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ABSTRACT: The paper compares dternative concepts of production and prices with specia
emphasison time. Fird it is demongtrated that the point input-point output representation of
processes used in von Neumann-Sraffamodels is not regtrictive and can be derived from
generd flow input-flow output processes. Second, the concept of long-period positions, which
can be traced back to the work of the classical authors, is discussed. Third, the von Neumann-
Sraffa approach is compared to the neo-Austrian modd and to the flow-fund model devel oped
by Hicks and Georgescu- Roegen respectively. It turns out that these latter two modds are, at
best, a specid case of the former. Finaly, some problems and intricacies concerning
observable input-output coefficients are discussed and, as an dternative, a possbly gpplicable
method to determine coefficients for generd flow input-flow output processesis presented.
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1. Introduction

This paper ams at a comparison of some concepts in the theory of production, accumulation
and digtribution which can be found in the writings of John Hicks, Fiero Sraffa, John von
Neumann, Wassly Leontief and Nicholas Georgescu- Roegen. Thisis not an easy task
because these authors were devel oping their concepts and tools with different backgrounds
and with different intentions.

Sraffa (1960) was primarily concerned with areviva of the concepts of the old classica
economigts; hisinvestigation is concerned exclusvely with economic sysemswhich arein a

sfreplacing Sate.

Seeking for an equilibrium solution of an economic system expanding with auniform rate,

von Neumann (1937, 1945) had to define al scarce resources away and postul ate constant
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returns. In order to ensure non negative prices he assumed the rule of free goods. Neither the
former nor the latter assumption can be found in Sraffa (1960). Scrutinising the work of both
authors one will, however, find some unifying concepts and methods which are (i) the concept
of a‘long run pogtion’, (ii) the view that production isacircular process where commodities
are produced by means of commodities, and (iii) atotaly verticaly disntegrated
representation of production by defining point input - point output processes with uniform

duration.

Hicks (1970, 1973) proposed the other extreme: atotaly verticaly integrated representation
of production. His approach, labelled ‘neo-Austrian’, is based on the ‘ Austrian theory of
capitd’ founded by Bohm-Bawerk (1889) and elaborated by Wicksell (1934). The ‘Austrians
were primarily interested in the time Structure of production and concelved of aprocessasa
series of dated origina factor services which, finaly, produce a quantity of a consumer good.
Hence, production is viewed as a one way avenue leading from primary inputsto

consumption goods.

With regard to the extremes of total verticd integration or disintegration, Georgescu- Roegen
takes an intermediate postion. He defines eementary processes by flows of inputs and by
flows of outputs. Factors which are used up during the process are considered as ‘ flow-
elements . Other factors, such asland, labour, buildings or machines, are utilized but are not
used up. These factors are labelled *fund-dements . Scrutinizing the flow-fund approach
proposed by Georgescu-Roegen (1971, 1976) it is hard to find any restrictive assumptions,
except with regard to durable capital and joint production. It is, however, dso hard to find any

operationa conclusons.

In contrast to the scholars mentioned above, Leontief was primarily concerned with the
empirica implementation and the gpplication of multisectord models of production.
Therefore hismodds, aswell asinput-output modelsin generd, are based on redtrictive
assumptions concerning joint production, natural resources, the trestment of durable capital,
and, in particular, the time profile of inputs and outputs.

In Section 2 some basic concepts of production theory are expounded and it is demongtrated
that, once some general propositions are accepted, the representation of technologica
possihilities by matrices for inputs and outputs is not redtrictive at dl if joint production is
permitted. Section 3 starts with agenerd discussion of prices and related notions such as
discount factors and commodity rates and proceeds with the definition of equilibrium, and, in
particular, with the concept of long-run pogitions. It is demondrated that in equilibrium the



dates of payments are irrelevant. Furthermore, the choice of the numeraire has no influence on
therate of profit if, and only if, we can assume thet (undiscounted) prices are constant.
Section 4 provides a short account of methods, concepts and some conclusions which can be
found in the writings of modern classicd economists such as von Neumann or Sraffa. Section
5 is concerned with the Audtrian view of production and, in particular, with the neo- Audtrian
concept proposed by Hicks. These concepts appear as specid cases of avon Neumann -
Sraffarepresentation of production. Furthermore, if there is more than one Austrian process,
and if these processes are not based on avon Neumann - Sraffatechnique, then results
obtained are incompatible with the notion of equilibrium. In section 6 Georgescu-Roegen's
flow-fund approach is discussed. The emphasis is on the concept of fixed capital and on the
treatment of waste. It turns out that Georgescu-Roegen's proposa involves assumptions and
propositions which are unnecessarily redtrictive. Finaly, in section 7, the concept of flow-
flow coefficients and stock-flow ratios are studied. It is demonstrated that these coefficients,
which provide the basis for input-output models, depend, in generd, on the intensity and on
the dynamics of production, and can, therefore, not be taken as ‘technicd’ coefficients.

The present paper benefits from previous efforts which have been made to compare different
concepts to the theory of production and prices. For a comprehensive discussion of

smilarities and differences between von Neumann and Srafa see Kurz and Salvadori (1995,
pp. 403-426). For acomparison of the Sraffa- von Neumann gpproach with the ‘ neo-
Austrian” mode proposed by Hicks see Burmeister (1974) and Hagemann and Kurz (1976). A
reformulation of Georgescu- Roegen’s flow-fund mode within amultisectoral framework has
been provided by Tani (1988). A critical discusson of the flow-fund gpproach and a
comparison with the approach of the classical economists can be found in Kurz and Salvadori
(1999).

2. Production and time: some basic concepts

Explaining the activity andyss modd adopted by Sraffaand by von Neumann one usudly
darts asfollows: There are m processes which use produced means of production and
homogenous labour to produce n commodities. It is assumed that al processes are of unit time
duration. A process k can be described as
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where row vectors a,b*1 R" refer to inputs and outputs of n productsand 1% isascaar of

quantities of homogenous labour.

With the exception of the *assumption’ that there is a uniform period of production, thereis

no reference to time. In particular, the time profile of production, i.e. the dates when inputs

are used and outputs are produced, seems to be overly smplified. In order to demonstrate that
the Sraffa- von Neumann gpproach is much more genera than it ssems at afirs glance we
will start with amore generd description of a process and look how that fitsinto the Sraffa -

von Neumann approach. We may start from the following propositions:

(P.1) Production requirestime.

