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ERROR ESTIMATES FOR ABSTRACT LINEAR-QUADRATIC

OPTIMAL CONTROL PROBLEMS USING PROPER

ORTHOGONAL DECOMPOSITION

M. HINZE AND S. VOLKWEIN

Abstract. In this paper we investigate POD discretizations of abstract linear-
quadratic optimal control problems with control constraints. We apply the
discrete technique developed in [12] and prove error estimates for the corre-
sponding discrete controls, where we combine error estimates for the state and
the adjoint system from [17, 18]. Finally, we present numerical examples that
illustrate the theoretical results.

1. Introduction

Optimal control problems for nonlinear partial differential equations are often
hard to tackle numerically so that the need for developing novel techniques emerges.
Only very recently the reduced order approach applied to optimal control problems
for partial differential equations has received an increasing amount of attention
[1, 2, 3, 5, 13, 21, 23, 27, 29]. It is based on projecting the dynamical system onto
subspaces consisting of basis elements that contain characteristics of the expected
solution. This is in contrast to, e.g., finite element techniques, where the elements
of the subspaces are uncorrelated to the physical properties of the system that they
approximate.

In the present work we use proper orthogonal decomposition (POD) for deriving
low order models of dynamical systems. These low order models then serve as
surrogates for the dynamical system in the optimization process. We consider a
linear-quadratic optimal control problem in an abstract setting and prove error
estimates for the POD Galerkin approximations of the optimal control in Theorem
4.7. This is achieved by combining techniques from [7, 8, 12] and [17, 18]. The
main result of the present work can be formulated as follows (see Theorem 4.7 and
eq. (4.15)).

Main result: Let ū denote the solution of the linear-quadratic optimal con-
trol problem, and ū` its POD approximation using ` POD basis functions for the
Galerkin ansatz. Then

ū` − ū ∼ p̄` − p̄,
where p̄ = p̄(ū) and p̄` = p`(ū) denote the corresponding solutions of the continuous
and discrete adjoint systems, respectively, associated to the same control ū. To the
authors knowledge, the presented POD error estimates are the first ones for discrete
controls computed by a POD Galerkin scheme.
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Let us finally briefly comment on further literature containing applications of
POD. The method was successfully used in a variety of fields including signal anal-
ysis and pattern recognition (see [9]), fluid dynamics and coherent structures (see
[4, 14, 22, 25, 28]) and more recently in [2] to compute reduced-order controllers.
The relationship between POD and balancing was considered in [19, 26, 30]. Error
analysis for nonlinear dynamical systems in finite dimensions were carried out in
[24].

The paper is organized as follows. In Section 2 we introduce the abstract linear-
quadratic optimal control problem which is under consideration in this work. The
POD Galerkin discretization is described in Section 3. Section 4 is devoted to
derive the POD error estimate for the difference between the optimal solution to the
abstract linear-quadratic problem and the corresponding suboptimal POD control
solution. We present some numerical examples in Section 5 and, finally, we draw
some conclusions in the last section.

2. The abstract linear-quadratic optimal control problems

In this section we introduce our abstract linear-quadratic optimal control prob-
lem and present first-order necessary optimality conditions. Let V and H be real
separable Hilbert spaces and suppose that V is dense in H with compact embed-
ding. By 〈· , ·〉H we denote the inner product in H . The inner product in V is given
by a symmetric bounded, coercive, bilinear form a : V × V → R:

(2.1) 〈ϕ, ψ〉V = a(ϕ, ψ) for all ϕ, ψ ∈ V
with associated norm given by ‖ · ‖V =

√
a(· , ·). Since V is continuously injected

into H , there exists a constant cV > 0 such that

(2.2) ‖ϕ‖H ≤ cV ‖ϕ‖V for all ϕ ∈ V.
We associate with a the linear operator A:

(2.3) 〈Aϕ,ψ〉V ′,V = a(ϕ, ψ) for all ϕ, ψ ∈ V,
where 〈· , ·〉V ′,V denotes the duality pairing between V and its dual. Then, by

the Lax-Milgram lemma, A is an isomorphism from V onto V ′. Due to (2.1) the
operator A is the Riesz isomorphism between V and V ′. Alternatively, A can be
considered as a linear unbounded self-adjoint operator in H with domain

D(A) = {ϕ ∈ V : Aϕ ∈ H}.
By identifying H and its dual H ′ it follows that

D(A) ↪→ V ↪→ H = H ′ ↪→ V ′,

each embedding being continuous and dense, when D(A) is endowed with the graph
norm of A.

For T > 0 the space W (0, T ) is defined as

W (0, T ) =
{
ϕ ∈ L2(0, T ;V ) : ϕt ∈ L2(0, T ;V ′)

}
,

which is a Hilbert space endowed with the common inner product (see, for exam-
ple, in [6, p. 473]). It is well-known that W (0, T ) is continuously embedded into
C([0, T ];H), the space of continuous functions from [0, T ] to H , i.e., there exists an
embedding constant ce > 0 such that

(2.4) ‖ϕ‖C([0,T ];H) ≤ ce ‖ϕ‖W (0,T ) for all ϕ ∈W (0, T ).
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Let U be a Hilbert space which we identify with its dual U ′, and let Uad ⊂ U a
closed and convex nonempty subset. For y0 ∈ H and u ∈ Uad we consider the linear
evolution problem

d

dt
〈y(t), ϕ〉H + a(y(t), ϕ) = 〈(Bu)(t), ϕ〉V ′,V for t ∈ [0, T ], ϕ ∈ V,(2.5a)

〈y(0), ϕ〉H = 〈y0, ϕ〉H for ϕ ∈ V,(2.5b)

where B : U → L2(0, T ;V ′) is a continuous linear operator.

Proposition 2.1. For every u ∈ U and y0 ∈ H there exists a unique weak solution
y ∈ W (0, T ) satisfying (2.5) and

(2.6) ‖y‖W (0,T ) ≤ C
(
‖u‖U + ‖y0‖H

)

with a constant C > 0 independent of y. If, in addition, Bu ∈ L2(0, T ;H) and
y0 ∈ V hold, then we have y ∈ C([0, T ];V ) ∩ L2(0, T ;D(A)) ∩H1(0, T ;H).

Proof. The proof follows by standard arguments. We refer the reader to [6], for
instance. �

Next we introduce the cost functional J : W (0, T )× U → R by

(2.7) J(y, u) =
α1

2

∫ T

0

‖y(t)− z1(t)‖2H dt+
α2

2
‖y(T )− z2‖2H +

σ

2
‖u‖2U ,

where z1 ∈ L2(0, T ;H) and z2 ∈ H are given desired states and α1, α2, σ nonnega-
tive parameters satisfying α1 + α2 > 0 and σ > 0.

Remark 2.2. Let us mention that we can replace the cost functional J given in
(2.7) by the more general one

J̃(y, u) =
α1

2
‖Cy − z1‖2W1

+
α2

2
‖Dy(T )− z2‖2W2

+
σ

2
‖u‖2U ,

where W1, W2 are Hilbert spaces, C : L2(0, T ;H) → W1 and D : H → W2 are
bounded linear operators, and (z1, z2) ∈W1×W2 holds. In the context of (2.7) we
have W1 = L2(0, T ;H), W2 = H and C as well as D are just the identity operators.

To simplify the presentation we consider the cost J instead of J̃ . ♦

The optimal control problem is given by

(P) min J(y, u) s.t. (y, u) ∈W (0, T )× Uad solves (2.5).

Applying standard arguments (see [20], for instance) one can prove that there exists
a unique optimal solution x̄ = (ȳ, ū) to (P). Moreover, there exists a unique
Lagrange-multiplier p̄ ∈ W (0, T ) satisfying together with x̄ = (ȳ, ū) the first-order
necessary optimality conditions, which consist in the state equations (2.5), in the
adjoint equations in [0, T ]

− d

dt
〈p̄(t), ϕ〉H + a(p̄(t), ϕ) = α1 〈z1(t)− ȳ(t), ϕ〉H for t ∈ [0, T ], ϕ ∈ V,(2.8a)

〈p̄(T ), ϕ〉H = α2〈z2 − ȳ(T ), ϕ〉H for ϕ ∈ V,(2.8b)

and in the optimality condition

(2.9) 〈σū− B?p̄, u− ū〉U ≥ 0 for all u ∈ Uad.
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Here, the linear and bounded operator B? : L2(0, T ;V ) → U ′ ∼ U stands for the
dual operator of B satisfying

〈Bu, ϕ〉L2(0,T ;V ′),L2(0,T ;V ) = 〈B?ϕ, u〉U for all (u, ϕ) ∈ U × L2(0, T ;V ).

