). The boundary function ¢ is given by

q(t,x) = exp(—((z — 0.7 cos(2mt))? + (y — 0.7sin(27t))?)) for (¢,x) € ¥a.

Again we have H = L%(Q) and V = H'(Q). Let y" denote the finite element
solution to (5.8) using piecewise linear, continuous finite elements for the approxi-
mation of the spatial variables. To compute the POD basis we proceed as in Run 1.
The eigenvalues decay rapidly, compare Figure 5.5 (left). In (5.7) we have intro-

o Decay of the eigenvalues and estimated rates Decay of the norms

10
— L2(H'(@)) error
2, 2

I e 10° - - L2(L2()) error

10 3.2 4
Lo o
PR
R ' 107"
1072k N CTETN 4
- e
e o e
- < o & _2

s - 1 10
10 sy

| i J 107% : e
10 i A, 0D mit L2(0,T;H' (@) H H i Rt

L A e D mit L20,TiLA(e)

d i i — i L i i

10 3 5 7 o 11 13 15 10y 3 5 7 9 11 13 15
i—axis Number of POD basis functions

FIGURE 5.5. Run 2: Decay of the eigenvalues (left) and norms (right).

duced the quantity F(¢). For this example there holds E(1) = 25%, E(3) ~ 59%,
E(5) =~ 89%, E(7) ~ 96%, and E(9) ~ 99%, The decay of the L2(0,T; L?(2))-
as well as of the L2(0,T; H'(Q2))-norms for the difference y — y* are shown in Fig-
ure 5.5 (right). As expected, both norms tends to zero if ¢ increases. For this
example we find FOD = 0.4762 if we take the L*(0,T’; L*(2))-norm for the differ-
ence y" — y*, and EOD = 0.3828 provided we measure the difference y"* — y¢ in
the L2(0,T; H'(Q))-norm. As Figure 5.3 (left) shows the ansatz A; = Aje~0~1),
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Computing the FE mesh and matrices 18.0 seconds
FE solve for (5.8) 5.0 seconds
Computing 15 POD basis functions 36.9 seconds
Computing the reduced-order model for (5.8), £ =15 || < 0.1 seconds
POD solve for (5.4), £ =15 < 0.1 seconds

TABLE 5.3. Run 2: CPU times for the FE and POD computations.

| topology | ensemble || [[v" — v 120,711 | V" — ¥l 2200,1.0292)) |

L) | {yddt 0.0104 0.0012
HY(Q) | {y 3! 0.0064 0.0007
L) | {y ! 0.0064 0.0007
H'(Q) [ {y} 0T 0.0060 0.0006

TABLE 5.4. Run 2: Comparison of the norms ||yh—yéHL2(07T;H1(Q))
and ||y" — y*||2(0,7;12(0)) With £ = 15 for different POD strategies
(i.e., choice of the topology and ensemble).

i=1,...,lmax, again reflects the decay of the eigenvalues, in particular for the case
of the L?(0,T; H*())-norm.

In Table 5.3 we present the needed CPU times for the computations.

To compute the POD basis we use the topology in the space V = H!(Q) and
include also the difference quotients into the ensemble. In Table 5.4 the errors of
the difference y* — y with £ = 15 are compared for different POD strategies. As
in Run 1 it turns out that taking the H'-topology and including the difference
quotients lead to the smallest error in the computation. O

5.2. Linear-optimal control. Now we present a numerical example that illus-
trates the result of Theorem 4.7. In particular, we focus on three different snapshot
ensembles used to compute the POD basis. The first ensemble contains only infor-
mation about the state variable, the second one only about the adjoint variables
whereas the third one contains information about both variables.

Run 3. Again we set V = HY(Q), H = L?(Q2), and U = L?(0,T). We choose the
cost functional introduced in (2.7) with a; =0, ag =1, 0 = 0.01, and 23 = 1. The
state y € V and the control u € L2(0,T) solve

(5.9a) ye(t,x) — Ay(t,x) =0 for all (t,x) € @ = (0,T) x £,

(5.9b) %(t,x) = for all (¢,x) € ¥; = (0,1) x I'y,

(5.9¢) %(t,x) =u(t)g(t, ) for all (¢,x) € ¥o = (0,1) x ',
n

(5.9d) y(0,x) =0 for all x = (z,y,2) € Q C R

where the bounded domain 2 as well as the partition I' = T'y NI’y are the same as
in Run 1 and the function g is defined in (5.5).