(P.2) Production reguiresinputs, i.e. some producible and/or some non producible factors (no

land of cockaigne).
(P.3) Itisnot possbleto transform inputsinto nothing (no free disposal).

(P.4) All firms have accessto dl known methods of production, and, in particular, the set of
methods of production available to each single firm is independent of the Sze of the
firm itsdf (constant returns within the single firm).

(P.5) Two equa quantities of two products or factors are considered as being equd if they are
perfect subgtitutes for al producers and al consumers, otherwise they are different.

(P.6) Thereisafinite number of different products and afinite number of different factors
differentiated with respect to qudity, location and time.

(P.7) Thereisafinite number of production processes.

Propositions P.1, P.2 and P.3 are obvious consequences of fundamental physical principles.

I nstantaneous production as well as production without any inputs is nonsense and is therefore
ruled out by P.1 and P.2 respectively. P.3 rules out pure abatement processes which use some
inputs and absorb some unwanted products but produce nothing. At the very end of any
process there is some product. Its value may be non podtive (zero or negative). Hence this
proposition does neither exclude the possible production of ‘bads nor the existence of
produced goods which are free.

Proposition P4 is crucid for free competition and is, therefore, a necessary precondition for
the existence of a competitive equilibrium (cf. Kurz and Salvadori, 1995, p. 17). Note that this
proposition does neither postulate that al processes are perfectly divisible nor suppose that dl

processes are additive. Congtant returns to scale within each single firm does not rule out



diminishing or increasing returns externd to firms, that is the case in which the size of one or
severd indudtrid sectors determine the set of available processes. It is, for ingtance, not the
sngle farming process but it isthe agricultura sector as awhole which is congtrained by the
scarcity of land, and it is not a particular firm but the whole manufacturing sector which
benefits from the increasing divison of labour induced by growing markets.

Propositions P.5 and P.6 refer to factors and products. We may distinguish non producible
(natural) factors and produced means of production (capital goods). Natura factors may be
further subdivided into the broader categories ‘human labour’, ‘ non exhaustible resources,
such as Ricardian land or the energy ddivered by the sun, *depletable resources’, such as
crude ail or cod in the ground, and ‘ renewable natural resources , such as virgin forests or
naturd fish populations. Following an old tradition we may classfy produced means of
production according to their durability under the heads of circulating and fixed capitd. The
former refer to inputs, such as raw materids or energy carriers, which are used up. Fixed
capita items, such as machines or buildings, are durable and contribute to the production of a
flow of outputs. Therefore, the value of fixed capitd is, in contrast to circulating capita, never
fully recovered in one unit of the product.

The question ‘What isa product? cannot be given independently of the scope of the andysis.
Engineersinterested in a blast furnace process will consider the amount of liquid sted

produced as a considerable category. Economists are interested first and foremost in
exchanged products. Hence we might consider only those outcomes of a process as products
proper which are utilized in other processes or are used as consumer goods. But output of
production is not dways useful. Some products may impede other producers or create harm to
households and must be taken into account. Hence we must consider all those outcomes of a
process as products which leave the process and enter its environment. Consequently the

definition of a product depends crucialy on the definition what is a process.

Proposition (P.5) is the usud condition for digtinction of products and factors. There are three
characterigtics of differentiation. (i) quality: the physical nature and attributes, which

determine the way in which products and factors meet the needs of the users; (ii) location: two
equa quantities of the same product or factor are not perfect substitutesif they are not
available in the same place. Hence we congder two goods available in different locations as
two distinct goods and the transport from the first place to the second as a process of
production with the first good as input and the second good as output; (iii) time: two equa
quantities of the same product or the same factor being available at different dates are not



equivaent but are considered as being different. Note that by defining a process as an activity
which transforms factors into products and given these characteristics of differentiation we
have included in our definition of a process not only processes of production but aso

separable transport and storage activities.

Proposition P.6 is crucid asit impliesthat quality, location and, in particular, time are
discretely measurable variables. If the range of qualities of some products appears perfectly
continuous we would have an infinite number of goods. But in actud fact, commodities which
show awide range of qudities are classfied into afew different groups. The same argument
holds, in principle, aso for location and time.

Taking account of the fact that the capacities of fixed capita in place could be utilized in
many, perhaps in infinite many ways, the possbility of an infinite number of processes can
not be neglected. Therefore, (P.7) isregtrictive, but, however, not more restrictive than to
postulate an infinite number of production methods.

Given these propositions and assuming that there are n products and u origind factors
differentiated with respect to qudity and location we may describe a process k by
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i.e. aflow of inputs and aflow of outputs of finite duretion, where a,b¥ T R" are vectors of
inputs and outputs of finished products a timet, cT R" are vectors of inputs of origina

factorsand T, isthe duration of process k.

From proposition (P.1) to (P.3) it follows that

@) T, >0;
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(i) and (ii) are immediate consequences of (P.1) and (P.2): each processisinitiated by the use
of some inputs. Hence, at least one element of vectors af or cf, is positive. Since any

transformation of inputs into outputs requires time the first quantities of outputs can emerge
only after acertain stretch of time has eapsed.



Isit possible that at the end of production time some inputs are used and no output appears?
Because it is not possible to transform inputs into nothing (P.3), the answer is. no. This does
not rule out the possibility of ‘shut down’ or ‘clean up’ activities which may be required a the
end of some productive process. If, for example, some shut-down activities are necessary to
make a nuclear power plant more or less harmless, then the output of these ectivitiesisa

closed and more or less harmless nuclear power plant. Its price may be zero or negative but

there is, however, an exigting output. Hence b'T‘k 3 0. Furthermore, from the fact that the
transformation of inputs into outputs reguirestimeit followsthat a; =0 and ¢; =0.

Note that the definition of a process involves its duration. Hence, afeasible truncation of
processk, i.e. aprocessuwhere T, <T,, a' =al, ¢ =¢f, b =bf, "t: t£T, and

b#u 2 b{ 3 0, iscondgdered as a different process. Note that permitting al truncations, even
those where b#u = b'}u =0, would violate proposition (P.3).

k

Without loss of generdity, we may neglect the vectors aﬁk, c; and bg, which contain zero

elements only, and represent a genera flow input-flow output process by
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The following specia cases of genera flow input-flow output processes may be considered:

flow input- point output processes, where outputs appear exclusively at the end of
production time, i.e. b =0 for t<T,,

point input-point output processes, where inputs and outputs appear exclusively a the

k -
beginning and a the end of the process, i.e. gao =® b}, 0
€Co

single production processes producing products which are homogenous with respect to
qudity (and location). Outputs of Sngle production processes which produce amounts of
commodity j are characterized by btk =e/ly’," t, where e, isavector whosej-th dement is

equal to one and dl other elements are equal to zero and b 3 0 are scalars which represent

the quantities of the output which is homogenous, except with respect to time. Hence, the
only dement of joint production involved is intertempord joint production.