Recall that we have identified the Hilbert space U with its dual.
Introducing the so-called reduced cost functional

Ĵ(u) = J(y(u), u),

where y(u) solves (2.5) for the control u ∈ Uad, we can express (P) as the reduced
problem

(P̂) min Ĵ(u) s.t. u ∈ Uad.

From (2.9) it follows that the gradient of Ĵ ′ at ū is given by

(2.10) Ĵ ′(ū) = σū− B?p̄.
Let us define the operator G : U → U by

(2.11) G(u) = σu− B?p,
where y = y(u) solves the state equations (2.5) with the control u ∈ U and p =
p(y(u)) satisfies the adjoint equations (2.8) for the state y. As a consequence of
(2.9) it follows that the first-order necessary optimality conditions for a solution

u ∈ Uad of (P̂) are given by

(2.12) 〈G(ū), u− ū〉U ≥ 0 for all u ∈ Uad.

Using a POD Galerkin scheme the operator G will be replaced by an operator
G` : U → U . The construction of G` will be described in the Section 3.4.

3. The POD Galerkin discretization

In this section we introduce the POD method and derive the reduced-order
model. To keep the notation simple we apply only a spatial discretization with
POD basis functions, but no time integration by, e.g., an implicit Euler method.
Therefore, we utilize a continuous POD. Let us mention the work [11], where con-
vergence of POD Galerkin approximations for evolution problems were analyzed
using also a continuous version of POD.

Let u ∈ U be a given control for (P̂) and y = y(u) the associated state satisfying
y ∈ C1([0, T ];V ).

3.1. The POD method. We define the bounded linear operatorY : H1(0, T ;R)→
V by

Yϕ =

∫ T

0

ϕ(t)y(t) + ϕt(t)yt(t) dt for ϕ ∈ H1(0, T ;R).

Its Hilbert space adjoint Y∗ : V → H1(0, T ;R) satisfying

〈Yϕ, z〉V = 〈ϕ,Y∗z〉H1(0,T ;R) for (ϕ, z) ∈ H1(0, T ;R)× V
is given by

(
Y∗z

)
(t) = 〈z, y(t) + yt(t)〉V for z ∈ V and t ∈ [0, T ].
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Furthermore, we find that the bounded linear operator R = YY∗ : V → V has the
form

Rz =

∫ T

0

〈z, y(t)〉V y(t) + 〈z, yt(t)〉V yt(t) dt for z ∈ V.

Since y ∈ C1([0, T ];V ) holds, the Kolmogorov compactness criterion in H1(0, T ;V )
implies that Y∗ : V → H1(0, T ;V ) is compact. Boundedness of Y implies that R is
compact as well. From the Hilbert-Schmidt theorem it follows that there exists a
complete orthonormal basis {ψi}i∈N for V and a sequence {λi}i∈N of nonnegative
real numbers so that

Rψi = λiψi, λ1 ≥ λ2 ≥ . . . , and λi → 0 as i→∞.
The spectrum of R is a pure point spectra except for possibly 0. Each non-zero
eigenvalue of R has finite multiplicity and 0 is the only possible accumulation point
of the spectrum of R, see [16, p. 185]. Let us note that

∫ T

0

‖y(t)‖2V dt =

∞∑

i=1

λi and ‖y0‖2V =

∞∑

i=1

∣∣〈y0, ψi〉V
∣∣2.

Remark 3.1. Analogous to the theory of singular value decomposition for matrices,
we find that the linear and bounded operator K = Y∗Y : H1(0, T ;R)→ H1(0, T ;R)
given by

(
Kϕ
)
(t) =

∫ T

0

〈y(s), y(t)〉V ϕ(s) + 〈yt(s), yt(t)〉V ϕt(s) ds for ϕ ∈ H1(0, T ;R)

has the same eigenvalues {λi}i∈N as the operator R and the eigenfunctions

vi(t) =
1√
λi

(
Y∗ψi

)
(t) =

1√
λi
〈ψi, y(t) + yt(t)〉V

for i ∈ {j ∈ N : λj > 0} and almost all t ∈ [0, T ]. ♦

In the following theorem we formulate properties of the eigenvalues and eigen-
functions of R. Therefore, for given ` ∈ N we introduce the mapping

J : V × . . .× V︸ ︷︷ ︸
`−times

→ R

by

J(ψ, . . . , ψ`) =

∫ T

0

∥∥∥y(t)−
∑̀

i=1

〈y(t), ψi〉V ψi
∥∥∥

2

V
+
∥∥∥yt(t)−

∑̀

i=1

〈yt(t), ψi〉V ψi
∥∥∥

2

V
dt.

Theorem 3.2. Let {λi}i∈N and {ψi}i∈N denote the eigenvalues and eigenfunctions,
respectively, of R. Then, for every ` ∈ N the first ` eigenfunctions ψ1, . . . , ψ` ∈ V
solve the minimization problem

(3.1) min J(ψ̃1, . . . , ψ̃`) s.t. 〈ψ̃j , ψ̃i〉V = δij for 1 ≤ i, j ≤ `.
Moreover,

(3.2) J(ψ1, . . . , ψ`) =
∞∑

i=`+1

λi for any ` ∈ N.
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Proof. The proof of the theorem relies on the fact that the eigenvalue problem

(3.3) Rψi = λiψi for i = 1, . . . , `

is the first-order necessary optimality condition for (3.1). For more details we refer
the reader to [14, Section 3]. �

3.2. POD Galerkin scheme for the state equation. Let us fix ` ∈ N and
compute the first ` POD basis functions ψ1, . . . , ψ` ∈ V by solving either (3.3) or
Kvi = λvi for i = 1, . . . , ` (see Remark 3.1). Then we define the finite dimensional
linear space

V ` = span
{
ψ1, . . . , ψ`

}
⊂ V.

Endowed with the topology in V it follows that V ` is a Hilbert space. Next we
introduce the orthogonal projection P` of V onto V ` by

(3.4) P`ϕ =
∑̀

i=1

〈ϕ, ψi〉V ψi for ϕ ∈ V.

Note that

(3.5) J(ψ, . . . , ψ`) =

∫ T

0

∥∥∥y(t)−P`y(t)
∥∥∥

2

V
+
∥∥∥yt(t)−P`yt(t)

∥∥∥
2

V
dt =

∞∑

i=`+1

λi,

where J has been introduced in Section 3.1. From (2.1), (3.4) and P `ψ = ψ for all
ψ ∈ V ` it follows that

a(P`ϕ, ψ) = 〈P`ϕ, ψ〉V =

〈∑̀

i=1

〈ϕ, ψi〉V ψi, ψ
〉

V

=
∑̀

i=1

〈ϕ, ψi〉V 〈ψ, ψi〉V

=

〈
ϕ,
∑̀

i=1

〈ψ, ψi〉V ψi
〉

V

= 〈ϕ,P`ψ〉V = 〈ϕ, ψ〉V = a(ϕ, ψ)

for all ϕ ∈ V and ϕ ∈ V . Clearly, we have ‖P`‖L(V ) = 1, where L(V ) denotes the
Banach space of all bounded linear operators from V into itself.