The FE mesh is generated by the same procedure as in Run 1. So, again, we
have 2100 degrees of freedom. For the time grid we take m = 249. All together,
we obtain 1046049 unknowns for the state y, control v and adjoint variable p. The
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| | » [ v [ W |

Computing the FE mesh and matrices 38.4 38.4 38.4
FE solve for (P) 1560.0 | 1560.0 | 1560.0
Computing 15 POD basis functions 22.4 22.5 87.0
Comp. the reduced-order model for (P), £ =15 0.7 0.7 0.7
POD solve for (5.4), £ =15 0.7 0.7 0.7

TABLE 5.5. Run 3: CPU times in seconds for the computation of
the three POD basis function sets {t}¢_, corresponding to the
snapshot ensembles V;, j =1,2,3.

set Unqg is given by Usg = {u € L?(0,T) |ua < u < up in (0,7) almost everywhere},
where we choose u, = —10000 and u; = 10000. Due to the lower and upper bounds
the solution @ € L?(0,T) to (P) is inactive, i.e. u, < % < up holds in (0,T). To
solve (f’) we apply the CG method with the relative stopping criterium e = 1078 for
the residuum. Notice that a matrix application within each CG iteration requires
a linearized state and an adjoint solve. It turns out that the discrete FE solution
@ is found after 29 CG iteration. The needed CPU time is 1560.00 seconds. We
denote by {§"(t;)}7o and by {p"(t;)}7-, the corresponding FE solutions to the
state and adjoint equation, respectively. To compute the POD basis we compare
three different snapshot ensembles:

Vi = span {{yh(tj)}}”—o, {gh(tj) ;ih(tj’l) b 1},

Jj=

~h ~h
_ m P ts —p t‘_) m
Vz:span{{ph(tj) j:()a{ (t;) AL (i }j_l},
V3 =V UVs.

Using the techniques described in Run 1 we compute the three POD basis function
sets {wg}le corresponding to the snapshot ensembles V;, j = 1,2,3. The needed
CPU times for £ = 15 are presented in Table 5.5. Since the number of members
in the ensembles V; and V, are the same, the computational time for the POD
bases nearly coincides, whereas the space Vs contains twice as much members as
Vy or V,. In Table 5.6 we present the values for E(£) (introduced in (5.7)) for
the different POD basis {1/)5 le corresponding to the snapshot ensembles V;, j =
1,2,3. According to Remark 4.10, parts c) and d), we compare the norms ||y" —
Pégh”L2(0,T;X) and ||ﬁh - Péﬁh”Lﬁ(O,T;X) with X = Hl(Q) as well as X = L2(Q)
for the three different POD bases, compare Figures 5.6 and 5.7. Due to the choice
of the snapshot ensemble, the norm ||z — P*7|| 12(0,T;x) decays very slowly provided
the POD basis {12}¢_, is utilized, since only information about the adjoint variable
is included in V2. In V3 the y(t;)"’s are included. Consequently, using the POD
basis functions 13, . .., 17 we observe that the norm ||§—P*J| 20,1, x) decays faster
than for the POD basis {1)?}¢_,. Of course, the basis functions 91,...,9} contain
only information about the state variable 4", so that the corresponding norm || —
732§||L2(07T;X) is smaller for each £ € {1,...,15} compared to the same norm using
the POD bases {¢2}¢_, or {1/?}¢_,, see Figure 5.6. Analogous arguments can be
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L ¢ [ B for {$]}, [ B() for {7}, | E(0) for {7}, |

(=1 45.89 % 70.44 % 48.20 %
=3 87.65 % 9741 % 84.39 %
{=5 96.95 % 99.97 % 94.29 %
=7 99.37 % 100.00 % 98.06 %
{=9 99.72 % 100.00 % 99.63 %
(=11 99.78 % 100.00 % 99.82 %
{=13 99.80 % 100.00 % 99.88 %
{=15 99.80 % 100.00 % 99.90 %

TABLE 5.6. Run 3: Values for E({) for the different POD basis
{o] le corresponding to the snapshot ensembles V;, j =1,2,3.