The definition of aflow input-flow output process involves some arbitrariness regarding the
degree of verticd integration. The production of bread is usualy seen as a bakery process
where, among other inputs, flour is used, which is the product of agrinding process that uses
corn. We may, however, take another view and merge both processes such that bread is
produced by averticaly integrated grinding-bakery process which uses corn and produces
bread. Inputs and outputs of flour have disappeared from the scene, and therefore, we can
drop flour from our list of products. We might continue merging processes and thereby
proceed in excluding some other commodities which appear as inputs and outputs from our
list of products. In the limit of that procedure we define away al capital goods and obtain
totaly verticaly integrated processes which use aflow of primary inputsto produce a flow of
consumer goods. This gpproach will be discussed in section 5.

The other extreme condigts of atotaly verticaly disntegrated representation of production.
Any flow input-flow output process having a duration which exceeds the unit of time can be
broken down into afinite number of point input - point output processes” of unit duration by
introducing additiond ‘intermediate’ goods which connect the time series of subsequent
processes. Hence,
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isan equivdent vertically disintegrated point input - point output representation of the genera
flow input - flow output process (3) which, on the other hand, can be conceived of asa

vertically integrated representation of the set of point input - point output processes defined
by (4). € arevectorsof dimension T, - 1 where the t-th dements are equal to one and dl
other dements are equal to zero. The scalar | * represents the quantity of an intermediate
good produced in process k, and used up in process k,,, . These intermediate goods can be

concelved of as composite commodities representing al semifinished goods, dl capitd items
under congtruction and al used fixed capita goods which are produced in process k, and

which are transferred to be used in the subsequent process k,,, . Note that old machines which

are used in process k and which are transferred to be used in another process are exchanged

! The discrete time representation is a necessary condition to avoid dealing with an infinite number of
point input-point output processes.



products and are taken into account in vectors b . Hence, if durable capital items used by
process k are transferable, then outputs of that process are not homogenous with respect to
qudlity, and, therefore, we cannot avoid to dedl with generd joint production.

Without loss of information, wemay set al | * =1 and represent the T, processesin compact

matrix format:
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WhereA(k):(a(k, ak ... aﬁk_l)i R7 T, B(k):(blk bY ... bﬁk)T R" ™, refer to inputs

and outputs of finished products, M™ =(0 )T RI*¥%, N¥=(1 0)7 RV are
matrices for inputs and outputs of intermediate products, where the firg (last) columniis
nought and | is aunit matrix of dimension T, - 1. C*) = (c(k) ck o c'T‘k_l)T RY ™ refersto

inputs of primary factors.

Assume that there are m flow input flow - output processes of duration T, , k =1, 2,---m, by

which n finished products are producible. Breaking down each process into processes of unit
duration and introducing an intermediate product for each additiona process, we end up with
m= é k” T, point input - point output processes which produce n = n+é_ k” (Tk - 1)

k=1 k=1
products. Notethat (n=m b i =), i.e if the number of flow input - flow output processes
isequd to the number of finished products, then the number of the corresponding
point input - point output processes equas the number of finished and intermediate products.

Defining matrices
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it is straightforward to represent any finite set of m flow input - flow output processes which

produce n finished products by means of n finished products and u non-producible resources
by thetriplet { A,B,C} , where A,BT R]'™ refer to matrices of inputs and outputs of finished



and intermediate productsand C1 RY ™ isamatrix of non-producible factors. Provided one
accepts the propositions and assumptions given above, the representation of technology by
input and output matrices is not restrictive at al. For certain purposes one may, however, add
some additiona assumptions. Assuming, for instance, that dl flow input - flow output
processes are single production processes, we obtain a‘ pure fixed capitd system’ whichisa
particular joint production system which retains dl the nice properties of systems without any
joint production. For a comprehensive discussion of such ‘pure fixed capitd systems’, see
Schefold (1989, pp. 145-197) or Kurz and Salvadori (1995, Chapter 7).

3. Prices and time: some basic concepts

A price of aproduct (factor) is, in generd, the exchange vaue of that product (factor) in terms
of anumeraire. Usudly one particular product, a constant bundle of products or the unit of
labour serve as numeraire, which might be caled ‘money’ . Since two quantities are involved,

i.e. the quantity of the product (factor) and the quantity of ‘money’ (denoted by g andq"),

which may both differ in quaity (and location) and time of availability we may define the
price of commodity i delivered at datet and paid at date T as

© pr=2r,

t
which isegua to the amount of ‘money’ given at date T in exchange for one unit of good i
delivered at datet.

In order to avoid confusion created by excessive notation, prices are usudly defined either as

(@ plopy=",
q

t

I.e. discounted prices of good i delivered at date t and paid at date O or as

@ popr=3

t

i.e. undiscounted prices of good i delivered and paid a the same datett.

By defining the own discount factor of agoodi, py © b, :q—?,md,in particular, the own
q

discount factor of ‘money’, or, for short, the discount factor,
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© po"=pr=b, =D
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which isthe amount of ‘“money’ given a date O per unit of ‘money’ given a datet, discounted
and undiscounted prices are related such that

(10) B =b.p7 and, inpaticular, P/ =b,pl.
We may define, furthermore, the own rate of interest of good i and, in particular, the (own)
rate of interest (of ‘“money’) for period [t,t +1] which arethe numbers r, and r,, respectively,

such that

(a1) 1+ =20 =G,

t+l it

Note that the own discount factor of agood i (and its own rate of interest) and the discount
factor of ‘money’ (and the ‘money’ rate of interest) are related such that

(13) b, = b, pﬁ ,
Po

(14) 141 = (141) P

+1

Assume, for smplicity, that commodities are produced by means of commodities and by
homogenous labour. A flow input-flow output process k, operated at intengity x*, is
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with dements a* and b'* represent flows of inputs and outputs of products, and scaars |
are inputs of homogenous labour.
If dl operated (i.e. cost-minimizing) processes exhibit neither extra profits nor extra costs

then the economy is said to be in equilibrium. Hence, for dl operated processes the present

vaue of costs equas the present value of revenues, i.e.