The POD Galerkin scheme for the state equation (2.5) leads to the following
linear problem: determine a function y` ∈ C([0, T ];V `) such that

d

dt
〈y`(t), ψ〉H + a(y`(t), ψ) = 〈(Bu)(t), ψ〉V ′,V for t ∈ [0, T ], ψ ∈ V `,(3.6a)

〈y`(0), ψ〉H = 〈y0, ψ〉H for ψ ∈ V `.(3.6b)

Since a(· , ·) is a symmetric coercive bilinear form and V ` has finite dimension it
follows that there exists a unique solution y` to (3.6). From ψ = P`ψ for any
ψ ∈ V ` and (3.6b) we infer that

〈y`(0), ψ〉H = 〈y0, ψ〉H =

〈
y0,
∑̀

i=1

〈ψ, ψi〉V ψi
〉

H

=
∑̀

i=1

〈y0, ψi〉H〈ψ, ψi〉V

= 〈ψ, T `y0〉V = 〈T `y0, ψ〉V for all ψ ∈ V `

where the bounded linear operator T ` : H → V ` is given by

T `φ =
∑̀

i=1

〈φ, ψi〉Hψi for φ ∈ H.
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Hence, we have y`(0) = T `y0 in V ` ⊂ H and for y0 ∈ V we derive

(3.7) y`(0)−P`y0 = (T ` −P`)y0.

Remark 3.3. Let Y be the closure of the space Span {ψi}i∈N in H , i.e., Y =

Span {ψi}i∈N
H

. If y0 ∈ Y holds, then we have

y0 =

∞∑

i=1

〈y0, ψi〉Hψi

so that

(3.8) lim
`→∞

‖T `y0‖
2

H = lim
`→∞

∥∥∥∥
∞∑

i=`+1

〈y0, ψi〉Hψi
∥∥∥∥

2

H

= 0.

Since V is separable, we have y0 =
∑∞
i=1〈y0, ψi〉V ψi and, therefore,

(3.9) lim
`→∞

‖P`y0‖
2

H ≤ c2V lim
`→∞

‖P`y0‖
2

V =
∞∑

i=`+1

∣∣〈y0, ψi〉V
∣∣2 = 0

for any y0 ∈ V , in particular, for any y0 ∈ Y ⊂ V . Combining (3.8) and (3.9) we
obtain lim`→∞ ‖(T ` −P`)y0‖2H = 0. ♦

The following proposition ensures existence of a unique solution to (3.6) that is
bounded independent of `.

Proposition 3.4. For every u ∈ U and y0 ∈ H (3.6) for every ` ∈ N admits a
unique solution y` ∈W (0, T ) which satisfies the estimate

‖y`‖W (0,T ) ≤ C (‖u‖U + ‖y0‖H) for all ` ∈ N

with a constant C > 0.

Proof. It follows by variational arguments that there exists a unique solution to
(3.6) satisfying

‖y`‖L∞(0,T ;H) + ‖y`‖L2(0,T ;V ) ≤ C (‖u‖U + ‖y0‖H) for all ` ∈ N

and for a constant C > 0 independent of `. In (2.3) we have introduced the linear
operator A : V → V ′. For y` ∈ L2(0, T ;V ) and u ∈ U we obtain (−Ay` + Bu)(t) ∈
V ′ for almost all t ∈ [0, T ]. If y`t denotes the distributional derivative of y`, then
we have

y`t = −Ay` + Bu ∈ L2(0, T ;V ′).

Now, y` ∈ W (0, T ) and the proposed estimate follow. �

From Proposition 3.4 it follows that y` is bounded in L2(0, T ;V ) ∩ L∞(0, T ;H)
by a constant independent of `. This is used in [11] to prove convergence properties
of the sequence {y`}`∈N.
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3.3. POD Galerkin scheme for the adjoint equation. Now we turn to the
POD Galerkin scheme for the adjoint system (2.8a). For that purpose let u ∈ U be
arbitrarily given. and let y` ∈ W (0, T ) ∩ C([0, T ];V `) denote the unique solution
to (3.6). Then, p` ∈ C([0, T ];V `) satisfies the linear system

− d

dt
〈p`(t), ψ〉H + a(p`(t), ψ) = α1 〈(z1 − y`)(t), ψ〉H , t ∈ [0, T ], ψ ∈ V `,(3.10a)

〈p`(T ), ψ〉H = α2〈z2 − y`(T ), ψ〉H , ψ ∈ V `.(3.10b)

Analogous to the arguments for the solvability of (3.6) it follows that there exists
a unique solution p` ∈ C([0, T ];V `) to (3.10). Moreover, we have the following
proposition which can be proved analogous to Proposition 3.4.

Proposition 3.5. For every u ∈ U and y0 ∈ H let y` ∈ W (0, T ) ∩ C([0, T ];V `)
denote the unique solution to (3.6). Then, (3.10) for every ` ∈ N admits a unique
solution p` ∈ W (0, T ) which satisfies the estimate

‖p`‖W (0,T ) ≤ C
(
‖u‖U + ‖y0‖H + ‖z1‖L2(0,T ;H) + ‖z2‖H

)
for all ` ∈ N

with a constant C > 0 independent of `.

3.4. POD approximation of the operator G. Now we define the approximation
G` : U → U of the operator G by

(3.11) G`(u) = σu− B?p`,
where, y`, p` ∈ W (0, T ) are the unique solutions to (3.6) and (3.10), respectively.
By Propositions 3.4 and 3.5 it follows that the operator G` is well-defined. Then,
instead of (2.12) we consider the inequality

〈G`(ū`), u− ū`〉U ≥ 0 for all u ∈ Uad,

which are the first-order necessary optimality conditions for the optimal control
problem

(P̂`) min Ĵ`(u) s.t. u ∈ Uad,

where Ĵ`(u) = J(y`(u), u) and y`(u) for u ∈ Uad denotes the solution to (3.6). We

say that (P̂`) is the reduced-order model for (P̂).

Remark 3.6. We recall, that the set of admissible controls is not discretized a-
priori. The discretization of the optimal control u` is determined by that of the
corresponding Lagrange multiplier p`. For details of this discrete concept we refer
to [12]. ♦

4. POD error estimates

In this section we derive an error estimate for the term ‖ū− ū`‖U , where ū and

ū` denote the unique solutions to (P̂) and (P̂`), respectively. First let us define the
linear operator S : L2(0, T ;V ′)×H →W (0, T ) by y = S(f, φ) solves

d

dt
〈y(t), ϕ〉H + a(y(t), ϕ) = 〈f(t), ψ〉V ′,V for t ∈ [0, T ], ϕ ∈ V,(4.1a)

〈y(0), ϕ〉H = 〈φ, ϕ〉H for ϕ ∈ V.(4.1b)

Due to Proposition 2.1 there exists a unique solution y = S(f, φ) ∈ W (0, T ) to
(4.1) for any (f, φ) ∈ L2(0, T ;V ′)×H , i.e., the operator S is well-defined. Due to
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(2.6) the mapping S is bounded. We denote by S? : W (0, T )′ → L2(0, T ;V ) ×H
the dual operator associated with S. Then we have

(4.2) 〈r,S(f, φ)〉W (0,T )′,W (0,T ) = 〈(f, φ),S?r〉L2(0,T ;V ′)×H,L2(0,T ;V )×H

for all (r, f, φ) ∈ W (0, T )′ × L2(0, T ;V ′) × H . We will make use of the following
lemma.

Lemma 4.1. Suppose that z1 ∈ L2(0, T ;H), z2 ∈ H and y = S(Bu, y0) ∈W (0, T )
for given (u, y0) ∈ U ×H. Moreover, let p ∈ W (0, T ) denote the unique solution to
the adjoint problem

− d

dt
〈p(t), ϕ〉H + a(p(t), ϕ) = α1 〈z1(t)− y(t), ϕ〉H for t ∈ [0, T ], ϕ ∈ V,(4.3a)

〈p(T ), ϕ〉H = α2 〈z2 − y(T ), ϕ〉H for ϕ ∈ V.(4.3b)

Furthermore, Θ : W (0, T ) → W (0, T )′ and Ξ : L2(0, T ;H) × H → W (0, T )′ are
given by

〈Θ(ψ), φ〉W (0,T )′,W (0,T ) =

∫ T

0

α1 〈ψ(t), φ(t)〉H dt+ α2 〈ψ(T ), φ(T )〉H ,(4.4)

〈Ξ(ψ1, ψ2), ϕ〉W (0,T )′,W (0,T ) =

∫ T

0

α1 〈ψ1(t), ϕ(t)〉H dt+ α2 〈ψ2, ϕ(T )〉H(4.5)

for (ψ, φ) ∈W (0, T )×W (0, T ) and (ψ1, ψ2, ϕ) ∈ L2(0, T ;H)×H×W (0, T ). Then
it follows that

(
p
p(0)

)
= −S?