1Y=P'y Il 20 11 ey 1Y=P'y Il 20 1120y
10 T 10 T
™ i T 10 ° Bk R EHETHRR
10 * : rong *:
g i : .
b . Ao 10™ T G
10 Covgen T S T
° T 107 Seen iy
107 g b . ° .
° (v 2 10 o (v Srgung
A ° L]
Ll R
10 10
1 3 5 7 9 11 13 15 1 3 5 7 9 11 13 15
Number | of POD basis functions Number | of POD basis functions
FIGURE 5.6. Run 3: Decay of the norms ||5" — P*4"(| L2(0, 1,111 ()
(left) and |5 — P*G"||12(0,1;12(2)) (right) for the different POD
; e : S
basis {1 };_, corresponding to the snapshot ensembles V;, j =
1,2,3.
11P=P' P Il 26 1147 o2y . 11P=P' P Il 26 14 %))
0 0 T ° % o 3 o & o I o 3
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FIGURE 5.7. Run 3: Decay of the norms ||p" — P*p"(| L2(0, 7,111 ()
(left) and ||p" — P*p"||r2(0,1;12(c2)) (right) for the different POD
basis {1 le corresponding to the snapshot ensembles V;, j =
1,2,3.

used to explain the decay of the norm [|p" — P*p"||12(o 1. x) in Figure 5.7 for the
three different POD bases.

In Figure 5.8 we compare the FE solution uh with the POD Galerkin control u*
for £ = 15 and for the different POD bases {1 }!_, corresponding to the snapshot
ensembles V;, j = 1,2,3. As is shown in Figure 5.8, the Galerkin control com-
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Comparison of the optimal controls Comparison of u"—u'®

0.2

Ts 5 S Tor v
U'S for
° 15 o —o.2{{ u"—u'S for
u'S for v s WY s
u'S for w2 u"—u'S for
—0.5
02 0.4 0.6 0.8 1 02 0.4 06 08 1

t—axis t—axis

FIGURE 5.8. Run 3: Comparison of the FE optimal control u” and
the suboptimal control u’ for £ = 15 (left) and of the differences
between u" and u’ (right) for the different POD basis {4 }{_,
corresponding to the snapshot ensembles V;, j =1,2,3.

L ¢ [ — ] for {9}y | llu" —wf] for {2}, [ u" — uff] for {47}, |

= 0.5100 0.5437 0.4672
/= 3 0.3792 0.1200 0.1869
=5 0.3506 0.0583 0.1201
=7 0.3225 0.0584 0.0676

= 0.3031 0.0585 0.0566
(=11 0.2902 0.0585 0.0557
(=13 0.2057 0.0596 0.0555
(=15 0.1530 0.1282 0.0555

TABLE 5.7. Run 3: Norms |[u” — u®||12(o,r) for the different POD

basis {wf ¢_, corresponding to the snapshot ensembles Vi, j =
1,2,3.

puted with ensemble Vs is close to the FE solution u". The suboptimal control u*
obtained by using the POD basis {1} } leads to a larger error in the time interval
(0,0.4), whereas suboptimal control u‘ obtained by using the POD basis {t?} dif-
fers significantly from u” in the time interval (0.8,1). In Table 5.7 we also present
the errors between the FE optimal solution and the POD suboptimal controls in
the L2(0,7)-norm and for different ¢. From Table 5.7 we conclude that including
adjoint information into the snapshot ensemble is essential to obtain good approx-
imations for the controls. In fact, the optimality conditions (2.9) directly relates
the control and the adjoint variable. Let us mention that for £ = 15 the norms
llgh — geHLQ(O,T;Hl(Q) are three times larger using the POD bases {¢?}¢_,, j = 1,2
than with the POD basis built from ensemble V3. So it turns out, that the use
of ensemble V3 leads to the best performance of the POD Galerkin control. This
observation coincides with our estimates in Theorem 4.7 and Proposition 4.9, where
the state and the adjoint variables have to be approximated well to get a small error
for the difference between the optimal and the Galerkin control. O
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