1
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where ptj;, isthe price of good j delivered a timet and pad a timet ;, and w;, isthewage
rate for labour used during the interval [t, t+1] and paid at time't | .

Recdlling the definitions for discounted and undiscounted prices given above, we obtain

immediatdy thet p/, = p! - = p! é’t and w,, =W, =w, é’t .

bt‘ t t
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Hence we may conveniently specify condition (15) ether in terms of discounted prices, i.e.
Tb—l

(16) "k:x*>0 P Qg pa+wl =8 pb,
t=0

or in terms of undiscounted prices, i.e.

T -1 T,
A7) "k:x*>0 b 5 bt(ptaf +W1Il") =Q bpbl,
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Note that (16) aswell as (17) are independent of the dates of payment.

4. The Classical long-period approach

Scholars working in the tradition of the classica economists use the method of long-period
positions. This method abdtracts from any influence which is of atemporary or accidenta
nature and concentrates on the persistent forces governing a competitive market economy. As
a consequence of the long-period perspective, the prices of produced commodities just cover
the cost of production and, in order to guarantee reproduction, alow for profitsat a‘normal’
rate of return on the value of capital advanced at the beginning of the period of production.

The various classica contributions to the theory of prices, production and distribution bear
some common features (cf. Kurz and Salvadori, 1995, p. 14). Given ‘the set of data’ i.e.

(1) thetechnica conditionsof production,

(i) the volume and the composition of the socia product,
(i) the wagerate (or the rate of profits) and

(iv) the quantities of different quaities of land

and assuming that each firm has access to each method of production (cf. propostion P.4),

then the following unknowns are determined:



(1) the cost-minimizing methods of production induding the activity-levels of the various
processes in use and the gross output of commodities produced,

(2) the pricesof production,

(3) therate of profit (or the wage rate) and

(4) therate(s) of rent on different qudities of land.

The classcd approach to economic change proceeds in terms of comparison of long-period
positions of the economy. A change in the st of data (i)-(iv) will generate new results (1)-(4)
i.e. the new norma pogtion will emerge as a result of the new datic conditions. If, for
ingance, technica progress makes new methods of production available, or if there is a
change in the didributive varigbles, then excess profits in some sectors and subnorma profits
in other sectors will generate incentives for capitdidts to increase capacities in the firsg group
of sectors and reduce capacities in other sectors. In the long run the quantity and the structure
of capitd goods will adjust to the new dStuaion and thus a new long-run position will result.
Once the new pogtion is established, there exist no endogenous forces to change the prices of
production. Hence, long-period postions are characterized by dationary prices. In order to
exhibit this property, aclassca modd requires the following additiona assumptions:

(C1) A long run podtion is characterised by a given and condant set of production
methods.

(C.2) A longrun pogtion is characterised by a given and congtant distribution of income.

(C.3) If there is generd joint production, then the economy is, in generd, taken to be
Sationary or to grow in constant proportions.

(C.4) If there are decreasing or increasing returns to scae (which are externd to the firm),
then the economy is taken to be sationary.

(C.5) Exhaudible naturd factors are set aside.

Given these assumptions which assure that stationary prices prevail, condition (15) can be

written as

0 —

Tk k
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It is easily checked that, by introducing new varidbles v, t=1,2,---,T, - 1, representing
vaues of intermediate products, the equation in condition (18) can equivaently be
represented by the vertically disintegrated price system of T, point input-point output

jprocesses

13
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Obvioudy, the vaue of an intermediate product produced by process k, and used by process
K,,t=12--T-1,is

yt+l t+l
200 ,
@0 =t

where
(21) v =pby, - (L+r)(paf +wi/)

isthe net receipt that can be obtained by activating process k., . It follows that the vaue of an

intermedliate product produced by process k, and used by process k.., isequd to the capita
vaue one gets by di scounting al future net receipts that may be obtained by activating
processes k., k. +-k; ,i.e

It
(22) W a v (1+ r) , t=12-- T, -1,

t=1
Assume, for smplicity, that process k uses only one type of fixed capita good, say a machine.
Then v represents the value of at-year old machine. Hence, d* =\ - \f',, isthe depreciation
of fixed capitd during period [t, t+1]. This demonstrates that the pattern of depreciation
cannot be assumed by the andy4, but is endogenoudy determined and depend on technology
and the digtribution of income. For a comprehensive discussion of fixed capital modds which
take account of joint utilization of different types of fixed capita inputs, see Kurz and
Salvadori (1995, chapters 7 and 9).

Assumethat al flow input - flow output processes are single production processes, each of
them producing aflow of products being homogenous with respect to quality and location.
Thus, dlowing for intertempora joint production, and therefore permitting production with

14



durable capitd, but avoiding generd joint production, we may define equation (18) in terms
of discounted inputs per unit of discounted outputs and obtain

(23 (pa(r) +wi(r))(@+r)=p,.

where the * centre coefficients

N

T ;
(24) A(r) =ca b (1+r) Y & a(aer)
et=1 g t=0
_ T, i
(25 T{r) =ga b (1+r)" 2 & 1a+r)",
etz g t=0
for capital and labour inputs are functions of the rate of profit.?
Given n angle production flow input - flow output processes producing n finished products
we obtain a‘ pure fixed capital system’ defined by {A(r) (r )} , i.e. asquare matrix of centre

coefficients for capital inputs and a vector of centre coefficients for labour. Given the rate of
profit and specifing a numeraire which may be either labour (w = 1) , or abundle of products

(pd =1), the prices of finished goods are determined by

(26) (pA(r) +wT(r))(1+ ry=p.

It is easy to demonstrate®, that if the system of production is vigble (thet is the system is
capable to produce asurplus), i.e. if there exists avector of intensgties x = 0, such that

@0 (1-A(0))x=fs0,

then there exists a positive maxima rate of profit, R, and a non-negative vector p~ such that
29 p (I-A(R)(1+R))=0,

andfor dl ratesof profit r : 0 £ r <R

(29) (1-A(r)(@+r)) s 0.

Hence, pricesfor finished products in terms of labour commanded, i.e.