(
Θ
(
S(Bu, y0)

)
− Ξ(z1, z2)

)
.

Remark 4.2. For the choice of the cost functional J̃ introduced in Remark 2.2 we
have to replace (4.3) by

− d

dt
〈p(t), ϕ〉H + a(p(t), ϕ) = α1 〈C(z1(t)− y(t)), Cϕ〉W1

for t ∈ [0, T ], ϕ ∈ V,
〈p(T ), ϕ〉H = α2 〈D(z2 − y(T )),Dϕ〉W2

for ϕ ∈ V.

Moreover, the linear operators Θ and Ξ has to be replaced by Θ̃ and Ξ̃, respectively,
given as

〈Θ̃(ψ), φ〉W (0,T )′,W (0,T ) = α1 〈Cψ, Cφ〉W1
+ α2 〈Dψ(T ),Dφ(T )〉W2

,

〈Ξ̃(ψ1, ψ2), ϕ〉W (0,T )′,W (0,T ) = α1 〈Cψ1, Cϕ〉W1
+ α2 〈Dψ2,Dϕ(T )〉W2

for (ψ, φ) ∈W (0, T )×W (0, T ) and (ψ1, ψ2, ϕ) ∈ L2(0, T ;H)×H ×W (0, T ). ♦

Proof of Lemma 4.1. Let (f, φ) ∈ L2(0, T ;V ′)×H be chosen arbitrarily. The claim
is proved if we prove

(4.6)
−
〈
(f, φ),S?(Θ(S(Bu, y0))− Ξ(z1, z2))

〉
L2(0,T ;V ′)×H,L2(0,T ;V )×H

= 〈(f, φ), (p, p(0))〉L2(0,T ;V ′)×H,L2(0,T ;V )×H .
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By assumption, we have y = S(Bu, y0) ∈ W (0, T ). Setting w = S(f, φ) ∈ W (0, T )
we infer from (4.2), (4.4), (4.5), (4.3)

−
〈
(f, φ),S?(Θ(S(Bu, y0))− Ξ(z1, z2))

〉
L2(0,T ;V ′)×H,L2(0,T ;V )×H

= −
〈
Θ(S(Bu, y0))− Ξ(z1, z2),S(f, χ)

〉
W (0,T )′,W (0,T )

= −〈Θ(y)− Ξ(z1, z2), w〉W (0,T )′,W (0,T )

=

∫ T

0

α1 〈(z1 − y)(t), w(t)〉H dt+ α2 〈z2 − y(T ), w(T )〉H

=

∫ T

0

−〈pt(t), w(t)〉V ′,V + a(p(t), w(t)) dt + 〈p(T ), w(T )〉H

=

∫ T

0

〈wt(t), p(t)〉V ′,V + a(w(t), p(t)) dt + 〈w(0), p(0)〉H

=

∫ T

0

〈f(t), p(t)〉V ′,V dt+ 〈φ, p(0)〉H = 〈(f, φ), (p, p(0))〉L2(0,T ;V ′)×H,L2(0,T ;V )×H ,

so that (4.6) holds. �

Remark 4.3. Let us introduce the linear and bounded extension operator E :
L2(0, T ;V ′)→ L2(0, T ;V ′)×H as follows: for given f ∈ L2(0, T ;V ′) we have

f 7→ Ef =
(
f, 0
)
∈ L2(0, T ;V ′)×H.

It follows from

〈Ef, (ψ, φ)〉L2(0,T ;V ′)×H,L2(0,T ;V )×H = 〈f, ψ〉L2(0,T ;V ′),L2(0,T ;V )

= 〈f, E?(ψ, φ)〉L2(0,T ;V ′),L2(0,T ;V ),

where the dual operator E? : L2(0, T ;V ) × H → L2(0, T ;V ) is the restriction
ψ = E?(ψ, φ) for any (ψ, φ) ∈ L2(0, T ;V )×H . Then, it follows that the composition
B?E?S? belongs to L(W (0, T )′,U) and we derive from (2.11) and Lemma 4.1 that
for any u ∈ U
(4.7) G(u) = σū+ B?E?S?

(
Θ(S(Bu, y0))− Ξ(z1, z2)

)
∈ U .

From (4.7) it follows that G is an affine linear operator. ♦
Associated with the operator S we define the linear operator S` : L2(0, T ;V ′)×

H → W (0, T ) in such a way that y` = S`(f, φ) solves

d

dt
〈y`(t), ψ〉H + a(y`(t), ψ) = 〈f(t), ψ〉V ′,V for t ∈ [0, T ], ψ ∈ V `,(4.8a)

〈y`(0), ψ〉H = 〈φ, ψ〉H for ψ ∈ V `.(4.8b)

We infer from Section 3.2 that the operator S` is well-defined and bounded. Anal-
ogous to Lemma 4.1 we have the following result.

Lemma 4.4. Suppose that z1 ∈ L2(0, T ;H), z2 ∈ H and y` = S`(Bu, y0) ∈
W (0, T ) for given (y0, u) ∈ H × U . Moreover, let p` ∈ W (0, T ) solve the adjoint
problem

− d

dt
〈p`(t), ψ〉H + a(p`(t), ψ) = α1 〈(z1 − y`)(t), ψ〉H , t ∈ [0, T ], ψ ∈ V `,(4.9a)

〈p`(T ), ψ〉H = α2〈z2 − y`(T ), ψ〉H , ψ ∈ V `.(4.9b)
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Then it follows that
(

p`

p`(0)

)
= −(S`)?

(
Θ
(
S`(Bu, y0)

)
− Ξ(z1, z2)

)
,

where the operators Θ and Ξ have been already defined in (4.4) and (4.5), respec-
tively.

Remark 4.5. Analogous to Remark 4.2 we have to change the right-hand sites in
(4.9) if we deal with the cost J̃ introduced in Remark 2.2. ♦
Proof of Lemma 4.4. Due to the arguments in Section 3.2 the linear operator S `
is well-defined and bounded. Let (f, φ) ∈ L2(0, T ;V ′) × H be chosen arbitrarily.
Then the claim is proved if we prove that

(4.10)
−
〈
(f, φ), (S`)?(Θ(S`(Bu, y0))− Ξ(z1, z2))

〉
L2(0,T ;V ′)×H,L2(0,T ;V )×H

= 〈(f, φ), (p`, p`(0))〉L2(0,T ;V ′)×H,L2(0,T ;V )×H .

By assumption, we have y = S`(Bu, y0) ∈ W (0, T ). Setting w = S`(f, φ) ∈W (0, T )
we infer from (4.4) and (4.5)

−
〈
(f, φ), (S`)?(Θ(S`(Bu, y0))− Ξ(z1, z2))

〉
L2(0,T ;V ′)×H,L2(0,T ;V )×H

= −
〈
Θ(S`(Bu, y0))− Ξ(z1, z2),S`(f, φ)

〉
W (0,T )′,W (0,T )

= −〈Θ(y`)− Ξ(z1, z2), w`〉W (0,T )′,W (0,T )

=

∫ T

0

α1〈(z1 − y`)(t), w`(t)〉H dt+ α2 〈z2 − y`(T ), w`(T )〉H

=

∫ T

0

−〈p`t(t), w`(t)〉V ′,V + a(p`(t), w`(t)) dt + 〈p`(T ), w`(T )〉H

=

∫ T

0

〈w`t (t), p`(t)〉V ′,V + a(w`(t), p`(t)) dt+ 〈w`(0), p`(0)〉H

=

∫ T

0

〈f(t), p`(t)〉V ′,V dt+ 〈φ, p`(0)〉H
= 〈(f, φ), (p`, p`(0))〉L2(0,T ;V ′)×H,L2(0,T ;V )×H ,

so that (4.10) holds. �
Remark 4.6. Analogous to Remark 4.3 we obtain the following representation for
the operator G`:

(4.11) G`(u) = σu− B?E?(S`)?
(
Θ(S`(Bu, y0))− Ξ(z1, z2)

)
∈ U

for any u ∈ U . ♦
We introduce the two bounded linear operators Q,Q` : L2(0, T ;V ′) × H →

L2(0, T ;V ′) by the following compositions

Q = E?S?ΘS and Q` = E?(S`)?ΘS`.
Then, by (4.7) and (4.11) we find

G(u) = σu− B?Q(Bu, y0) + B?E?S?Ξ(z1, z2),(4.12a)

G`(u) = σu− B?Q`(Bu, y0) + B?E?(S`)?Ξ(z1, z2)(4.12b)

for any u ∈ U . Now we can prove an error estimate for the optimal controls.
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Theorem 4.7. The variational inequality

(4.13)
〈
G`(ū`), u− ū`

〉
U ≥ 0 for all u ∈ Uad

admits a unique solution ū` ∈ Uad, which together with the unique solution ū of
(2.12) satisfies the estimate

(4.14) ‖ū− ū`‖U ≤
1

σ

(
‖B?(Q` −Q)(Bū, y0)‖U + ‖B?E?(S? − (S`)?)Ξ(z1, z2)‖U

)
.

Proof. Since (4.13) represents the first-order necessary optimality condition for

problem (P̂`), the variational inequality admits a unique solution u` ∈ Uad. The
unique solution ū of (2.12) therefore is admissible as test function in (4.13), as is
ū` in (2.12). Hence, we have

〈G`(ū`), ū− ū`〉U ≥ 0 and 〈G(ū), ū` − ū〉U ≥ 0.

Adding both inequalities leads to

〈G`(ū`)−G(ū), ū− ū`〉U ≥ 0.

Then, from (4.12) it follows that

σ ‖ū− ū`‖2U ≤ 〈B?E?(S`)?Θ(S`(Bū`, y0))− B?E?S?Θ(S(Bū, y0)), ū− ū`〉U
+ 〈B?E?S?Ξ(z1, z2)− B?E?(S`)?Ξ(z1, z2), ū− ū`

)
〉U

= 〈B?(Q` −Q)(Bū, y0), ū− ū`〉U + 〈B?Q`(B(ū` − ū), 0), ū− ū`〉U
+ 〈B?E?(S? − (S`)?)Ξ(z1, z2), ū− ū`〉U .

Due to (4.4) we have

〈Θ(ϕ), ϕ〉W (0,T )′,W (0,T ) = ‖ϕ‖2L2(0,T ;H) + ‖ϕ(T )‖2H ≥ 0 for ϕ ∈ W (0, T ).

By Remark 4.3 we obtain

〈B?Q`(B(ū` − ū), 0), ū− ū`〉U
= 〈B(ū− ū`),Q`(B(ū` − ū), 0)〉L2(0,T ;V ′),L2(0,T ;V )

= 〈EB(ū− ū`), (S`)?ΘS`(B(ū` − ū), 0)〉L2(0,T ;V ′)×H,L2(0,T ;V )×H
= 〈(B(ū− ū`), 0), (S`)?ΘS`(B(ū` − ū), 0)〉L2(0,T ;V ′)×H,L2(0,T ;V )×H
= 〈ΘS`(B(ū` − ū), 0),S`(B(ū− ū`), 0)〉W (0,T )′,W (0,T )

= −〈Θ(ψ), ψ〉W (0,T )′,W (0,T ) ≤ 0

with ψ = S`(B(ū−ū`), 0) ∈W (0, T ). Finally, an application of the Cauchy-Schwarz
inequality completes the proof. �
Remark 4.8. It follows from the proof of Theorem 4.7 that

(4.15)
‖ū− ū`‖U ≤ 1

σ

(∥∥B?E?
(
(S`)?

[
ΘS`(Bū, y0)− Ξ(z1, z2)

]

−S?
[
ΘS(Bū, y0)− Ξ(z1, z2)

])∥∥
U

)
.

Setting

p̄` = (S`)?
[
ΘS`(Bū, y0)− Ξ(z1, z2)

]
and p̄ = S?

[
ΘS(Bū, y0)− Ξ(z1, z2)

]

we infer from (4.15) that

‖ū− ū`‖U ≤
1

σ
‖B?E?(p̄` − p̄)‖U .
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Thus, the error of ū− ū` can be estimated in terms of the difference p̄` − p̄. ♦
Due to Remark 4.8 error estimates for p− p` directly lead to an error estimate

for u− u`. This is the motivation for the next proposition.

Proposition 4.9. Let ` ∈ N with λ` > 0 be fixed, u ∈ Uad and y = y(u) and
p = p(y(u)) the corresponding solutions of the state equations (2.5) and adjoint
equations (2.8) respectively. Suppose that the POD basis of rank ` is computed as
described in Section 3.1. Then there exist constants cy, cp > 0 such that

(4.16) ‖y` − y‖2L∞(0,T ;H) + ‖y` − y‖2L2(0,T ;V ) ≤ cy
(
‖(T ` −P`)y0‖

2

H +

∞∑

i=`+1

λ∞i

)

and

(4.17)

‖p` − p‖2L2(0,T ;V ) ≤ cp
(
‖(T ` −P`)y0‖

2

H +

∞∑

i=`+1

λ∞i

)

+ cp

(
‖P`p− p‖2L2(0,T ;V ) + ‖P`pt − pt‖

2

L2(0,T ;V )

)
,

where y` and p` solve (3.6) and (3.10), respectively, for the chosen u inserted in
(3.6a) and the linear operator T has been introduced in Section 3.2.

Proof. Let

y`(t)− y(t) = y`(t)−P`y(t) + P`y(t)− y(t) = ϑ(t) + %(t),

where ϑ = y` −P`y and % = P`y − y. From (2.1)), (3.4), (3.5) and the continuous
embedding H1(0, T ;V ) ↪→ L∞(0, T ;H) we find

(4.18) ‖%‖2L∞(0,T ;H) + ‖%‖2L2(0,T ;V ) ≤ cE
∞∑

i=`+1

λ∞i

with an embedding constant cE > 0. Using (2.5) and (3.6) we obtain

d

dt
〈ϑ(t), ψ〉H + a(ϑ(t), ψ) = 〈yt(t)−P`yt(t), ψ〉H

for all ψ ∈ V ` and almost all t ∈ (0, T ). From (2.1), (2.2) and Young’s inequality
it follows that

(4.19)
d

dt
‖ϑ(t)‖2H + ‖ϑ(t)‖2V ≤ c2V ‖yt(t)−P`yt(t)‖

2

V .

Integrating (4.19) over the interval (0, t), t ∈ (0, T ], and using (3.5) we arrive at

‖ϑ(t)‖2H +

∫ t

0

‖ϑ(s)‖2V ds ≤ ‖ϑ(0)‖2H + c2V

∞∑

i=`+1

λ∞i for almost all t ∈ [0, T ]

Thus,

(4.20) esssup
t∈[0,T ]

‖ϑ(t)‖2H +

∫ T

0

‖ϑ(s)‖2V ds ≤ ‖ϑ(0)‖2H + c2V

∞∑

i=`+1

λ∞i .

Estimates (4.18), (4.20) and eq. (3.7) imply the existence of a constant cy > 0 such
that (4.16) holds. We proceed by estimating the error arising from the discretization
of the adjoint equations and write

p`(t)− p(t) = p`(t)− P`p(t) + P`p(t)− p(t) = θ(t) + ρ(t),
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where θ = p` −P`p and ρ = P`p− p. From (2.8b) and (3.10b) we get

‖θ(T )‖2H ≤ α2
2 ‖y`(T )− y(T )‖2H ≤ α2

2 ‖y` − y‖
2

C([0,T ];H).

Thus, applying (2.4), (4.16) and the techniques used above for the state equations,
we obtain

esssup
t∈[0,T ]

‖θ(t)‖2H +

∫ T

0

‖θ(s)‖2V ds

≤ 2c2V

(
c2V c

2
ecy

∞∑

i=`+1

λ∞i + ‖pt −P`pt‖
2

L2(0,T ;V )

)
.