2 The concept of * centre coefficients wasintroduced by Schefold (1971)
3 See, for instance, Schefold (1989, pp. 155-157).
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(30) w=1, p=T(r)(1-A(r)(@+r)) 2 0.

arepodtivefor r : 0 £ r < R, and arerigng functions of the rate of profit, tending to infinity
as the profit rate approaches R Therefore the real wage rate, in terms of bundled, isa

decreasing function of the rate of profit such that

B w= = —30, forr: OEr£R.

T(r)(l -A(r)(1+r))' d

Note that in this case the non-substitution theorem holds, i.e. prices can be determined without

reference to demand. This and other nice properties need not hold in the presence of joint

production.

The vdidity of the non-substitution theorem does not mean that there is no subgtitution in
production. In generd, there will be more than one flow input-flow output process for each
finished product. Hence we obtain more than one possible system of production. In the long

run it is the cost-minimizing system which will prevail.

Deriving the cost-minimizing prices of production we may use ether the direct or the indirect
approach. The direct approach goes back to von Neumann (1937) and determines the cost-
minimizing processes and the corresponding system of prices by solving a system of
(inyequdities. The indirect approach, proposed by Sraffa (1960), is a stepwise procedure and
congsts in a comparison of square systems of production. A comprehensive discussion of the
direct and the indirect approach can be found in Kurz and Salvadori (1995).

5. Subsectors, reduction to dated quantities of labour and the (neo-)

Austrian concept of production

In the preceding sections it has been demonstrated, that any flow input-flow output process
can be subdivided into severd point input-point output processes. Setting aside primary inputs
other than homogenous labour, a square technique can be characterized by a set of

point input-point output processes represented by { A, 1, B} where A and B are square
matrices of inputs and outputs and | isavector of [abour inputs. Assume that the system can
produce given net products and is cost-minimizing a arae of profit r and at awage rate w
paid ante factum, then prices of production are determined by
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(32) p=pA(l+r)+w

There are some other ways to represent the technology (see Kurz and Salvadori, 1995, pp.
164-180). Using the concept of ‘ sub-systems’, introduced by Sraffa (1960, Appendix A) and
further developed by Pasinetti (1973), one may characterize atechnicue also by {A* ,I*} ,

where |” = I(B-A)'l and A :A(B-A)'1 represent inputs of vertically integrated labour and
veticdly integrated capita goods. Whereas the dements of A and | refer to direct inputs, the

dementsof A" and |I” represent total, i.e. direct and indirect inputs. The concept of vertical
integration can be far traced back in the history of economic thought. It has been clearly
spelled out by Adam Smith who put forward the idea that the value, or price, of any product
can be expressed as a sum of three components: (i) wages, (ii) profits, and (iii) rents (here
rents are set asde). Equation (32) may in fact be rewritten in terms of verticaly integrated
sectors, i.e.

(33) p=w +rpA.

Setting agde joint production, i.e. assuming B = |, we may represent technology also by a
seriesof dated labour, {1,1,,1,,-+1,,---}, where I, =IA". Note that

[, =1 isthevector of labour directly needed to produce the different products,

[, =1A isthevector of quantities of labour directly required in the production of the means
of production needed to produce the different products,

|, =1A? isthe vector of quantities of labour directly required in the production of the means

of production needed to produce the means of production needed to produce the
different products;

and s0 on. Note that vertically integrated labour is equa to the sum of dated labor, i.e.

"=31
_at'
t

It iseasly recognized that prices of production may be aso determined by the sum of forward
discounted values of dated quantities of labour, i.e.

34 p=wq | (@+r),

t
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Thisreduction to dated quantities of labour in particular, or to dated quantities of primary
inputs in generd, played an important role in the gpproach of the old Austrians. Eugen von
Bohm-Bawerk, Carl Menger, or Knut Wicksell considered production as atime consuming
process in which series of inputs of origind factors of production, labour and land, result ina
find output.

Thereis, however, aremarkable difference between the Austrian modd and the Sraffian
approach of representing a price in terms of areduction to dated labour. In the Sraffian model
the series of dated labour is not restricted to be finite.

In order to obtain an Austrian model, we have to impose some technological redrictions, i.e.
A must be such that thereisa T for which AT = 0. Thisisthe caseif, by permutation of rows
and columns, matrix A could be brought into a form where the upper diagona dements are
postive i.e" a; >0 for i=j+1, j=12,---n- 1, and dl other elements are equal to zero.

For suchamatrix Al R"p A"=0.2

The economic reasoning is the following: The first process, represented by the first column of
A and thefirg dement of |, produces a capita good by unassisted |abour. Some amount of
this capital good and labour are then used by the second process to produce another capital
good. Thethird process uses some amount of capital goods produced by processes 1 and 2,
and so forth. The last process, n, uses labour and capita goods produced by some or all other
processes and produces pure consumption goods. This concept is aso reflected in Carl
Menger”sranking of goods according to their satisfaction of needs and wants. Consumer
goods are goods of the first order. Capital goods which enter directly into the production of

consumer goods are goods of the second order, a.s.o.

Hicks (1973, p.8) recognized that the flow input-point output model of the old Audtrians
defined fixed capitd away. It isthe essential characteridtic of ‘durable-use goods' that they
contribute, not just to one unit of output, at one date, but to a sequence of units of outputs, a a
sequence of dates. Retaining the characteristic feature of the Austrian gpproach, Hicks

conceived of production as a process which converts aflow of primary inputs (labour) into a
flow of consumer goods. Given a process k, determined by (I('; Il",-~-l1'fk_1)® (blk, b, b}‘k) ,

we obtain prices, interms of ‘centre’ coefficients for labour.

4 Hagemann and Kurz (1976) have dtressed that there are no basic products in Austrian
processes. Note that thisis a necessary, but not sufficient condition for an Austrian process.
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a ks @+’
(36)  wZ (1+r) = p,

& b (1er)™

t=1

It is straightforward to represent the neo- Audtrian process in a Sraffian fashion by a particular
pure fixed capita system characterized by the absence of finished capital goods, i.e.

3 =I"® =,
(37) ng. gN"

where | :(I(',‘,If,mITkk_l), b* :(bl"bz"b‘r‘k) 0 isavector of dimension k containing zero

dementsand M*,N*T RO« gre matrices as defined in equation (5), Section 2, and

represent inputs and outputs of intermediate products

Note that the Austrians or the neo-Austrians do not assume that production can be performed
by unassisted labour done. There are capital goods, and there is fixed capital in the neo-
Austrian model, but due to total verticd integration it has * disgppeared” from the scene and,
therefore, it is possible to represent inputs as conssting of aflow of dated quantities of [abour
aone. One may represent particular Austrian processes by input and output matrices which
reved the actud participation of circulating and fixed capital®, but (37) provides the most

genera representation of a neo- Austrian process.

While the neo- Austrian gpproach is more genera than the Austrian concept, it is till based on
the redtrictive assumptions that
() thereis no generd joint production, and

(i)  thereisno circular production

6. Flows or Funds?

Georgescu- Roegen opens his reflections® on production usualy with the dictum: ‘no
andytica boundary, no anaytica process. That andytica boundary has two aspects. Firg, it
contains atempora component, the duration of the process. Secondly, like a geographica
frontier, it separates the process a any point in time from the rest of actudity and, thus, must
specify which ‘dements, i.e. factors and products, are considered as relevant and must be

® See, for instance, Hagemann and Kurz (1976).
® See, for instance, Georgescu-Roegen (1971, 1976)
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taken into account and which can be neglected. Furthermore, to complete the description of a
process, the quantities and the dates of input and output ‘elements’ are to be specified. So far,
there is no difference to the generd flow input - flow output concept discussed in Section 2.

Some ‘edements’ gppear either asan input or as an output of a process. Some inputs, such as
non durable produced means of production, maintenance supplies or energy inputs are used

up and can never gppear as an output of the process in which they are used. Goods and wastes
which are produced in a process are not used by the same process. These inputs and all

outputs are caled ‘flow dements . Note that corn, if it is used as seed, or ahammer used for
the production of hammers, do not fdl into this category while outputs of corn or hammers

do.

Other inputs are not used up; instead they exit the process, in which they participate in an
economicaly, if not physicdly, identical form and in the same amount. A sraightforward
example of an dement of this category is‘Ricardian Land’, which is possessed of ‘origind

and indegtructible powers . The use of land does not involve achangein the qudity of the
land itsdlf. Land represents a fund which ddivers some services but, ex hypothesis, cannot be
destroyed. Hence it is used, but not in the sense of being consumed. The same appliesfor
labour.

The next problem to be consdered is concerned with fixed capita. A machine isamaterid
stock but not in the sense of a stock of raw material which can be used up. Georgescu-Roegen
stresses that one may well, and actudly should, distinguish between new and used durable
capitd items and treet the latter as an output of the process in which the new machine is used
up. But he hesitates to conceive of a used machine as a commodity which participatesin a

process.

Y et in ho sense can we say that it isthe am of economic production to produce used
tools. Consequently they have no cost of production. Moreover, with the exception of
used automobiles and used dwellings, no used capital equipment has aregular market
and hence, a price in the same sense in which new equipment has. Used equipmernt,
therefore, is not a commodity proper, and yet no report of a productive process can be
complete without reference to it. (Georgescu-Roegen, 1976, p. 83)

Georgescu- Roegen is dso aware that computing depreciation of fixed capital by adopting one
of the numerous conventions, such as radioactive decay or linear depreciation, involves some

arbitrariness and islogicaly circuitous because it presupposes given prices.



It has been demonstrated in Section 3 that prices of production for used equipment make
economic sense and that these prices can be determined without adopting some arbitrary

conventions concerning depreciation Hence it seems that Georgescu- Roegen is overly hasty to
dam tha

Economic theory has endeavoured to avoid the Gordian knot atogether by building its
foundation only upon a processin which all capital equipment is continuously

maintained in its original efficiency. (Georgescu-Roegen, 1976, p. 83)
and defines

A fund is both an input and an output; more precisdly, it is afactor whose economic
efficency ismaintained by the very processin which it participates. ... Ricardian land
provides the clearest illugtration of the concept of fund, but amachinethat is
continuoudy maintained and repaired aso fits the definition. Accordingly, amachine
coming out of aprocessis afund even though it may have no part whatsoever in
common with the “same’ machine that went into the process. (Georgescu- Roegen,
1976, p. 41).

Two propositions seem to be mixed up here. (i) It is one thing to assume that the efficiency of
amachine is congtant over the entire period of itslife. What €lse can be meant by
continuously maintained in its original efficiency? The efficiency of amachine cannot be
associated only by the flow of future outputs which can be produced by means of it. A
meachine which requires more and more inputs to keep outputs constant is of decreasing
efficiency. Hence the concept of efficiency involves both the flows of future outputs and the
flows of future inputs and therefore, amachineis of congtant efficiency if and only if the
flows of outputs and inputs are congtant over its entire life time. (ii) It is, however, another
thing to suppose that amachine is maintained such that it can aways be consdered as being
the ‘same’ machine that went into the process. This proposition does not rule out that the
effidency of the machine may vary during the process, but supposes that any machine which
enters the process as an input must appear, after it has been utilized, as an output. The total
amounts of fixed capitd items used in a process are therefore equal to the total amounts of
fixed capital items ‘produced’ in that process. Once fixed capita isingaled, it can be utilized
forever, and the process can be repeated as many times as we want and will obtain the same
flow of outputs by using the same flow of inputs, except for the durable means of production
which are dready in place.
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Georgescu-Roegen moativates this peculiar trestment of fixed capitd by the classcd notion of
an economic sysem being capable of reproduction. This is a viability condition which makes
perfect sense for a whole economy, or for a vertica integrated sub-sector of an economy.

Georgescu-Roegen is aware of the anayticd difficulty of the notion of reproducible process.

Fird, in order to mantain the efficiency of a machine intact, we need other machines.
Machines and tools to maintain other machines and tools lead to a regress which may
gop only if the reproducible process includes practicaly every production process in the
world. (Georgescu-Roegen, 1976, p. 41)

But he ingsts on the fiction of a partia reproducible process, where fund eements are
maintained by outside processes, each one in turn to be analyzed separately.

The proposition neglects a particular type of choice of technique. Keeping the efficiency of
ingaled equipment constant might not be technically feasible, or, if it is; it might not be the
most profitable method of utilizing amachine or a building. Depending on the cost of
maintenance and repair it might be cost minimizing to abstain from maintenance and let the
efficiency of the machine drop until it will be jettisoned.

How does the flow-fund mode, and in particular the concept of perennia machines, fit into
the framework provided in Section 2? If that framework is generd, then the flow-fund modd
must appear as aspecid case.