Hence, there exists a constant cp > 0 satisfying (4.17).
�

Remark 4.10.

a) The term ‖(T ` − P`)y0‖2H expresses how good the initial condition is
approximated by the POD basis. In Remark 3.3 we have shown that
‖(T ` − P`)y0‖2H tends to zero as ` goes to infinity. If y0 ≡ 0 holds, the
error of y` − y depends only on the sum

∑∞
i=`+1 λi.

b) Essentially, the error in the discretization of the state variable is only
bounded by the sum over the not modeled eigenvalues λ∞i for i > `. Since
the POD basis is not computed using adjoint information, the term P `p−p
in the H1(0, T ;V )-norm arises in the error estimate for the adjoint vari-
ables.

c) If we have already computed a second POD basis of rank ˜̀ ∈ N for the

adjoint variable, then we can express the term involving the difference P ˜̀
p−

p by the sum over the eigenvalues corresponding to eigenfunctions, which
are not used as POD basis functions in the discretization.

d) Recall that {ψi}i∈N is a basis of V . Thus we have p(t) =
∑∞

i=1〈p(t), ψi〉V ψi
and, therefore,

∫ T

0

‖p(t)−P`p(t)‖2V dt ≤
∫ T

0

∞∑

i=`+1

|a(p(t), ψi)|2 dt.

The sum on the right-hand side converges to zero as ` tends to∞. However,
usually we do not have a rate of convergence result available. In numerical
applications we can evaluate ‖p− P`p‖L2(0,T ;V ). If the term is large then
we should increase ` and include more eigenfunctions in our POD basis. ♦

5. Numerical experiments

This section is devoted to present numerical test examples. All coding is done
in Matlab using routines from Femlab 2.2 package concerning finite element
implementation. The given CPU times are obtained on a standard 2 GHz desktop
PC.
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5.1. Estimating the decay of the eigenvalues. From Proposition 4.9 we con-
clude that for y0 = 0 the error y`− y can be estimated in terms of the not modeled
eigenvalues, i.e.,

‖y` − y‖2L∞(0,T ;H) + ‖y` − y‖2L2(0,T ;V ) ∼
∞∑

i=`+1

λi

Suppose that the eigenvalues {λi}i∈N decay exponentially. Therefore, we make the
ansatz

(5.1) λi = λ1e
−α(i−1) for i ≥ 1,

where we want to determine the factor α > 0 numerically. Let X denote either the
space H or the space V . Notice that

‖y` − y‖2L2(0,T ;X)

‖y`+1 − y‖2L2(0,T ;X)

∼

∞∑
i=`+1

λi

∞∑
i=`+2

λi

=

∞∑
i=`+1

e−α(i−1)

∞∑
i=`+2

e−α(i−1)

=
e−α` + e−α(`+1) + . . .

e−α(`+1) + e−α(`+2) + . . .

=
eα`
(
e−α` + e−α(`+1) + . . .

)

eα`
(
e−α(`+1) + e−α(`+2) + . . .

) =

∞∑
i=0

(
e−α

)i

∞∑
i=0

(
e−α

)i − 1
=

1
1−e−α
e−α

1−e−α

= eα

Thus, we have

(5.2) Q(`) = ln
‖y` − y‖2L2(0,T ;X)

‖y`+1 − y‖2L2(0,T ;X)

∼ α,

and we may introduce the experimental order of decay (EOD) as

(5.3) EOD :=
1

`max

`max∑

k=1

Q(k)

so that EOD ≈ α.

Run 1. In this example we consider the linear heat equation on the time interval
(0, T ) in a spatial three-dimensional geometry:

yt(t, x)−∆y(t, x) = 0 for all (t, x) ∈ Q = (0, T )× Ω,(5.4a)

∂y

∂n
(t, x) = 0 for all (t, x) ∈ Σ1 = (0, 1)× Γ1,(5.4b)

∂y

∂n
(t, x) = 100g(t, x) for all (t, x) ∈ Σ2 = (0, 1)× Γ2,(5.4c)

y(0, x) = 0 for all x = (x, y, z) ∈ Ω ⊂ R3.(5.4d)

The bounded domain Ω is given by a cylinder between the planes z = 0 and z = 0.5
with an annulus as floor space whose rotational axis is the z-axis. The inner radius is
equal to 0.4 and the outer radius radius is chosen as 1.0, see Figure 5.1. We suppose
that ∂Ω = Γ1 ∪ Γ2 and the boundary Γ1 is the upper annulus. Furthermore, the
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Figure 5.1. Run 1: Domain Ω ⊂ R3

initial condition in (5.4d) is chosen to be y0 ≡ 0 and the inhomogeneous boundary
condition in (5.4c) is given by

(5.5) g(t, x) = exp
(
−
[
(x− 0.7 cos(2πt))2 + (y− 0.7 sin(2πt))2

])
for (t, x) ∈ Σ2,

see Figure 5.2. The same geometry was used in [10] where optimal control prob-
lems for a parabolic bilinear reaction-diffusion system were considered. Note that
g corresponds to a nozzle circling for t ∈ [0, 1] once around in counter-clockwise
direction at a radius of 0.7. For fixed t, the function g decays exponentially with
the square of the distance from the current location of the nozzle. The ’triangu-

Figure 5.2. Run 1: Inhomogeneity g(t, x) at t = 0.0, t = 0.25, t = 0.5.

lation’ of the domain is created using an initial mesh obtained from the Femlab
routine meshinit(fem,’Hmax’,0.25) and refined by calling the Femlab routine
meshrefine(fem). The final mesh consists of 2100 degrees of freedom. In the time
direction, we use T = 1 and partition the interval into m = 499 subintervals of
equal lengths:

(5.6) tj = j∆t, j = 0, . . . ,m, ∆t = T/m.

First we solve (5.4) by using the implicit Euler method as time discretization, and
piecewise linear, continuous finite elements (FE) for the discretization of the spatial
variables. The resulting linear systems are solved by a preconditioned conjugate
gradient method (Matlab routine pcg.m) with an incomplete Cholesky factoriza-
tion of the coefficient matrix (Matlab routine cholinc.m) with the drop tolerance
10−6 as preconditioner. The FE solve needs 48 seconds for the run time, excluding
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the generation of the mesh, pre-computing integrals and the incomplete Cholesky
factorization.

Here we have H = L2(Ω) and V = H1(Ω). To compute the POD basis we use
instead of the operatorK introduced in Remark 3.1 an approximation of K, compare
[18]. Let {yh(tj)}mj=0 denote the FE solution to (5.4) at the time instances tj ,

j = 0, . . . ,m. Then we approximate the time derivatives ẏh(tj) by finite differences
and set

yj =





yh(tj−1) for 1 ≤ j ≤ m+ 1,

yh(tj−m−1)− yh(tj−m−2)

∆t
for m+ 2 ≤ j ≤ 2m+ 1.

Next we introduce the symmetric, positive semi-definite (2m+1)× (2m+1) matrix
Km with the elements Kmij = ∆t 〈yj , yi〉V for 1 ≤ i, j ≤ 2m+ 1. In this example we

have Km ∈ R999×999. Let `max = 15 be chosen. For any ` = 1, . . . , `max we compute
the non-negative eigenvalues {λmi }`i=1 and the corresponding eigenvectors {vmi }`i=1

of Km by using the MATLAB routine eigs.m. The super index indicates that
both the λmi ’s and the ψmi ’s depend on the time grid {tj}mj=0. Notice that we have

normalized all eigenvalues of Km so that
∑2m+1

i=1 λmi = 1 holds. The decay of the
first `max eigenvalues is shown in Figure 5.3 (left). If λm` > 0 holds, the POD basis
{ψmi }`i=1 of rank ` is given by

ψi =
1√
λmi

2m+1∑

j=1

(vmi )jyj , i = 1, . . . , `,

where (vmi )j denotes the j-th components of the i-th eigenvector of Km for 1 ≤ i ≤ `
and 1 ≤ j ≤ 2m+ 1, see [18], for instance. Let

(5.7) E(`) =
∑̀

i=1

λi · 100%.

Then, we find E(1) ≈ 47%, E(2) ≈ 68%, E(3) ≈ 86%, E(4) ≈ 96%, and E(5) ≈
99%. Using the POD basis we discretize (5.4) in the spatial variables by a Galerkin
scheme and apply the implicit Euler method for the time integration. In this way
we obtain POD solutions y` to (5.4) for ` = 1, . . . , `max. By Proposition 3.4 the
solution y` belongs to L2(0, T ;H1(Ω)) ⊂ L2(0, T ;L2(Ω)). In Figure 5.3 (right) the
corresponding norms of the difference y` − yh are presented for ` = 1, . . . , `max. Of
course, both norms decay with respect to the number ` of POD basis functions. Due
to ‖ϕ‖L2(Ω) ≤ ‖ϕ‖H1(Ω) for every ϕ ∈ H1(Ω) the L2(0, T ;L2(Ω))-norm of the differ-

ence is smaller than the corresponding L2(0, T ;H1(Ω))-norm. For the experimental
order of decay we obtain EOD = 0.6683 if we take the L2(0, T ;L2(Ω))-norm for the
difference y`−yh, and EOD = 0.5726 provided we measure the difference y`−yh in
the L2(0, T ;H1(Ω))-norm. As Figure 5.3 (left) shows the ansatz λi = λ1e

−α(i−1),
i = 1, . . . , `max, reflects very well the decay of the eigenvalues.

In Table 5.1 we present the needed CPU times for the computations. As Table 5.1
shows, the POD solve needs significantly less CPU time compared to the FE solve.
Of course, computing the POD basis functions and the reduced-order model takes
nearly 90 seconds. Of course does the advantage of the reduced order model only
pop up if system (5.4) has to be solved several times for different data, say. In this
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Figure 5.3. Run 1: Decay of the eigenvalues (left) and norms (right).

Computing the FE mesh and matrices 50.0 seconds
FE solve for (5.4) 49.9 seconds
Computing 15 POD basis functions 87.1 seconds
Computing the reduced-order model for (5.4), ` = 15 < 2.0 seconds
POD solve for (5.4), ` = 15 < 0.1 seconds

Table 5.1. Run 1: CPU times for the FE and POD computations.

topology ensemble ‖yh − y`‖L2(0,T ;H1(Ω)) ‖yh − y`‖L2(0,T ;L2(Ω))

L2(Ω) {yj}m+1
i=1 0.0413 0.0045

H1(Ω) {yj}m+1
i=1 0.0171 0.0015

L2(Ω) {yj}2m+1
i=1 0.0168 0.0015

H1(Ω) {yj}2m+1
i=1 0.0131 0.0013

Table 5.2. Run 1: Comparison of the norms ‖yh−y`‖L2(0,T ;H1(Ω))

and ‖yh− y`‖L2(0,T ;L2(Ω)) with ` = 15 for different POD strategies
(i.e., choice of the topology and ensemble).

case the POD basis functions are only computed once and the POD solve for (5.4)
reduces the overall CPU time significantly.

To compute the POD basis we use the topology in the space V = H1(Ω) and
include also the difference quotients into the ensemble. In Table 5.2 the errors of
the difference y`− y for ` = 15 are compared for different POD strategies. It turns
out that taking the H1-topology and including the difference quotients lead to the
smallest error in the computation. ♦

Run 2. In the second example we consider a two-dimensional problem:

yt(t, x)−∆y(t, x) = 0 for all (t, x) ∈ Q = (0, T )× Ω,(5.8a)

∂y

∂n
(t, x) = 0 for all (t, x) ∈ Σ1 = (0, 1)× Γ1,(5.8b)

∂y

∂n
(t, x) = 5q(t, x) for all (t, x) ∈ Σ2 = (0, 1)× Γ2,(5.8c)

y(0, x) = 0(x) for all x = (x, y) ∈ Ω ⊂ R2.(5.8d)

The bounded domain Ω together with its triangulation is shown in Figure 5.4. The
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Figure 5.4. Run 2: Domain Ω ⊂ R2 and its triangulation with triangles.

boundaries are given by

Γ1 =
{

x ∈ ∂Ω
∣∣ ‖x‖ = 1

}
and Γ2 = ∂Ω \ Γ1.

The mesh is generated as in Run 1. For this domain, the final mesh consists in 868
degrees of freedom. The partition of the time interval is the same as in the previous
run, see (5.6). The boundary function q is given by

q(t, x) = exp(−((x− 0.7 cos(2πt))2 + (y − 0.7 sin(2πt))2)) for (t, x) ∈ Σ2.

Again we have H = L2(Ω) and V = H1(Ω). Let yh denote the finite element
solution to (5.8) using piecewise linear, continuous finite elements for the approxi-
mation of the spatial variables. To compute the POD basis we proceed as in Run 1.
The eigenvalues decay rapidly, compare Figure 5.5 (left). In (5.7) we have intro-
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Figure 5.5. Run 2: Decay of the eigenvalues (left) and norms (right).

duced the quantity E(`). For this example there holds E(1) ≈ 25%, E(3) ≈ 59%,
E(5) ≈ 89%, E(7) ≈ 96%, and E(9) ≈ 99%, The decay of the L2(0, T ;L2(Ω))-
as well as of the L2(0, T ;H1(Ω))-norms for the difference y − y` are shown in Fig-
ure 5.5 (right). As expected, both norms tends to zero if ` increases. For this
example we find EOD = 0.4762 if we take the L2(0, T ;L2(Ω))-norm for the differ-
ence yh − y`, and EOD = 0.3828 provided we measure the difference yh − y` in
the L2(0, T ;H1(Ω))-norm. As Figure 5.3 (left) shows the ansatz λi = λ1e

−α(i−1),
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Computing the FE mesh and matrices 18.0 seconds
FE solve for (5.8) 5.0 seconds
Computing 15 POD basis functions 36.9 seconds
Computing the reduced-order model for (5.8), ` = 15 < 0.1 seconds
POD solve for (5.4), ` = 15 < 0.1 seconds

Table 5.3. Run 2: CPU times for the FE and POD computations.

topology ensemble ‖yh − y`‖L2(0,T ;H1(Ω)) ‖yh − y`‖L2(0,T ;L2(Ω))

L2(Ω) {yj}m+1
i=1 0.0104 0.0012

H1(Ω) {yj}m+1
i=1 0.0064 0.0007

L2(Ω) {yj}2m+1
i=1 0.0064 0.0007

H1(Ω) {yj}2m+1
i=1 0.0060 0.0006

Table 5.4. Run 2: Comparison of the norms ‖yh−y`‖L2(0,T ;H1(Ω))

and ‖yh− y`‖L2(0,T ;L2(Ω)) with ` = 15 for different POD strategies
(i.e., choice of the topology and ensemble).

i = 1, . . . , `max, again reflects the decay of the eigenvalues, in particular for the case
of the L2(0, T ;H1(Ω))-norm.

In Table 5.3 we present the needed CPU times for the computations.
To compute the POD basis we use the topology in the space V = H1(Ω) and

include also the difference quotients into the ensemble. In Table 5.4 the errors of
the difference y` − y with ` = 15 are compared for different POD strategies. As
in Run 1 it turns out that taking the H1-topology and including the difference
quotients lead to the smallest error in the computation. ♦
5.2. Linear-optimal control. Now we present a numerical example that illus-
trates the result of Theorem 4.7. In particular, we focus on three different snapshot
ensembles used to compute the POD basis. The first ensemble contains only infor-
mation about the state variable, the second one only about the adjoint variables
whereas the third one contains information about both variables.

Run 3. Again we set V = H1(Ω), H = L2(Ω), and U = L2(0, T ). We choose the
cost functional introduced in (2.7) with α1 = 0, α2 = 1, σ = 0.01, and z2 = 1. The
state y ∈ V and the control u ∈ L2(0, T ) solve

yt(t, x)−∆y(t, x) = 0 for all (t, x) ∈ Q = (0, T )× Ω,(5.9a)

∂y

∂n
(t, x) = 0 for all (t, x) ∈ Σ1 = (0, 1)× Γ1,(5.9b)

∂y

∂n
(t, x) = u(t)g(t, x) for all (t, x) ∈ Σ2 = (0, 1)× Γ2,(5.9c)

y(0, x) = 0 for all x = (x, y, z) ∈ Ω ⊂ R3.(5.9d)

where the bounded domain Ω as well as the partition Γ = Γ1 ∩ Γ2 are the same as
in Run 1 and the function g is defined in (5.5).