Consder agenerd flow input-flow output process, where commodities are produced by
means of commodities, and, for smplicity, by homogenous labour, i.e.

%, 0 @, 0 00
&8, 585 L (b b.-+by,).
eoge1r1ad -1 g
Assume that vectors for inputs and outputs are subdivided such that
"t: a =a‘+a/, b, =bi+b/,

f

where & and a refer to dirculating capital and fixed capital inputs, and b and b are

vectors for products proper and for used capital goods which leave the process a timet. Up to
now, there is no additiona restrictive assumption. But with perennia machines, being the

‘same’ machines that went into the process, we have the redtrictions, that
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Condition (i) states that the sum of old machines ‘produced’ during theinterval [1,t] cannot

exceed the amount of old machines invested within theirterval [0, t - 1] . Condition (ii) meens

that at the very end of the process al machines which have been previoudy invested have left
the process undtered. Note that there are no such restrictionsin the genera case in which,

contrary to the fund gpproach, durable capita items are differentiated with respect to age.

Georgescu- Roegen decided to represent fund eements not by two flows, one for inputs and
one for outputs, but by one single flow of services, representing the amount of flow dements
which are actualy participating in the process at timett.

Given the assumption of perennia machines formdized by restrictions (i) and (i), Georgescu
Roegen prefers to represent processes by

g, 0 am; 0 am; , OO

Ge . e

Gens ey s ghi 15 ® (b7, b3 ),

&b z&h 5 Ehigg

where vectors

t
h'=aj+a (a -b')fort=12--T-1,adhj =a;,

t=1

represent the amounts of perennia capitd goods utilized within the interva [t, t+1]. This
representation revea s that fixed capita is treated like anatura factor of production.
Anaogous to the rent on land, the cost of fixed capitd is determined by the present vaue of
the rentd rates paid for the utilization of machines, or, dternatively by the present vaue of
the difference of the flows of inputs and outputs of theseitems, i.e.

T

)
(3) p A (b -ai(1+r))2+r)" =r & h L (1+r) ",

t=1 t=1

where p, and r, are pricesfor fixed capital and corresponding rental rates. Since

T T
39 A& (b -a i (1+r))@+r) =ra nli(1+r)",
t=l

t=1
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weaobtain r, =r p, , which arethe rentd rates for perennid machines.

This peculiar treetment of durable capitd is not the only deficiency of the flow-fund aproach.
Georgescu-Roegen dso subdivides outputs into products proper and wastes and postulates
that wastes are flow elements because they do not enter a process. How can that be assured a
priori? Consder paper waste, metal scrap or waste glass. There are many examples where
wades, in actud fact, turn into useful products by using recycling processes. Furthermore, a
preconceived classfications of products into ‘goods and ‘bads does not make sense. Without
taking account of quantities required and the severd production processes from which cost-
minimizing producers may choose, we cannot subdivide outputs a priori into useful products
or wagtes, which nobody wants and which are available in excess. If these products can be
fredy disposed of, then they have neither a vaue nor do they cause any costs, and, therefore,
their prices are zero. If the disposa of outputs avalable in excess is not free but costly then
these products will fetch anegative price.

7.0n observable coefficients in input-output models

Comparing Leontief”s input output approach with the theoretica concepts developed by
theorists such as Sraffa or von Neumann one must state clearly at the outset that Leontief's
concern was different. As Professor Baumol emphasizesin his paper in the present volume,
Wassily Leontief”s contribution should not be viewed as just an incrementa additional
contribution to the works of earlier scholars such as Quesnay or Marx, but as providing a new
and powerful tool applicable to empirical analysis. Leontief (1987, p. 860) characterized
input-output analysis as ‘a practical extenson of the classica theory of generd
interdependence ... to describe and to interpret its operation in terms of directly basic
sructurd relaionships . In accomplishing this task, Leontief gave up some ambitious
concepts which can easly be introduced by theorigts but which were not empiricaly
applicable because the necessary data are elther not accessible or were not available at the
time when Leontief started his project.

Firgt of al wewill usudly find data for inputs and outputs messured in values rather than in
quantities. This does not cause any andytica problems. A quantity of a product or afactor
can dternatively be measured in tons or in pounds, in liters or in cubic meters. A change of

the standard does not cause any andytical trouble aslong asit is congstent, i.e. if all
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quantities of a homogenous good are measured in the same way. Hence we may measure

quantities in terms of values as long as these vaues are measured in constant prices.

A more serious problem concerns joint production. It is surprising that input output anaysts
dill define joint production away. Modern input output statistics supply output tables which
provide empirical evidence of joint production. In order to adjust the observed data to the
input-output model joint production is suppressed by some ‘ technology assumptions .
Furthermore, if joint products such as pollutants or wastes are dealt with, then the quantities

of these by-products are treated as inputs of the polluting process and an abatement processis
considered which produces negative quantities of pollutants (Leontief, 1970).

Another problem isthat input output models are based on the assumption that thereisonly
one process to produce a certain commodity, i.e. thereis no choice of technique. This
deficiency combined with the requirement of full utilization of capacitiesis the reason for
negative solutions of the dynamic input-output modd. For a discussion of this problem see
Lager (1997, pp. 358-359) or Kurz, Dietzenbacher and Lager (1998, pp. xI-xlii).

Another problem refers to inhomogeneities. Empirica data of inputs or outputs refer to
groups of products or factors. These groups are usually neither homogenous with respect to
quality nor homogenous with respect to location. A asmilar problem concerns the definition of
input output sectors. Census data refer to enterprises or to firms which are usualy engaged in
more than one process, and, consequently, input-output sectors refer to industry groups but

not to processes.

The emphasisin this section is on ancther type of inhomogeneity, i.e. inhomogeneity with
respect to time Theidea of describing a process by its flows of inputs and outputs as outlined
aboveis a powerful tool for theoretica reasoning but one will hardly find deta for arigorous
goplication of that concept. Observable data on inputs or outputs consst ether in the sum of
quantities produced or used during a period of time (year or month) or in stocks of inputs or
outputs at the beginning of that period of accounting, which has, in generd, nothing to do

with the uniform period of production of point input point-point output processes or with the
duration of aflow input-flow output process.