The FE mesh is generated by the same procedure as in Run 1. So, again, we
have 2100 degrees of freedom. For the time grid we take m = 249. All together,
we obtain 1046049 unknowns for the state y, control u and adjoint variable p. The
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V1 V2 V3

Computing the FE mesh and matrices 38.4 38.4 38.4

FE solve for (P̂) 1560.0 1560.0 1560.0
Computing 15 POD basis functions 22.4 22.5 87.0

Comp. the reduced-order model for (P̂), ` = 15 0.7 0.7 0.7
POD solve for (5.4), ` = 15 0.7 0.7 0.7

Table 5.5. Run 3: CPU times in seconds for the computation of
the three POD basis function sets {ψji }`i=1 corresponding to the
snapshot ensembles Vj , j = 1, 2, 3.

set Uad is given by Uad = {u ∈ L2(0, T ) |ua ≤ u ≤ ub in (0, T ) almost everywhere},
where we choose ua = −10000 and ub = 10000. Due to the lower and upper bounds
the solution ū ∈ L2(0, T ) to (P̂) is inactive, i.e. ua < ū < ub holds in (0, T ). To

solve (P̂) we apply the CG method with the relative stopping criterium ε = 10−8 for
the residuum. Notice that a matrix application within each CG iteration requires
a linearized state and an adjoint solve. It turns out that the discrete FE solution
ūh is found after 29 CG iteration. The needed CPU time is 1560.00 seconds. We
denote by {ȳh(tj)}mj=0 and by {p̄h(tj)}mj=0 the corresponding FE solutions to the
state and adjoint equation, respectively. To compute the POD basis we compare
three different snapshot ensembles:

V1 = span

{
{ȳh(tj)}mj=0,

{ ȳh(tj)− ȳh(tj−1)

∆t

}m
j=1

}
,

V2 = span

{
{p̄h(tj)}mj=0,

{ p̄h(tj)− p̄h(tj−1)

∆t

}m
j=1

}
,

V3 = V1 ∪ V2.

Using the techniques described in Run 1 we compute the three POD basis function
sets {ψji }`i=1 corresponding to the snapshot ensembles Vj , j = 1, 2, 3. The needed
CPU times for ` = 15 are presented in Table 5.5. Since the number of members
in the ensembles V1 and V2 are the same, the computational time for the POD
bases nearly coincides, whereas the space V3 contains twice as much members as
V1 or V2. In Table 5.6 we present the values for E(`) (introduced in (5.7)) for

the different POD basis {ψji }`i=1 corresponding to the snapshot ensembles Vj , j =
1, 2, 3. According to Remark 4.10, parts c) and d), we compare the norms ‖ȳh −
P`ȳh‖L2(0,T ;X) and ‖p̄h − P`p̄h‖L2(0,T ;X) with X = H1(Ω) as well as X = L2(Ω)
for the three different POD bases, compare Figures 5.6 and 5.7. Due to the choice
of the snapshot ensemble, the norm ‖ȳ−P`ȳ‖L2(0,T ;X) decays very slowly provided

the POD basis {ψ2
i }`i=1 is utilized, since only information about the adjoint variable

is included in V2. In V3 the y(tj)
h’s are included. Consequently, using the POD

basis functions ψ1
3 , . . . , ψ

3
` we observe that the norm ‖ȳ−P`ȳ‖L2(0,T ;X) decays faster

than for the POD basis {ψ2
i }`i=1. Of course, the basis functions ψ1

1 , . . . , ψ
1
` contain

only information about the state variable ȳh, so that the corresponding norm ‖ȳ−
P`ȳ‖L2(0,T ;X) is smaller for each ` ∈ {1, . . . , 15} compared to the same norm using

the POD bases {ψ2
i }`i=1 or {ψ2

i }`i=1, see Figure 5.6. Analogous arguments can be
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` E(`) for {ψ1
i }`i=1 E(`) for {ψ2

i }`i=1 E(`) for {ψ3
i }`i=1

` = 1 45.89 % 70.44 % 48.20 %
` = 3 87.65 % 97.41 % 84.39 %
` = 5 96.95 % 99.97 % 94.29 %
` = 7 99.37 % 100.00 % 98.06 %
` = 9 99.72 % 100.00 % 99.63 %
` = 11 99.78 % 100.00 % 99.82 %
` = 13 99.80 % 100.00 % 99.88 %
` = 15 99.80 % 100.00 % 99.90 %

Table 5.6. Run 3: Values for E(`) for the different POD basis

{ψji }`i=1 corresponding to the snapshot ensembles Vj , j = 1, 2, 3.
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Figure 5.6. Run 3: Decay of the norms ‖ȳh−P`ȳh‖L2(0,T ;H1(Ω))

(left) and ‖ȳh − P`ȳh‖L2(0,T ;L2(Ω)) (right) for the different POD

basis {ψji }`i=1 corresponding to the snapshot ensembles Vj , j =
1, 2, 3.
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Figure 5.7. Run 3: Decay of the norms ‖p̄h−P`p̄h‖L2(0,T ;H1(Ω))

(left) and ‖p̄h − P`p̄h‖L2(0,T ;L2(Ω)) (right) for the different POD

basis {ψji }`i=1 corresponding to the snapshot ensembles Vj , j =
1, 2, 3.

used to explain the decay of the norm ‖p̄h − P`p̄h‖L2(0,T ;X) in Figure 5.7 for the
three different POD bases.

In Figure 5.8 we compare the FE solution uh with the POD Galerkin control u`

for ` = 15 and for the different POD bases {ψji }`i=1 corresponding to the snapshot
ensembles Vj , j = 1, 2, 3. As is shown in Figure 5.8, the Galerkin control com-
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Figure 5.8. Run 3: Comparison of the FE optimal control uh and
the suboptimal control u` for ` = 15 (left) and of the differences

between uh and u` (right) for the different POD basis {ψji }`i=1

corresponding to the snapshot ensembles Vj , j = 1, 2, 3.

` ‖uh − u`‖ for {ψ1
i }`i=1 ‖uh − u`‖ for {ψ2

i }`i=1 ‖uh − u`‖ for {ψ3
i }`i=1

` = 1 0.5100 0.5437 0.4672
` = 3 0.3792 0.1200 0.1869
` = 5 0.3506 0.0588 0.1201
` = 7 0.3225 0.0584 0.0676
` = 9 0.3031 0.0585 0.0566
` = 11 0.2902 0.0585 0.0557
` = 13 0.2057 0.0596 0.0555
` = 15 0.1530 0.1282 0.0555

Table 5.7. Run 3: Norms ‖uh− u`‖L2(0,T ) for the different POD

basis {ψji }`i=1 corresponding to the snapshot ensembles Vj , j =
1, 2, 3.

puted with ensemble V3 is close to the FE solution uh. The suboptimal control u`

obtained by using the POD basis {ψ1
i } leads to a larger error in the time interval

(0, 0.4), whereas suboptimal control u` obtained by using the POD basis {ψ2
i } dif-

fers significantly from uh in the time interval (0.8, 1). In Table 5.7 we also present
the errors between the FE optimal solution and the POD suboptimal controls in
the L2(0, T )-norm and for different `. From Table 5.7 we conclude that including
adjoint information into the snapshot ensemble is essential to obtain good approx-
imations for the controls. In fact, the optimality conditions (2.9) directly relates
the control and the adjoint variable. Let us mention that for ` = 15 the norms
‖ȳh − ȳ`‖L2(0,T ;H1(Ω) are three times larger using the POD bases {ψji }`i=1, j = 1, 2
than with the POD basis built from ensemble V3. So it turns out, that the use
of ensemble V3 leads to the best performance of the POD Galerkin control. This
observation coincides with our estimates in Theorem 4.7 and Proposition 4.9, where
the state and the adjoint variables have to be approximated well to get a small error
for the difference between the optimal and the Galerkin control. ♦
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