Congder aflow input-flow output process of duration T , which produces aflow of products
being homogenous with respect to quadity (and location). Assume that this process has been
activaed at timet -1, t - 2, ---t - T aintengties X _,, X _,, :-* % _7 . Set asde the problem
of choice of technique, and, therefore the possibility of truncation. In this case total output of

products of these processes available a time t is
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400 q =3 hx.,.

t=1

Inputs of products used by these processes et time't , denoted by vector u, , consst of dl

inputs of finished products of these processesinitiated at timet , t - 1, -+t - (T - 1), i.e
T-1

(41) ut:éatxt-t'

=0

—

We cannot observe outputs or inputs a a point in time but we can observe quantities of
outputs or inputs produced or used during a‘year’ . Assume that the ‘year’ is of arbitrary
length d . Hence we observe the rate of the flow per ‘year’ for outputs

to+d tgd g
42 Ga=aa=aahbx.,,
t=tg t=ty t=1
and for inputs
. t(b+d t%+dT—l
(43) U[tod]:aut:a é.atxlt
t

Using these observed rates of inputs and outputs per ‘year’ to calculate flow input-flow output

coefficients we obtain a vector of observable input output coefficients

B 1 tgd Tl d T
(44) & g :u[to,d](q[to,d]) =a aaXx.ca abx. +
t=ty t=0 €t =t, t=1 g

Note that these observable coefficients are not only determined by the technology but are also
influenced by the intendities a which the respective processes have been initiated. If and only

if the observed economy isstationary, i.e. X =X =X _,, onemay obtan ‘technica’ flow-
flow coefficients.

If we can assume that the economy (or the sector) grows with aconstant rate § per time unit,
and, therefore, x_, = x (1+7G) ', weobtain

T 1

T e
45) & n=Aa(1+9) cah (1+g)'c
t=0 et=1 a
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which depend on technical parameters a,, I, and on therate of growth @ . Note that these

coefficients can be used for aquantity mode which is based on the assumption of
proportional growth at rate § but cannot be used in the case that the rate of growth g* @ or

for aprice mode where, in generd, therate of profit r * @.

For some circulating capita inputs such as raw materids or energy and for some labour inputs
it might be reasonable to assume * strict proportionality’ between inputs and outputs, i.e.

a =ahb,, for "tE£(T-s), and a=0for "t>(T-s),

where scaars a, denote quantities of someinputsand s  isthe length of the production lag.

In this case we obtain
Tés =t
ahb (+g)
(46) é‘[to,d] —a t=£ - =a (1+g) )
ahb (1+79)

t=s

Hence, if thereis*gtrict proportiondity’ between inputs and outputs, if the economy, or the
sector grows with a congtant rate, and if the production lag is smal such that the growth factor
can be neglected we may gpproximate technical coefficients by observed flow-flow
coefficients

Strict proportionality might be a reasonable assumption for some inputs but cannot be
assumed for spare parts, tools or, in generd, for fixed capita inputs. For the latter inputs
Leontief proposed to use stock-flow coefficients.

The time profile of fixed capita inputswill, in generd, depend on the life time of the durable
items and on the congtruction lag (see Lager, 1997). Assume, for smplicity, thet a, quantities

of amachine are invested at the beginning of the production process and that the lifetime of
the machine is equd to the duration of the flow input-flow output process. Assume
furthermore that the qudity of the machine does not ater during its entire life and, therefore,
the quantities of outputs produced by the machine remain constant. Hence we may add up the

quantities of al mechinesinvested during the period gt +1- T),t,,j and obtain stocks of

machines avalablea timet ,, i.e.

47) s, =ad %, .-
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Given the stocks of machines, we may ca culate stock-flow coefficients (for a congtant rate of
growth)

T-1
a _
(48) _ AN a1 (1+g)”
C[to,d] t0°+d g b (1+g)d -1
ba a x..
t=ty t=1

Note that the stock-flow coefficients aso depend crucialy on the dynamics of the economy.
But while the flow-flow coefficients are independent of the length of the ‘year’ the stock-flow
coefficients decrease with the length of the accounting period. The latter fact, which has been
recognized by Leontief (1970), raises some doubts about the validity of that concept.

Findly it shdl be outlined that the flow input-flow output approach discussed in Section 1
might be dso empiricaly applicable.

Given

(i) therates of flows of inputs and outputs during the entire duration of the process’, i.e.
Oy orp 3 Gy, 7y

(i) an estimate for the average rate of growth, g*, per time unit, which is assumed to be
steady, and

(iii) apreconceived opinion about the tempora pattern of the flows of inputs and outputsin
that sector, denoted by (@, a,-+-a,) and (b;, b;,--b; ),

and set aside technical changes, one may obtain estimates b; =m b; and & =n a; for outputs
and inputs of the flow input-flow output process such that

" For most circulating capital goods and for labour we may reasonably base our preconceived opinion on the
‘strict proportionality’ assumption mentioned above. In this case it will suffice to use rates of flows per
calendar year. The life of most durable items will exceed that period. Hence we must base our estimation
procedure on a period which equals at |east the life of the fixed capital item in question.
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where m and n ared agona matrices made from vectors m and n which can be determined
by using available data.

In actua fact, we cannot avoid to take technica changes and changing rates of growth into
account. Therefore, it seemsto be clear that the approach sketched above, isfar away from
actud applicability and must be seen as afirg suggestion for the empiricd implementation of
a production model based on flow input-flow output coefficients.

8. Concluding remarks

Sarting from arather comprehensive view of production characterised by genera

flow input-flow output processes, it has been demondtrated that the Sraffa - von Neumann
method of tota vertical disintegration and the representation of technology by matrices for
inputs and outputs does not require any additiond restrictive assumptions. The other extreme,
i.e. thetotaly verticaly integrated view of production, and the representation of processes by
flows of dated primary inputs and flows of dated outputsis, in principle, an equivaent method
aslong asit isnot presupposed that these flows are finite and that the verticaly integrated
processes can be viewed as being independent from each other. Georgescu-Roegen’s
assumption thet fixed capitd items are continuoudy maintained in itsoriginad efficiency
impliesthat the duration of fixed capitd isinfinite and neglects the possibility of truncation.
With regard to waste it has been argued that one cannot presuppose a subdivision of products
into ‘goods and ‘bads . Finaly it has been demonstrated, that the Satistical basis for input-
output mode s involves some intricacies and deficiencies. Observable flow-flow coefficients
and stock-flow coefficients cannot be viewed as ‘technicd’ coefficients, but depend, in
generd, on the intendties a which processes are activated. Findly a solution to that problem
is sketched.
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